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The momentum spectrum of particles of the hard component of cosmic rays was measured 
at an altitude of 9 km, with the aid of a cloud chamber placed in a magnetic field, in the 
range 0.3 Xx 10° —6 x 10° ev/c. The particles were also grouped according to the charge. 


It was found that the (1—5) x 10° ev/c protons comprise (50+ 10)% of the total number 
of particles. 


: cokes snare TS of the momentum spectrum of connected in anticoincidence. The topography of 


particles of the hard component of cosmic rays at the magnetic field in the gap is given in Fig. 2. 
an altitude of 9000 m were carried out, using a The average value of the magnetic field amounted 
cloud chamber in a magnetic field. to 9090 oe. Deviation of the intensity value within 


A schematic representation of the setup is given the volume of the chamber from the average was 
in Fig. 1. The apparatus was operated by 5-fold co- not greater than 3%. 


incidences C,C,C3C,Cs, so that the particles had to During the fourteen hours of operation of the 
pass through an absorber of lead 9 cm thick, placed array, approximately 700 cloud chamber photo- 
between the counter trays C, and C;. The side graphs were taken. A total of 445 tracks was 
counters a (in the projection b, Fig. 1) were selected for measurements of the trajectories of 


SEI 
aw) Ee Nw 


2 4 6 8 10 cm 
FIG. 1. Diagram of the array. FIG. 2. Topography of the magnetic field in the gap. 
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particles which passed within the acceptance angle 
of the array, were not accompanied by other par- 
ticles, and had a length of 15 to 17 cm. The curva- 
ture of the tracks was measured with an IG-22 op- 
tical compensator. The error of measurement for 
the tracks of the specified length was not greater 
than +0.02 m~!. The value of the apparent curva- 
ture of tracks in the chamber was determined from 
check photographs obtained with the electromagnet 
shut off. Check photographs were alternated with 
the photographs of actual events. The curvature of 
tracks was measured on approximately 100 control 
photographs. The distribution of apparent curva- 
tures obtained coincides with the normal distribu- 
tion for the value of the standard deviation 

A(1/R) = 0.03 m7? and the systematical curvature 
(1/R )syst = (—0.013 + 0.003)m™. 

Since the tracks used for constructing the mo- 
mentum spectrum formed angles smaller than 4° 
with the plane of the chamber, the inaccuracy in 
the value of the particle momentum due to a con- 
ical projection of the track in photographing was 
not greater than 1%. 

Thus, the foregoing value of A(1/R) for check 
tracks can be taken as the standard error of the 
measurements of the curvature of a track. For 
the intensity of magnetic field used, the value of 
the maximum detectable momentum amounted to 
~ 9x 10° ev/c. 
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FIG. 3. Momentum spectrum of the particles of the hard 
component of cosmic rays at the altitude of 9000 m (black and 
light points — data of two different series of measurements). 


The momentum spectrum of the particles of the 
hard component of cosmic rays at 9000 m is shown 
in Fig. 3 (black points). The absolute intensity of 
the spectrum corresponds to the integral intensity 
of the hard component equal to 3.0 + 0.15 particles 
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-em?-min !-sterad!. This value is in good 


agreement with the data of other experiments. In 


the momentum range (2 to 6) xX 10° ev/c, the spec- 


trum can be represented by a power function with 
an exponent of 2.8 + 0.5. If the particles of the 
hard component were pp mesons, then the mini- 
mum momentum of particles in the chamber deter- 
mined by ionization losses in the filter should 
amount to 2.3 x 108 ev/c. The minimum momen- 
tum of particles recorded by the array was found 
to be equal to (2.5 + 0.1) x 108 ev/c. 

If the above method is used for chamber trigger- 
ing, the intensity of particles with small momentum 
may be underestimated as a result of their being 
blown away by the field of the electromagnet. The 
calculation showed that the number of particles 
with momentum 3.5 x 10° ev/c is 10% too low be- 
cause of such an effect. Accordingly, the first 
point in the spectrum was corrected by this amount. 
For the next point of the spectrum, the correction 
because of this is negligible. 

In the range of small curvatures, the shape of 
the spectrum is distorted because of the error in 
the measurements of the curvature. To estimate 
the magnitude of these distortions, the change of 
the shape of the experimentally-found spectrum 
was calculated for varying values of the track 
curvatures for a specified error. Results of the 
calculation for measurements of curvatures with 
standard deviations of 0.03 m™! (dotted line) and 
0.15 m™! (dot-dash line) are given in Fig. 4. In 
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FIG. 4. Solid curve — spectrum of curvatures obtained in 
the experiment; dot and dot-dash curves — data of calculations 
for measurements of curvatures with standard deviations equal 
to 0.3 m™ and 0.15 m™ respectively. 


the calculation, the distribution of errors was as- 
sumed to be Gaussian. From the figure shown, 
one can conclude that, for an error of 0.03 m= 
for curvatures > 0.04 m7! (momentum ~7 x 10? — 
ev/c) one can neglect the distortion of the spec- 
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trum, considering the statistical accuracy ob- 
tained. 


Data on the momentum spectrum of penetrating 


particles of cosmic radiation were also obtained in 


a series of experiments devoted to the study of 
nuclear-active particles. The position of the 
counters triggering the chamber was, in this 
case, such that the effect of “blowing away” the 
particles with small momentum was absent. In 
this series of measurements, a thin beryllium 
plate was placed in the chamber, as a result of 
which the error in the measurement of the mo- 
mentum was increased to 0.15 m!. The light 
points in Fig. 3 represent data obtained in this 
series of experiments. The intensities are cor- 
rected according to calculated data of Fig. 4. The 
data of both experiments are consistent. 

The momentum spectrum of negatively-charged 
particles (curve 1) which, according to present 
ideas, are « mesons, is shown in Fig. 5. Par- 
ticles with momentum < 2.3 x 108 ev/c are absent. 
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FIG. 5. Spectrum of negatively charged particles (curve 1) 
at the altitude of 9 km: O, e — data of two series of measure- 
ments, X — from the data of references 2 and 3. Curve 2 — 
spectrum of p mesons at sea level, arriving from the altitude 
of 9 km. Curve 3 — spectrum of p~ mesons at sea level ac- 
cording to references 5 and 6. 


As has been stated above, this momentum is the 
minimum value for mesons passing through 
the lead absorber. For comparison, data are 
given on the spectrum of mesons obtained by 
Anderson et al.? The spectra are normalized for 
the number of particles with momentum between 
1 x 10° and 3 x 10° ev/c. The reason for the ob- 
served discrepancy in the momentum range of 
~5 x 108 ev/e is evidently the inaccurate method 
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of taking into account the number of electrons 
which were recorded by the setup of Anderson.? 

Using the value given by Sands‘ for the proba- 
bility that a «4 meson with momentum p at an 
altitude h; reaches the altitude h,, one can ob- 
tain the spectrum of ~~ mesons arriving from 
the altitude of 9 km at sea level (curve 2, Fig. 5). 
Comparing this spectrum with the experimentally - 
observed spectrum of ~~ mesons at sea level®»® 
(curve 3, Fig. 5), one can conclude that, in the 
momentum range from 5 X 10° to 3 x 10° ev/c, 
about 60% of 4 mesons reaching sea-level are 
produced at altitudes greater than 9 km. 
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FIG. 6. Spectrum of positively charged particles at 9 km 


altitude; e, o—data of two series of measurements. 


The momentum spectrum of positively-charged 
particles is shown in Fig. 6. Since, for the pas- 
sage through the lead absorber, protons should 
have a momentum > 7.8 x 108 ev/c, the particles 
with smaller momenta are «* mesons. The ratio 
of the number of positive to negative mesons 
in the momentum range from 3 to 7 Xx 108 ev/e 
amounts to 1.7 + 0.4. 

For momenta larger than 7.8 x 108 ev/c, the 
measured spectrum of positive particles contained 
both u* mesons and protons. The fraction of pro- 
tons among the positive particles can be deter- 
mined if the value of the positive excess k =p*/p7 
is known. Direct measurements of k for the mo- 
mentum range under consideration at the altitude 
of 9 km are not available. Data obtained at sea 
level and at mountain altitudes show that the value 
of the positive excess does not depend strongly 
both on momentum and on altitude, and lies between 
1.2 and 1.3 (reference 7). It was stated above that 
more than half of the » mesons are produced 
above 9 km. The value of the positive excess can- 
not therefore greatly exceed the values at sea level 
and at mountain altitudes. For the extreme as- 
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sumption that, for ~ mesons produced below 9 km, 
the value of the positive excess is zero, we can 
conclude that, at the altitude of 9 km, the value of 
the positive excess amounts to 1.4. Therefore, the 
value of the positive excess changes little with 
variation of altitude up to 9 km. 

If we assume a value k=1.25 for the momen- 
tum range above 10° ev/c, we can determine the 
intensity of w* mesons for this momentum range 
(dotted curves). Then, in the momentum range 
from 1 to 5 x 10° ev/c, protons amount to (50 + 
10) % of the total number of penetrating particles. 
It should be mentioned that, in the momentum 
range (2 to 5) x 10° ev/c, the spectra of negative 
and positive particles can be represented by power 
functions with identical exponents, within the lim- 
its of error. 

In conclusion, the authors take the opportunity 
to express their gratitude to Yu. A. Smorodin for 
devoted guidance and discussion of results. 
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SPECTROSCOPIC INVESTIGATION OF AN INTENSE PULSED DISCHARGE IN 


HYDROGEN, Ill 


DETERMINATION OF THE PARAMETERS OF A HIGH-TEMPERATURE PLASMA 
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Submitted to JETP editor December 16, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1621-1624 (June, 1959) 


The results of a spectroscopic measurement of the parameters of a high-temperature 
plasma are presented. It is shown that at the time of maximum compression the density 
of charged particles along the axis of the discharge is 35 — 40 times greater than the 
original density of neutral atoms. The ionic temperature reaches one or two million 


degrees. 


Fs the present paper we report the results of an 
investigation on a test sample consisting of approx- 
imately vp of a liter of high-temperature plasma 
formed by an intense discharge in hydrogen at the 
instant of maximum compression. The discharge 
was produced in a straight cylindrical chamber 
connected to a pulsed circuit. The circuit and the 
construction of the apparatus have been described 
in the literature.! We list the circuit parameters: 
C = 86yuf; Vy) = 35 kv; Jmax = 460 kiloamp; dJ/dt 
=1.5x10'! amp/sec (at t=0). 

The chief interest of physicists who have been 
concerned with studying such discharges has been 
the second compression stage of the pinch, at which 
time hard radiation is observed.” The present 
communication is devoted primarily to the results 
of a spectroscopic investigation of the first com- 
pression stage. 

The electronic temperature Te was estimated 
from the energy distribution in the continuous 
plasma spectrum; the absolute intensity of the 
continuum was used to determine the density of 
charged particles. As is well known, the spectral 
densities of the bremsstrahlung and recombination 
radiation of a hydrogen plasma can be given in the 
form: 


Ip (v, Te) = r?T "exp (—Av/T.)L, (1) 
I, (v, Te) = %n?T~ exp [—h(v— vi) /Te] m*. (2) 


Here n=Nj = Ng is the density of charged par- 
ticles, Te is the electronic temperature, m is 
the principle quantum number of the level to which 
recombination occurs, hv; is the energy of this 
level, a, and qd, are combinations of constants, 
L is a correction factor introduced in making 
quantitative measurements (when Te > hv this 


factor increases logarithmically with increasing 
temperature’). The distribution of the total en- 
ergy Ip+Iy recorded at low temperatures is de- 
termined by the factor exp(—hv/Te). If this dis- 
tribution is measured in relative units the slope 
of the line In (I/I)) =~ (hv) plotted along the 
experimental points gives Te ata given instant 
of time. Unfortunately, at high electronic tem- 
peratures this method is effective only if the 
measurements are carried out over a wide spec- 
tral region. Measurements carried out in the 
visible and near ultraviolet regions provide only 
a rough estimate of T,. 

It should be noted, however, that even a very 
approximate knowledge of the electronic temper- 
ature in a high-temperature region does not pre- 
vent a relatively accurate determination of the 
density of charged particles from the intensity 
of the continuum. As a numerical calculation 
will show, the quantity that depends on the elec- 
tronic temperature in Ih+ Ip varies very slowly 
in the visible region if Te >10ev. For example 
it is found that a change of Te by a factor 30 
(from 10 ev to 300 ev) corresponds to a change 
of 20% in n. Thus, from the intensity of the con- 
tinuum cne can obtain a fairly reliable estimate 
of n. Obviously the dimensions of the radiating 
volume of the plasma must be known. 

The intensity of the continuous spectrum re- 
quired for estimating Te and the measurement 
of n were made by a photoelectric method. In 
order to obtain reliable collimation of the light 
from an isolated radiating volume a monochrom- 
eter with an FEU-12 photomultiplier was located 
at a considerable distance from the discharge 
chamber (up to 20m). The apparatus was cali- 
brated with a tungsten filament. The size of the 
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*The excitation energy is computed from the ground state of the corresponding ion. 


radiating volume was determined from streak 
photographs of a luminescent diameter of the 
discharge channel. Only a narrow spectral re- 
gion was used for the pictures. These spectral 
streak photographs are made by combining a 
monochrometer with a photochronograph. 

The ionic temperature was determined from 
the Doppler broadening of the N IV 3479 (3°S—3°P) 
line by introducing a small amount of nitrogen into 
the discharge. The observations were carried out 
along the discharge axis. The broadening of the 
N IV 3479 line due to the quadratic Stark effect 
was apparently small. Although the numerical 
values of the Stark constants for the case con- 
sidered here are not known to the author the ex- 
periments carried out at different hydrogen den- 
sities indicate that the effect is small. To within 
3% the experimental profile of the line coincides 
with a Gaussian curve. The Zeeman splitting is 
apparently less than 0.05 A, and this value lies 
within the limits of the experimental accuracy. 
The measurements were carried out by means 
of the so-called spectral sweep method! using an 
ISP-28 spectrograph with quartz objectives. We 
may note that the nitrogen “thermometer” on the 
N IV 3479 line was also used to measure the ionic 
temperature of a plasma in reference 5. 

As has been noted earlier! in experiments 
carried out with a mixture of 95% H, + 5% No, at 
maximum compression one observes lines due to 
highly ionized nitrogen in addition to the contin- 
uum. The most intense observed nitrogen lines 
are listed in the table. 

An estimate of the lower limit for Te, made 
on the basis of an analysis of the energy distribu- 
tion in the continuous spectrum, yields Te > 10 ev. 

The cross section of the pinch, determined from 
a photograph with sweep transverse to the discharge 
axis and from photoelectric observations along the 
discharge axis at the time of maximum compres- 
sion, indicate values of 35 —40 mm. As an illus- 
tration, Fig. 1 shows spectral sweep photographs 
of the discharge. 

The density of charged particles for pp = 0.05 
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FIG. 1. Streak photograph of the discharge channel with 
spectrally resolved light at a pressure p, = 0.1 mm Hg: a) for 
the spectral region in the vicinity of H, (AA = 100 A); b) in 
the region A = 6400 A (Ad = 100 A, continuum). The pictures 
were taken through a side window with which it was possible 
to view a portion of the discharge 8 cm in size. 


mm Hg reaches n= 1.2 x 10! em™?; assuming 
100% ionization this figure corresponds to a den- 
sity along the chamber axis which is 35 times 
greater than the initial value (in the calculations 
the value Te = 100 ev is taken). It is interesting 
to note that the experimental data are in good 
agreement with the theoretical estimates (cf. for 
example reference 6). In Fig. 2 is shown the den- 
sity of charged particles (n ¥ VI ) as a function 
of pressure. It is apparent that up to a pressure 
of py ¥ 0.2 mm Hg the experimental points lie on 
a straight line. This result may be taken as direct 
proof that the parameters characterize a hydrogen 
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FIG. 2. The density of charged particles (n ~ VI) meas- 
ured at the time of maximum compression as a function of 
initial pressure in the chamber. 
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FIG. 3. Ionic temperature measured from the Doppler broad- ' 


ening of the N IV 3479 line at maximum compression of a dis- 
charge in deuterium as a function of the concentration of ni- 
trogen impurity: ©) pp = 0.05 mm Hg and the resolution time 
At = 1.3 microseconds; e) p, = 0.1 mm Hg, At = 0.9 micro- 
seconds; 4) discharge in hydrogen (H,) p, = 0.05 mm Hg, At = 
1.3 microseconds. (In the reduction to the same Ac the curves 
are displaced vertically). 


discharge which is free from impurities. It is pos- 
sible that at high initial pressures the role of free- 
bound transitions becomes more important. 

The ionic temperature determined from the 
Doppler width of the N IV 3479 line is 1.2 x 10®°°K 
(for pp = 0.05 mm Hg). It should be noted that the 
quantity Tj may be too high if at the first contrac- 
tion of the pinch most of the particles participate 
in the directed motion along the axis. On the other 
hand, the value of Tj can be too low for two rea- 
sons: first, even a small admixture of nitrogen 
causes a large increase in the mass of the gas 
and this reduces the kinetic energy of the con- 
tracting plasma. The second effect is purely in- 
strumental in nature. The resolution time of the 
spectral sweep is somewhat greater than the time 
during which the maximum temperature exists in 
the pinch. Hence the experimental curve is the 


result of the superposition of instantaneous con- 
tours (corresponding to somewhat lower temper- 
atures) and its width is smaller. In Fig. 3, as an 
example, it is shown that by extrapolating the val- 
ues of Tj obtained from experiments with im- 
purities it is possible to determine the ionic tem- 
perature under “pure conditions”. In principle 
such extrapolation methods allow us to circum- 
vent the numerous difficulties involved in any 
exact determination of Tj. 
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Plastic deformation processes in rock salt, involving the formation of elementary displace- 
ments that constitute a special deformations stage, are investigated. Further deformation 
results in single slip bands. The activation energy required for the annealing of the residual 
stresses of the elementary displacements is half that of the slipping bands. An additional 
attenuation of light has been detected near the traces of the elementary displacements. It 

is proposed to attribute this to the influence of systems of line inhomogeneities differently 
oriented on both sides of each trace. It is established that certain traces of elementary 
displacements contract after removal of the load, similar to the case of elastic twins of 
sodium saltpeter. It is established that the trace of the elementary displacement on the 
lateral surface of the crystal has a smooth profile, extending over a distance of approxi- 
mately 1500 A. The smooth form of the profile is well explained by the influence of surface- 
tension forces, which are in thermodynamic equilibrium with the additional residual stresses. 


Seine in plastic deformation is usually de- 
scribed as simple shear, shear with bending of the 
glide planes, twinning over irrational planes, dis- 
placement, and multiplication of the dislocations. 
However, the large number of observed phenomena 
makes it impossible to describe this complicated 
process with any one mechanism alone. For a de- 
tailed analysis it is best to subdivide the entire 
process into individual stages, as was done in the 
investigation of mechanical twinning! 2 

The stages of the process are best established 
in accordance with the type of the deformation ele- 
ments and the magnitude of the stress at which they 
appear. In the deformation of rock-salt crystals, 
we can distinguish the following stages (o is the 
normal stress in g/mm”) : 


Elastic deformation o SO) 
Elementary shear o0 = 70 
Single slip band o0 =~ 100 
Stacks of slip bands J. > 100 
Isotropic scattering of light 

(Tyndall cone) oe ee PU RA 8) 
Asterism o0 > 600 
Failure a0 > 2000 


In the present paper we consider the initial stages 
of deformation, which terminate in formation of a 
single slip band. The first stage is elastic deforma- 
tion. It is characterized by homogeneous distribu- 
tion of the strains in a homogeneous stressed state, 
and by the absence of other changes of shape, di- 


mensions, or physical properties of the specimens. 
In elastically-deformed specimens we can observe, 
under crossed polarizing prisms, homogeneous 
transmission of light, the intensity of which in- 
creases with increasing stress. The initial illum- 
ination is restored after removal of the load. When 
an elastically-stressed specimen is rotated, the il- 
lumination is restored every 90°. For well annealed | 
rock-salt crystals without imperfections, cut along 
the (100) cleavage planes, these stages correspond 
to a compression or tension stress 0 < 60—70 
g/mm*. Changes in photo-conductivity and color at 
lower stresses, described in references 3 and 4, 
must be attributed to uneven distribution of stresses | 
over the volume of the specimen. The yield point 

as determined by this method cannot be connected 
directly with any element of deformation, and 
characterizes merely the presence of local over- 
stresses in the specimen. Elementary shears oc- 
cur in annealed specimens that have no defects, 
under slow smooth loading. In experiments with a 
rigid loading device, shears of this type appear at a 
deformation rate up to 0.5% per minute. At a higher 
rate of deformation, this stage does not appear. 

The appearance of elementary shear in a speci- 
men is manifest by a characteristic clear strain 
pattern in polarized light, which is retained in a 
somewhat modified form (the illuminated portions 
become noticeably darker) also after the load is 
removed from the specimen. The appearance of 
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intersecting elementary shears changes radically 
the picture of the stress distribution. Stresses of 


opposite sign cancel each other, while those of equal 


Sign add together. The elementary shears, as a 


rule, originate on the surface; as the stress in- 


creases, the region of shear penetrates deeper into 
the specimen and gradually grows through the en- 
tire specimen. The shear appears on a surface 
defect, capable of causing the necessary stress 
concentration. Stepanov® has shown that the shear 
can be localized by producing a scratch several 
microns deep on the surface of the specimen. It 

is characteristic, that annealing at 600°C for six 
hours does not eliminate the effects of the scratch. 


(110) 
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FIG. 1. Crystal with incomplete traces of elementary shear 
along the (110) plane, which break off inside the specimen. 
Polarization microscope, crossed prisms. Compression stress 
along the (010) axis — 70 g/mm? (x 25). 


Figure 1 shows a photograph of a rock-salt 
crystal in transmitted light, under crossed polari- 
zation prisms, after several traces of the elemen- 
tary shear have been produced in it. Some of the 
traces do not pass through the entire specimen. A 
small increase in stress in the specimen results in 


new traces and a certain elongation of those already 


existing. Electron-microscope photographs of the 
cleavage surface perpendicular to the slip planes 
show curving and other distortion of the tapering 
trace of the elementary shear near its vertex 

(Fig. 2). The increase in the resistance to further 
spread of the shear can be attributed to redistribu- 
tion of the stresses. The traces of the elementary 
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FIG. 2. Distortions that lead to the tapering of the trace of 
the elementary shear. Electron microscope, lacquer replica 
contrasted with chromium (x 25,000). 


shear have a higher illumination on the surface of 
the Specimen, corresponding to higher values of 
the stress remaining after removal of the load. It 
is in these places that the shears, which penetrate 
into the crystal where the stresses are consider- 
ably lower, originate. As the stress increases to 

o = 100 g/mm, the elementary shear develops into 
a Single slip band (Fig. 3). 


—(110) 


FIG. 3. Transformation of elementary shear traces, 2 into 
single slip bands, 1 (so called “pencil lines”), after the shear 
is increased. Crossed prisms (x25). 


If the lateral surfaces of the specimen are 
coated with warm water prior to loading, the ele- 
mentary shears may occur inside the specimen in 
the form of short lines, which are brightest in the 
middle. The water dissolves and “cures” the 
surface imperfections. As a result, the weakest 
places are the imperfection regions inside the 
specimens. As the stress is increased, the trace 
of such a shear spreads also to the lateral faces of 
the specimen. Sometimes the traces of the shear 
pass through the vertices of the two-faced angles 
of the pores, which are bounded along the cleavage 
and serve to concentrate the stresses. 

The elementary shears are Sensitive to vari- 
able stresses. If a specimen with traces of ele- 
mentary shears is loaded (10-15) times and 
the stress is raised to approximately 70 g/mm?, 
slip bands are formed in the region of the ele- 
mentary shears. In an investigation of reverse 
slip in rock salt® it was noted that certain slip 
bands were partially shortened after unloading. 
This phenomenon, similar to elastic twinning, was 
observed in calcite, sodium saltpeter, and anti- 
mony; it was also observed during slip in elemen- 
tary shear production. To observe this phenomenon 
it is necessary to employ a rigid loading device to 
produce the strain at a rate up to 0.5% per minute, 
and to remove the load immediately after loading. 
The vertical shear traces of Fig. 4 are shortened 
after unloading, while the horizontal traces can 
serve as reference lines. 

The crystallographic orientation of the elemen- 
tary shears is determined not only by the fact that 
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FIG. 4. Shortening of two longitudinally 
incomplete traces after unloading and for- 
mation of tapered elementary shear traces. 
Crossed prisms (x 25). 


the maximum, tangential stress occurs in the {(110)} 
planes in compression along the edge of the cube. 
In specimens variously oriented with respect to the 
crystallographic axes, the elementary shear traces 
are always located in the planes of the rhombic 
dodecahedron {(110)}. If the specimen axis is ori- 
ented along the [110] direction then the greatest 
shear stresses are in the (100) plane and are di- 
rected along the edge of the cube. However, in this 
case too, the elementary shears occur in the plane 
of the rhombic dodecahedron, the normal to which 
[011] makes an angle of 60° with the axis of the 
compression forces, and the shear stress is one- 
half or one-third the shear stress in the (010) plane 
along the[100] direction. As can be seen, the law 
of tangential stresses is obeyed also in the forma- 
tion of elementary shears. 

The difference between the elementary shear 
stage and the later stages of the deformation is 
also disclosed by an investigation of the residual 
stresses during the annealing process. Samples 
of rock salt were deformed until elementary 
shears (0) ~ 70 g/mm?) were formed or until 
Slip bands and packets of slip bands were formed 
(7) * 120, 250, and 500 g/mm/?), and were then 
annealed at 350—750°C. The time interval T needed 
to eliminate the residual birefringence in the speci- 
men was determined during the annealing. The ex- 
perimental data were used to plot curves of In 
T(1/T) (Fig. 5). The linearity of these curves is the 
reason for believing that the removal of the dis- 
tortions that remain after deformation is an acti- 
vation process. 
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FIG. 5. Logarithm of the relaxation time of the residual 
stresses as a function of the reciprocal of the absolute anneal- 
ing temperature and of the maximum stress during deformation, 
dy. 1) elementary shears, 2) later stages of deformation. 
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All the experimental points of Fig. 5 fall on two 
straight lines with different slopes. The points on 
line 1 correspond to annealing of crystals with ele- 
mentary shear traces, while those on line 2 pertain © 
to subsequent stages of deformation. If the activa- 
tion energy of strain relief is determined from the 
slope of the Int (1/T) lines, we obtain for line 1, 
corresponding to elementary shears, EB; = 14 kcal/g— 
mole, and for line 2, pertaining to slip bands and 
packets of slip bands, E, = 30 kcal/g-mole. The 
obtained results lead us to believe that to remove 
the residual stresses in the former case it is 
enough to have a diffusion displacement of the 
molecules in the slip plane, while in the latter 
case volume migration is essential. 


a 
i Pieasec (110) 

FIG. 6. Curving of compensator interference fringes on the 
elementary shear traces. The residual stresses on both sides 
of the elementary shear traces are of equal magnitude and op- 
posite sign. Crossed polarization prisms. A quartz wedge — com- | 
pensator — is installed in the focal plane of the eyepiece. 
A—A) analyzer, P—P) polarizer, O~O) hairline on the com- 
pensator. 


Figure 6 is a photograph of a specimen with two 
elementary shears taken in transmitted monochro- 
matic light under crossed polarization prisms and 
a compensator in the form of a quartz wedge, lo- 
cated between the prisms and made coincident with 
the image of the crystal. The interference fringes 
are displaced symmetrically from the normal posi- 
tion, which has been fixed with the aid of the hair- 
line O—O. Consequently, on each elementary shear 
trace the residual stresses are approximately equal | 
in absolute magnitude and opposite in sign. The | 
normal stresses are determined in this case from 
the known formula’? 


¢ = asing/ALd, (1) 


where A is the distance between neighboring inter- 
ference fringes, a the displacement of the inter- 
ference fringe in the stressed portion, ¢ the angle 
between the shear trace and the edge of the quartz 
wedge, L the corresponding piezo-optical con- 
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stant of rock salt, and d the thickness of the speci- 
men along the beam. The residual stresses cal- 
culated from (1) are approximately equal to the 
average stresses in the specimen during the pro- 
duction of elementary shears (co ¥ 66 g/mm’). 

On the whole, the picture agrees with the scheme 
proposed by Obreimov and Shubnikov." However, 
if the density of the image of a crystal with ele- 
mentary shears, obtained under crossed polariza- 
tion prisms, is measured along a straight line 
perpendicular to the shear traces, a clearly asym- 
metrical curve is obtained. The latter is in clear 
contradiction with the conclusions made on the 
basis of Fig. 6, where it is assumed that the il- 
lumination in Fig. 1 is determined only by bire- 
fringence due to residual stresses. This con- 
tradiction appears also in observing the variation 
in the illumination on both sides of the shear 
trace upon rotation of the crystal relative to the 
beam. By placing the crystal between crossed 
polarization prisms, it is easy to verify that the 
illumination on either side of the elementary shear 
trace changes from maximum to minimum as the 
table with the crystal is rotated 90° relative to the 
beam. The initial distribution of the illumination is 
restored only when the specimen is rotated 180°. 
Were the illumination produced only by birefrin- 
gence, it would be restored in crossed prisms by 
rotating the table 90°, i.e., four times per revolu- 
tion. The contradiction can be resolved by assum- 
ing that the birefringence is accompanied by ad- 
ditional scattering, reflection, or absorption, lead- 
ing to the attenuation of the light of definite polari- 
zation at definite crystal positions. Such an effect 
can be expected from a system of scratches, 
cracks, or groups of dislocations. It must be as- 
sumed that these imperfections are differently 
oriented on the two sides of the shear trace, 
since the minimum illumination on one side of the 
trace corresponds to the maximum illumination on 
the other side. The orientations of the imperfec- 
tions may, for example, coincide with the planes 
of the cube. 

An investigation of the illumination near the 
trace upon rotation of the crystal has in fact dis- 
closed additional attenuation of the light, possibly 
as a result of diffraction by the system of scratched 
irregularities of the type indicated above. 

In a previously published paper by one of the 
authors and Kovalev,® it was shown that electron- 
microscope photographs of deformed rock salt 
show systems of cracks oriented along the cube 
planes in the slip-band packets. 

Interesting information on deformation can be 
obtained by studying the shape of the lateral sur- 


face of the specimen at the’ place where the ele- 
mentary shears emerge. A sample of rock salt was 
deformed until elementary shears were formed, and 
a collodion replica of the cleavage plane parallel to 
the lateral surface was made and contrasted by a 
molecular beam of chromium, directed at a small 
angle to the surface. The replica was then viewed 
in an electron microscope (Fig. 7). The density of 
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FIG. 7. Emergence of 
elementary shear trace on 
the (100) plane. Lacquer 
replica contrasted with 
chromium, at an angle of 
12° to the direction (010). 
(x 25,000) 


the negative of the electron-microscope print was 
measured along a line perpendicular to the slip 
trace. Using the microphotogram and knowing the 
contrasting condition, it is possible to plot the pro- 
file of the lateral surface of the specimen by the 
procedure described in reference 9. The height of 
the profile in section x is 


¢ In (Do/D,) 
he =cot6{{ pony dx—x], (2) 
0 


where @ is the angle between the contrasting direc- 
tion and the normal to the surface of the replica 
(0 < 6 < 90°), Dy the density of the electron-diffrac- 
tion negative in the portions of the print not covered 
by chromium, Dy the density in section x, Dp the 
density in the horizontal sections located far away 
from the curved portion of the surface of the replica. 
In the derivation of Eq. (2) it was assumed that the 
distance from the source of the contrasting mole- 
cular beam to the print is much greater than the 
dimensions of the print, and that absorption and 
scattering of the electrons occurs only in the 
chromium contrasting layer. 

The profile of the lateral surface of the speci- 
men (Fig. 8) has a smooth shape at the place of 
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FIG. 8. Relief of the cleavage surface along the (100) 
plane of crystals with elementary shear traces: 1) 0 = 66, 
2) « = 80, 3) o = 95 g/mm’. 
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emergence of the elementary shear. The lateral 
surface is concave on one side of the shear trace 
and convex on the other. The small steps, usually 
employed to represent schematically the emergence 
of dislocations and similar phenomena in describing 
pure shear, are obtained at later stages of the 
deformation. 

The shape of the obtained profile makes it pos- 
sible to state that the shear has caused one portion 
of the crystal to become displaced relative to the 
other. The major part of the step is smoothed by 
the concave part of the profile. Adjacent to this 
section is a convex bead, the height of which is ap- 
proximately one-tenth that of the step. The causes 
of the appearance of such a bead are still not clear. 
It is possible that the residual stresses cause 
elastic bulging of the region of the crystal adjacent 
to the shear trace. This recalls to some extent the 
elastic deformation of the surface near a forming 
elastic twin, as described in reference 1. Sucha 
formation was recently called the accommodation 
region.” 

If the smoothness of the concave portion of the 
profile is due to surface-tension forces, stresses 
T should occur inside the deformed region ABC 
(Fig. 9) and in its direct vicinity. The average 
density of elastic energy is 

E = 2/26, (3) 
where G is the shear modulus. The condition of 
stability of the profile can be written by equating 
the elastic energy in the deformed volume ABC 
to the surface energy difference connected with the 
change in the area of the lateral surface in the 
region of the shear (see Fig. 9). We have 


X00) AB all ESasc > 0100) AC =e Crary tO (4) 


(Sapc is the area of the triangle ABC). Inasmuch 
as the curvature of arc AB is small, we can put 

AB = AB. (5) 
The tangent of y— the slope of the surface for the 
elementary shears—ranges from 0.03 to 0.12, while 
the height h of the profile is from 107° to 2.5 x 1078 
cm. Inserting these values into (4), (3), and (5), we 
determine the magnitude of the critical tangential 


stresses under which the profile still remains 
smooth 


i. > | 4G (19) + V2 %rr9)) 7 i (6) 


ae (4+ yh 


Putting a1 90) =500 erg/cm?, (110) =1250 erg/cm’, 
and G = 1.26 x 10!! dyne/cm? we obtain an average 


value Tg > 10'° dyne/cm? for h = 250 A and y = 0.12. 


Equating the theoretical strength of the crystal 
with the local stresses at the emergence of the ele- 
mentary shear, as calculated by Eq. (6), we note 
that in practice the profile remains curved until the 
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FIG. 9. Arrangement of ele- 
mentary shear trace of distortions 
on the cleavage surface (100), 
and of the systems of scratches 
which possibly lead to the ob- 
served attenuation of light on 
one side of the trace under 
crossed prisms of a polariza- 
tion microscope. 


crystal fails inthe region of emergence of the shear. 

Observations in polarized light show that the 
trace is much brighter at the place of emergence 
on the lateral surface. This can be attributed to 
the stresses due to curving of the surface. If the 
radius of curvature of the convex portion of the 
profile is denoted by R, the magnitude of the 
stresses, T = a/R = 6.2 x10° dyne/cm?, is indeed 
approximately equal to the residual stresses near 
the elementary shear trace. It is seen from this 
that the increased brightness can be explained by 
superposition of stresses due to curvature of the 
surface on the residual stresses that arise during 
the formation of the elementary shear. 

The resolving power of the method used here 
is different along the x axis and the h axis (see 
Fig. 8). It amounts to 100A along the x axis, 
and therefore one of the results is the conclusion 
that in the elementary shear the plastic deforma- 
tion is localized in a layer not more than 10 cm 
thick parallel to the shear trace. 

In conclusion the authors express their gratitude 
to V. K. Sklyarov and I. M. Fishman for their help 
in performing these experiments. 
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We investigated the angular distributions and (by magnetic analysis) the energy spectra 
of secondary particles (mainly protons with energies 2 60 Mev) emitted at angles of 7, 
12.2, 18, 24, and 30° in reactions between 660-Mev protons and the nuclei of Be, C, Cu, 
and U. The differential cross sections for the emission of such secondary charged par- 
ticles increase with decreasing angle. In order of decreasing energy, the various spectral 
regions of all the investigated elements correspond respectively to diffractional scattering 
of protons on nuclei (in the small-angle region), single quasi-elastic nucleon collisions, 
m™-meson production on bound nucleons, and intranuclear cascade. 
The experimental energy spectra for single quasi-elastic proton-nucleus scattering 

are compared with the spectra computed in the impulse approximation under various as- 


sumptions regarding the momentum distributions of the nucleons in the nuclei. 


The Be 


and C data are consistent with a Gaussian nucleon-momentum distribution with a 1/e 


value at an energy of approximately 20 Mev. 
1. INTRODUCTION 


lis FORMATION on the momentum distributions of 
nucleons in the ground states of nuclei are gathered 
from the energy and angular distributions of the 
products of nuclear reactions induced by high- 
energy particles. Chew and Goldberger,’ in their 
analysis of the data of Hadley and York? on the 
capture of protons from carbon nuclei by 90-Mev 
neutrons, have shown that the energy and angle 
distributions of the deuterons correspond to a 
momentum distribution of the form a/m(a?+s 
with a?/2M = 18 Mev, rather than a distribution 
corresponding to a model of a Fermi gas made up 
of non-interacting particles. Selove® found, in the 
case of neutron capture from carbon nuclei by 95 
Mev protons, that the experimental data can be 
satisfactorily explained by approximating the in- 
ternuclear momentum distribution of the neutrons 
by means of a sum of two Gaussian distributions 
of the form exp { —s2/s?} + 0.15 exp { -s?/s#}, 
where s2/2M is the energy of the bound neutron, 
s?/2M =7 and s}/2M = 50 Mev. It is essential 
to assume the presence of a considerable admix- 
ture of high-momentum components in the wave 
function of the ground states of a light nucleus in 
order to explain qualitatively the direct knock-out 
of deuterons from nuclei of lithium, beryllium, 


Ne 


carbon, and oxygen by 670 Mev protons,’ as well 


as to explain the strong smearing on the high- 
energy side of the spectra of positive and negative 
pions produced in p+C collisions at the same 
energy. According to Henley,® a Gaussian mo- 
mentum distribution, corresponding to a mean 
kinetic energy of 19.3 Mev, agrees best of all with 
such characteristics of pion production in p+C 
collisions at 340 Mev (reference 7), as the thresh- 
old value of the proton energy, the excitation curve, 
and the pion energy and angular distributions. 

The character of the momentum distribution of 
the nucleons in the ground state of the nuclei man- 
ifests itself most directly in quasi-elastic scatter- 
ing of fast protons in light nuclei. This process 
was investigated experimentally at 340 Mev by 
Cladis, Hess, and Moyer,® who found that, within 
the framework of the impulse approximation, the 
energy spectra of the protons that are scattered 
quasi-elastically in carbon and oxygen nuclei sat- 
isfy a Gaussian nucleon-momentum distribution, 
with a value of 1/e at an energy of 16 + 3 Mev. 
Subsequently Wilcox and Moyer,’ by measuring 
the energy spectrum of the protons in quasi-elastic 
p-p collisions at 340 Mev, registered by coinci- 
dence from both scattered protons, have shown that 
the Gaussian distribution of the proton momenta 
inside the beryllium nuclei, with a value 1/e near 
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vidual nucleon of the nucleus. If the time of colli-  , 


20 Mev, gives an acceptable agreement with ex- 


periment. Observations of the angular correla- 
tions in quasi-elastic p-p collisions at 925 Mev, 
principally in light nuclei contained in photoemul- 
sions, have led McEwen, Dixon, and Duke? to the 
conclusion that the proton momentum distribution 
can be approximated by a Gaussian distribution 
with 1/e at 11+ 3 Mev, but somewhat bet- 
ter agreement with experiment is obtained by 
the sum of two Gaussian distributions of the 
form exp { —s?/s?}+ 0.05 exp {-s?/s}}, with 
s?/2M=7 and s%/2M = 40 Mev. Finally, it fol- 
lows from experiments on the nuclear photoeffect 
that a Gaussian distribution with 1/e at 19 Mev 
is a good approximation of the momentum distri- 
bution of the quasideuteron groups in carbon and 
oxygen nuclei."! 

We can thus conclude from the aggregate of 
data on high energy nuclear reactions of various 
types that, unlike the Fermi model with its char- 
acteristic sharp upper boundary of nucleon mo- 
mentum distribution, models that use distributions 
that smear out towards the higher momenta yield 
acceptable agreement with experiment. 

It is the purpose of this article to discuss the 
principal results of research on the interaction 
between 660-Mev protons and nuclei of beryllium, 
carbon, copper, and uranium. The experiments 
consisted above all of measuring, by the magnetic 
deflection method, the energy spectra of secondary 
particles, particularly quasi-elastically scattered 
protons. Since the condition of applicability of the 
impulse approximation should be better satisfied 
with increasing energy of the incident proton, one 
would expect that the regions of the spectra meas- 
ured at large angles, corresponding to the higher 
energies, would contain essentially protons emitted 
as the result of paired proton-nucleon collisions in 
the nuclei. The spectra obtained for quasi-elastic- 
ally scattered protons were compared with the 
spectra which were calculated with allowance for 
relativistic kinematics and which satisfied various 
assumptions regarding the nucleon momentum dis- 
tributions in the nuclei. In addition, we measured 
the angular distributions of the secondary charged 
particles emitted in the investigated collisions. 

The experiments were performed with the six- 
meter synchrocyclotron of the Joint Institute for 
Nuclear Research. 


2. CALCULATION OF THE MOMENTUM DISTRI- 
BUTION IN QUASI-ELASTIC PROTON- 
NUCLEON SCATTERING 


In the case of light nuclei we can assume that a 
fast incident nucleon is scattered once by an indi- 


sion between two nucleons is much less than the 
“time of reversal” of the particles in the nucleus, 


we can assume, in the spirit of the impulse approx- 


imation, that the state of the nucleus does not 
change noticeably during the collision. Further- 
more, the role of interaction between the struck 
nucleon and the remaining nucleons of the nucleus 
reduces to the “creation” of a momentum distri- 
bution at the nucleon that participates in the colli- 
sion. Therefore collisions between the incident 


nucleon and the nucleons of the nucleus can be con- 


sidered as collisions with free particles, the only 
difference being that the particles of the nucleus 
move during the time of collision. The amplitude 
of such “quasi-elastic” collisions with the nucleus 
is obtained by summing the amplitudes of scatter- 
ing by the individual nucleons of the nucleus. In 
the range of large angles, where interference of 
the waves scattered by the individual nucleons 
can be neglected, the problem of scattering by 

the nucleus reduces essentially to the problem of 
scattering by a classical ensemble of independent 
particles that have a specified momentum distri- 
bution. The distribution function, in turn, is de- 
termined by the square of the modulus of the 
Fourier component of the wave function of the 
nucleus. We shall consider below the energy 
distribution of the nucleons, scattered “quasi- 
elastically” at a specified angle, in the indicated 
approximation, with allowance for the relativistic 
kinematics. 

The differential cross section dog = de (Eg, 
cos J¢)dwe of elastic collision of two free nu- 
cleons in their center of mass system (c.m.s.), 
and the distribution function f(s) (ds) of the 
intranuclear particles by momentum, will be as- 
sumed known. The momenta of the incident and 
scattered nucleons will be denoted in the labora- 
tory system by p and q, while s will denote 
the momentum of the intranuclear nucleon. The 
energy of a particle with momentum p will be 
denoted Ep, etc. The corresponding quantities 
in the c.m.s. will be identified by a subscript “c”, 
while 4-dimensional momenta will be denoted by 
Dyas ete: 

To find the number of collisions that lead to a 
specified momentum q (more accurately, to mo- 
menta concentrated in the element ( dq) about 
the momentum q), we assume that the incident 
nucleons, like the target nucleons, are distributed 
in accordance with a certain law. We introduce 
the distribution functions f(r, p, t)(dr) (dp) and 


fn(Y, 8, t) (dr) (ds), which determine the probable 
numbers of the incident particles and the particles © 
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of the nucleus within the volume elements (dr) (dp) 
and (dr)(ds) in phase space. The functions f 
and fy are scalars under the Lorentz transfor- 
mation.!* Let us consider collisions of particles 
with momenta p and s. Changing over to the sys- 
tem where the particles with momentum p are at 
rest, the number of collisions per unit volume per 
unit time in this system, i.e., per unit 4-dimen- 
sional volume, can be written 


dN = f°F° (dp) (ds°) doo, (1) 


where do is the invariant differential cross sec- 
tion? and v is the relative velocity. The super- 
script 0 denotes that the corresponding quantities 
are taken in the system where the incident particles 
are at rest. Since v and (dp’)(ds°) are invari- 
ant, we express them in terms of the velocities* 


Vv = [| Vp — Vs |? — [Vpx vs]? /c?]'# [1 — vpvs/ ce}, 
(dp°) (ds°) = (dp) (ds) (1 — vpvs/c*), (2) 


where vg =c’s/Eg and Vp = c*p/Ep, and inte- 
grate over (dp) and (ds) to obtain an expression 
for the total number of collisions per unit 4-dimen- 
sional volume, required to obtain the specified 
result: 


N =\ (dp) (ds) f(r, B, A) fa (Fs 8, 2) 


X [| Vp — Vs |? — [Vp X Vs]? / c?]'2do. (3) 

If the incident nucleons form a linear monochro- 
matic beam, then f(r, p,t) should be chosen in 
the form 


f(r, p, t) = —@— 8 (p —- pr), 


Vi—s? 


where p° is an invariant that represents the den- 
sity of the incident particle in the rest system. 
Thent 


N= —= 


Vi—s3 


ms \ (as) fu(t, S, ) [| Vp —Vs/?—[vpxvsl?/c?}4do. (4) 


The scattering cross section do(qc) in the 
specified momentum interval (dqc) in the c.m.s. 
can be written 

8 (Fo— Pe) 
GSNGs) Se 5 
p 


c 


(dqc) 


OE. 
04. 


5 ee =) (dqc), (5) 
Pe 


= 6 


*The connection between (ds°) (dp°) and (dp) (ds) follows 
from the fact that (dp) can be considered as the fourth com- 
ponent of the infinitesimal 4-vector 6 =((dp) vp, ic (dp)). 

tA formula analogous to (4) was obtained earlier by 
Chernikov. 14 
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where Eg and Eg are the total energies in the 
c.m.s. before and after the collision, while Oc = 
dog /dw. The law of momentum conservation is 
assumed to hold in (5). Making use of the fact 
that if the masses of the colliding particles are 
equal we have 8Eg/8d¢ = 2c*gg/Ecg, and also 
making use of the invariance of (ddg)/Egq = 
(dq)/Eg and of the fact that do(qc) =da(q), 
we obtain the scattering cross section in the spe- 
cified momentum interval (dq) in the laboratory 
system 


EY (ce ig nat (6) 


A ==5'0); 
ai (a) Pe E, 


where the quantities pertaining to the center of 
mass system are assumed to be expressed in 
terms of the corresponding quantities in the labo- 
ratory system. 

Inserting (6) into (5), putting fy = ppf(s) and 
dividing N by p'pnvp, we obtain the effective 
cross section for scattering on one of the nucleons 
of the nucleus. 


dott = UE EA) ( (ds) f (8) [| Vo — vs? — [vp vel? / N45. 
Pp E, | 
x8 (Ec— Ec)/ pe V1 — B2 = N / p% vp. (7) 


In calculating the integral contained in (7), it is 
convenient to introduce in s -space a polar system 
of coordinates (s, 9, ®) with a polar axis in the 
direction of momentum transfer kK=q-p. Let us 
first transform a 6-function. Since Eg = 2Egp = 
2(Ep—v°p)(1 ~y?/e2)-172, where v_ is the veloc- 
ity of the center of mass of the colliding nucleons 
(and analogously for Eg), we get 


§(E. — Ed) = 4+ V1—v?/ 08 (E, —vq — Ep + vp) 


= (1/2c) 8 (xB) V P2, (8) 


where P and & are the 4-vectors of total mo- 
mentum and momentum transfer, and the scalar 
product of the two vecters 4 and 6 is defined 
as ab =— (ayb, + ab) = agby — ab. When integrat- 
ing over the polar angle 8, we make use of the 
well-known formula 


5 (fF (8)) = >) 8(8 — %) / | OF (8) / 08 |o 0,» 


where the summation is carried out over all roots 
of equation f£(6)) = 0. In this case the role of 
£(@) is played by the function KP = (Eg — Ep) x 
(Eg + Ep )/e? —(p+s)k. Setting this equal to 
zero, we find 


C08 0y= [(1/c2) (Eq — Ep) (Es + Ep) — pal /s ||. (9) 


The condition | cos 64 | <1 leads, in conjunction 
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with (9), to the result that the permissible values 
of s are bounded from below by a minimum value 
= So: 
Bb. (8, E,) 
x \ p = p xp} 


$0 “yt — (E,— E16 


E,—E, {| E, (E,— E,) me 
xd 


sth —— —«] me\" ! 


(10) 


c2 
The square root within the absolute sign is always 
real, since «x is either a space-like or a null vec- 
tor. The derivative | of (0)/90 |g=¢ ) has a value 


| 8(KP)/90 |9- =9, = ks sin 6). Thus 
, : VE 3 (8 — 80) 
EO c xssin Oo ” (11) 


Inserting (11) into (7) and considering that 


1a alk (Mc)? 
ie Veo V— B2) (182) 


x + [Vp — Vs |? — [Vp x vs]? / €?]'* (12) 


(this equality can be readily obtained by using the 
general form of the Lorentz transformation and ex- 


pressing pe in terms of the laboratory quantities ), 


we obtain after integrating over 0 


2 d d Aa 
do ot = he \ ao. : aoe ac (Ec C08 9) (PY. (13) 
So 0 
A summation of all the nucleons of the nucleus 
yields 
do 4 q? 


dodqg ~~ pla—pl V c2g? + M%c4 


FP { (ao sdsf (s) 


Dee, 
9 aia ia Ec6e (Ee, Bc). (14) 


Z=15(9) 0 
The quantities Eg and cos ve are readily ex- 
pressed in terms of the laboratory system and 
equal, respectively 


E.=cV P? =c[2 (Mc? + E,E;/c? — ps), 
COs de = | 


BE Ee? aS) (ESE ad — Dg) pwc? 
/ EB spe vie 


2[M?c? — (E,E., / c?) + pq] 
E? | 202 — 2M2c2 


c 


= 1 + 


where 


%S =xscos%, pq = pgcos9, 


px = Px COS 6, 
cos (ps) = cos 8) cos 6; + sin 8) sin 0, cos M. 


In the nonrelativistic limit 


L. S. AZHGIREI etal’. 


So > 9 (q — pcos) /|q—p|. 


Assuming that og depends only on the momentum 
transter, we obtain an equation similar to that pre- 
viously derived by Wolff!® 


A fos} 
dc 87g? 7 
dodqg  =pjqa—p| pay (4 p) oh) Catia G) 


So 


3. THE EXPERIMENT 


The energy spectra of the secondary particles 
emitted in p+ Be, p+C, p+Cu, and p+U 
collisions, were measured in the approximate en- 
ergy interval from 100 to 700 Mev, at angles of 7, 
12.2, 18, 24, and 30°. The magnetic analyzer used 
was the same as employed in a previous investiga- 
tion of momentum spectra of the products of the 
pp — npz*, pp — ppm, and pp —dz* reactions 
(reference 16) and: in experiments on the direct 
knock-out of deuterons from light nuclei by 670- 
Mev protons.* The papers referred to contain 
detailed information on the analyzer, its place- 
ment relative to the primary beam of the protons, 
the concrete shield of the synchrocyclotron, and 
the procedure used to process the measurement 
data and the corrections introduced. In the pres- 
ent experiment, the changeover from one angle of 
observation to another was made by moving the 
target R (using the notation of Fig. 1 in refer- 
ence 16) along the primary proton beam, which 
passed near the edge of the pole pieces of the 
analyzer magnet. In all cases, the particles en- 
tered and left at right angles to the boundary of 


da/dqw, 10-4 cm?/sterad 


0 10° 20° 50° q0°D 

FIG. 1. Angular distribution of secondary charged parti- 
cles with range > 3.1 g/cm? of tolane, emitted in collisions 
of 660-Mev protons with Be, C, Cu, and U. The experimental 
points correspond to: e — beryllium o — carbon, x — copper, 
A — uranium. 


INTERACTION BETWEEN 660-Mev PROTONS AND ATOMIC NUCLEI 


1167 


TABLE I 
eee emerremererie Weer a Ny yee 


Angle of observation ®, degrees | 7 


Distance from target to the edge of 


the pole piece, cm 
Deflection angle, degrees 


Radius of curvature p of the central 


trajectory, cm 


30 


12,2 | 18 24 


440 | 248 | 138 | 94 64 


18.3} 24 29 oO} AGL OM e2on7 
360 | 284.8) 222 |350 [265 


Angular divergence of secondary beam| 0.10 | 0,14 | 0.47} 0.20] 0,22 


in the horizontal plane, degrees 
Calculated resolution AHp/Hp, % 


AAS aM) Vas | ald |p ab 8) 


the magnetic field. The data of Table I show how 
changes in the angle of observation affected the 
distance between the target and the forward edge 
of the pole, the angle of deflection of the particles 
in the magnetic field, the radius of curvature of 
the central trajectory, the angular divergence of 
the separated beam of secondary particles in the 
horizontal plane, and the resolution AHp/Hp of 
the instrument, calculated with allowance for geo- 
metrical factors only (AHp is the width of the 
peak at half height). 

The energy of the primary protons directly in 
front of the target was 661 Mev; the mean squared 
spread in the beam proton energies amounted to 
approximately 1%. The particles at the analyzer 
exit were detected by a telescope consisting of 
four scintillation counters (total thickness 3.1 
Bias/ cm? of tolane) connected for coincidence. The 
threshold of proton registration of the telescope 
was 60 Mev. The registration efficiency for par- 
ticles in the investigated range of energies was 
practically 100%. The entire path of the particles 
in the analyzer, all the way to the telescope, was 
in vacuum. Targets 2.5 cm high and 1 cm wide 
were made of chemically pure beryllium, carbon, 
copper, and uranium and their thicknesses were 
3.26, 1.09, 3.45 and 7.62 g/cm? respectively. 

To find the absolute values of the differential 
cross sections in the spectrum, d’a/dwdE, we 
measured the differential cross sections do/dw 
for the emission of secondary charged particles 
in the investigated collisions, within the angle in- 
terval from 7 to 40°. In these measurements, 
made at angles of 24, 30, and 40° with an angular 
resolution of +0.8° (the resolution was +0.4° at 
smaller angles), the threshold for registration 
was the same as in the spectrum measurements. 
From the observed yield of charged particles we 
calculated the contribution of charged pions, es- 
timated from data on the production of ™ mesons 


in p+C collisions at 670 Mev,° under the assump- 


tion that the cross section of the latter process in- 
creases as A?/?, The contribution of charged pions 
to the total yield of secondary charged particles 


did not exceed 7%. The area under the curves of 
the energy spectra of the secondary particles was 
normalized to the corresponding experimental 
values of do/dw. Furthermore, the spectra were 
linearly extrapolated from the last experimental 
point to the threshold value of the proton-registra- 
tion energy. The accuracy of this method of esti- 
mating d’o/dwdE amounts to approximately 20%. 

The experimentally-obtained spectrum F(E) 
is related to the true spectrum G(E) by the fol- 
lowing integral equation 

F(E)= \ G(E’) K (E, E’)dE’, (17) 
0 

where K(E, E’) is the experimental curve of the 
resolution of the instrument. The function K(E, E’) 
was determined, for each angle of observation, by 
measuring the form of the peak corresponding to 
protons from elastic p-p scattering. The peaks 
were observed under the same conditions as the 
observations of F(E). The curves obtained for 
the resolving power fitted best the function 


K (E, BE’) = 52 exp {—|E—E' a}, (18) 


where E is the energy at the center of the peak of 
elastic p-p scattering. The solution of Eq. (17) 
can be written, with sufficient accuracy, in the 
form 


G (E) = F (E)— @d?F (E)/ dE?, (19) 


since E >> a and since the values of a cor- 
responding to the given angle of observation re- 
main essentially constant over the section of the 
spectrum occupied by the maximum of the quasi- 
elastic scattering. Table II gives the values of E, 
a and AE/E, corresponding to the angles under 


TABLE II 
Angle of obser- 
vation Y, i here 18 24 30 
degrees 
| 
E, Mev 647 621 578 o21 455 
a, Mev 14.4 9.3 6.3 15) 0) 1OK3 
NEVES % 4.7 2.9 436) | AA 4,0 


1168 


L) 8. AZHGIRET etal. 


da/dw, 107?* cm*/sterad 


®, 
degrees Be Cc Cu U 

4 0.660-L0, 033 1.100-+-0.055 1.168--0.058 3.650--0.182 
40 0, 3760019 0.492-+-0,015 1.052-+-0.053 1,554+-0.077 
42.2 0,298-+0,015 0,336-L0, 017 0,765-++0 ,039 4.180--0 ,059 
15 0,227-+40, 014 0.276-+0.014 0.642-+0.032 0.998-E0.050 
18 0.495--0.010 0, 230-40 ,014 0.556-+-0 .028 0, 900-0, 045 
24 0.125-40 , 006 0.158--0 .008 0, 400-40 .020 0,716-L0 ,036 
30 0,089-+0 .004 0.114-+40 006 0.335-+0.017 0.592+-0.030 
40 0,054-++0.003 0,074+0.004 0, 228-40 014 0, 443-40 ,022 


consideration; here AE is the total width at half 
the height of the peak of elastic p-p scattering. 
It should be noted that in the region of the maxi- 
mum of quasi-elastic scattering, measured at an 
angle of 30°, the magnitude of the correction for 


the instrumental spectrum errors, a*b?F (E)/dE?, 


amounted to no more than 2 or 3%. 


4. EXPERIMENTAL RESULTS 


A. Data on angular distribution. The per- 
nucleus values of the differential cross sections 
for the emission of secondary charged particles, 
registered under the condition of the present ex- 
periments, are listed in Table III as functions of 
the emission angle © in the laboratory system, 
and are also shown in Fig. 1. The total errors, 
comprising statistical errors in the measured 
number of secondary particles and errors in the 
determined intensity of the primary proton beam, 
are also indicated. 

In the range from 40° to 18°, where diffraction 
scattering is negligibly small (see below, Figs. 
3—7), the values of do/dw increase smoothly 
with diminishing emission angle for all the inves- 
tigated nuclei. The dependence of do/dw on A 
can be approximated here by a function such as 
kAT. The results of such a treatment of the ex- 
perimental data is shown in Fig. 2. Over the in- 
terval from beryllium to copper, the values of 
do/dw increase approximately in the following 
manner (in units of 1072 em?/sterad): 


(ds/dw)aye ~1.20A°", — (ds / de) 9° = 2.124", 


(ds/dw)o,2 =~ 3.62 A°*?, (ds / dw),50 ~ 6.12 A". 


These results indicate that as the angle de- 
creases, do/dw becomes less dependent on A. 
Judging from the data obtained for uranium, the 
dependence of do/dw on A becomes weaker 
toward the end of the periodic table. Naturally, 
it is impossible to use these results to estimate 
the differential cross sections of the investi- 
gated nuclear interactions and to establish their 
dependence on A, since the average number of 
secondary particles emitted in each collision 


do/dq@, 10-74 cm?/sterad 


FIG. 2. Differential cross sections for the emission of 
secondary charged particles with range greater than 3.1 g/cm’ 
of tolane, produced by 660-Mev incident protons, as a func- 
tion of the mass number. The experimental points correspond 
to the following angles (laboratory system): a — 18°, @ — 24°, 
X — 30°, o — 40°. 


and registered under the conditions of the pres- 
ent experiments is still unknown. 

At angles smaller than 18° the differential 
cross section changes rapidly, and in a manner 
that is not the same for all investigated nuclei, 
owing to the considerable contribution of diffrac- 
tion scattering to the yield of secondary particles. 

B. Energy spectra. By measuring the number 
of secondary particles at the output of the spec- 
trometer as a function of the intensity of the mag- 
netic field we were able, after introducing the nec- 
essary corrections and after normalizing the re- 
sults to unit monitor count, to plot the relative 
momentum of the secondary particles at equal 
intervals of Hp. The transformation from the 
momentum spectrum to the energy spectrum is 
made under the assumption that the secondary 
particles are protons. This assumption calls for 
a further check in that region of the spectrum 
which corresponds to the cascade protons, since 
these still contain a certain relatively small ad- 
mixture of deuterons, emitted when the secondary 
nucleons pick up nucleons from the surface of the 
nucleus.!" Apparently such an indirect pick up 
process can also lead to the emission of a small 
number of fast tritium nuclei. According to the 
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FIG. 3. Energy spectra of secondary charged particles 
from p+ Be, p+C, p+Cu, and p+U collisions at 660 Mev. 
The dotted lines indicate the resolution curves. The angle of 
observation is 7°. 


data of Hess and Moyer,'® in the bombardment of 
carbon, copper, and uranium by 300-Mev protons 
the yields of the secondary protons, deuterons, 
and tritium nuclei at angles of 26, 40, and 60°, 
are related approximately as 1000:50:2, and 

the energy spectrum of the deuterons, diminish- 
ing with energy approximately as E°, extends 
almost to 150 Mev. Bearing in mind the relative 
insensitivity of the intranuclear cascade process 
to the energy of the incident nucleon, it can be as- 
sumed that as the energy is increased from 300 to 
670 Mev, the ratio between the yields of the sec- 
ondary protons, deuterons, and tritium nuclei re- 
mains essentially unchanged. 

The secondary charged particles observed at 
small angles may include also deuterons from the 
reaction pp —dz7* and pn— dr®, possibly taking 
place on bound nucleons. At 660 Mev the contri- 
bution of these reactions to the total cross sec- 
tions of the free pp and np collisions is respec- 
tively ~7.5 and ~4%. One can expect, however, 
the yield of deuterons from the nuclei tobe greatly 
reduced in view of the fact that the mean free path 
of the deuterons in nuclear matter is small com- 
pared with dimensions of the nucleus. 
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FIG. 4. The same as in Fig. 3. Angle of observation 12.2° 


The energy spectra of secondary protons from 
p+ Be, p+C, p+Cu, and p+U collisions are 
shown in Figs. 3 —7 in the form of solid curves, 
drawn to fit the experimental points; the vertical 
line at each point denotes the statistical measure- 
ment errors. The dotted lines in the same figures 
show the observed peaks of elastic p-p scatter- 
ing. The height of these peaks, which represent 
the resolution curves of the spectrometer, bears 
no relation to the ordinate scale. 

In all the nuclei investigated at 7°, the high- 
energy portions of the spectrum consist of intense 
peaks, essentially due to protons that are diffrac- 
tion-scattered by the nuclei. These peaks are 
superimposed on the right-side slopes of the 
maxima of the quasi-elastic proton scattering. 
The shift of the diffraction-scattering peaks to- 
wards energies higher than those of the elastic 
p-p scattering peaks is due to the different en- 
ergies of the corresponding recoil nuclei. It can 
be seen that at 7° the yield of secondary protons 
with energies E > 500 Mev is due essentially to 
diffraction scattering. A much smaller contribu- 
tion to the totai yield of secondary protons is made 
by diffraction scattering at 12.2°, particularly in 
the case of p +Cu collisions. This property of 
the spectra at 12.2° is compatible with the known 
values of the nuclear radii. Thus, if we use the 
nuclear radii as determined from the cross sec- 
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FIG. 5. The same as in Fig. 3. Angle of observation 18°. 


tions of absorption of 1400-Mev neutrons’? and 
860-Mev2" and 900-Mev?! protons, and insert the 
value R= 1.26 AY x 10713 em into the expres- 
sion for the diffraction-scattering angular distri- 
bution 

ds / dw = k(R')! [4 (2kR’ sin 5) / 2kR’ sin mal (20) 
(where 96 is the scattering angle, k=27/d, A is 
the wavelength of the incident proton, R is the 
radius of the scattering nucleus, R’ = R + 1/k, 
and J; is the Bessel function of the first kind), 
we find that near 12.2° there should be a fourth 
maximum for uranium, while in the case of copper 
this scattering angle corresponds approximately 
to the position of the second minimum. 

A characteristic feature of the spectra meas- 
ured at 18° is the absence of typical diffraction 
peaks and a sharp cutoff of the quasi-elastic scat- 
tering maxima near the upper boundary of the en- 
ergy region that is allowed by the conservation 
laws. At 24° and 30°, the spectra of all the inves- 
tigated elements display in the high-energy region 
pronounced maxima corresponding to single quasi- 
elastic collisions between the protons and the nu- 
cleons in the nuclei. Assuming that the quasi- 
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FIG. 6. The same as Fig. 3. Angle of observation 24°. 


elastic scattering maxima have a symmetrical 
form, it is possible to estimate the differential 
cross section for quasi-elastic scattering by 
measuring the areas under the curves and com- 
paring their values with the sum Zdopp /dw.+ 
(A-Z)dopn/dw, where dopp/dw and dopn/dw 
are the corresponding differential cross sections 
of elastic pp and pn scattering.* It was found 
that the quasi-elastic scattering in beryllium, 
carbon, copper, and uranium at 30° amounts to 
~60, ~53, ~22, and ~ 9% of the free scattering, 
respectively. The important fact is that the pro- 
ton, after the first collision with one of the nu- 
cleons of the nucleus, can be emitted with a no- 
ticeable probability even from the heaviest nuclei, 
without experiencing any other interaction. This 
fact can be considered as an indication that such 
nucleon collisions occur predominantly in the 
surface layer of the nucleus. In connection with 
this, it must be noted that in the bombardment of 
aluminum and uranium by 460- and 1840-Mev 
protons, the calculations of the intranuclear cas- 
cades, carried out by Metropolis et al.,?8 predict, 


*In these calculations the values of do,,/dw for 670 Mev 
were assumed equal to the corresponding values of the differ- 
ential cross sections of elastic np scattering obtained by 
Kazarinov and Simonov at 580 Mev. 22 
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FIG. 7. The same as Fig. 3. Angle of observation 30°. 


in the approximation employing a nuclear model 
with a sharp boundary, a secondary-proton energy 
spectrum without the maximum due to protons that 
have experienced only one paired collision. The 
use of a model of nucleus with diffuse boundary 

in cascade calculations is expected to increase 
the relative frequency of proton emission after 

the first collision, and thus match more accurately 
the experimental spectrum of the secondary pro- 
tons. 

The strong smearing of the quasi-elastic scat- 
tering maxima as compared with the elastic pp- 
scattering peak is a direct indication of the exist- 
ence of a momentum distribution of the nucleons 
in the nuclei. The quasi-elastic scattering max- 
ima are shifted somewhat towards the energies 
lower than those of the elastic pp scattering 
peaks. An analogous decrease in the mean proton 
energy in quasi-elastic scattering was observed 
also at 340 Mev and was attributed to nucleon 
collisions in the potential well, to energy losses 
by excitation of the residual nuclei, and to an in- 
crease in the scattering cross sections at rela- 
tively small collision energies.® 

The continuous spectra observed below the 
quasi-elastic scattering maxima are due to in- 
elastic processes. In the case of p+ Be and 
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p +C collisions, the continuous spectra are very 
Similar in form to the spectra of the recoil pro- 
tons in the reactions pp —npz* and pp — ppz” 
(see Figs. 2 and 3 in reference 16). We conclude 
therefore that when protons of a given energy col- 
lide with light nuclei, the continuous spectra of 
the secondary protons correspond essentially to 
processes of pion production in single proton- 
nucleon collisions, and not to an intranuclear 
cascade process. To the contrary, in the case 

of p+Cu and p+U collisions the continuous 
spectra occur essentially as a result of the cas- 
cade process. This is proved by the fact that the 
number of particles in the continuous spectrum 
increases the more steeply with diminishing en- 
ergy, the greater the size of the nucleus, and con- 
sequently the more intense the development of 

the cascade process in the nucleus. This feature 
of continuous spectra becomes more pronounced 
with increasing angle of observation. 


5. COMPARISON OF EXPERIMENTAL AND 
CALCULATED ENERGY SPECTRA OF 
QUASI-ELASTIC SCATTERING 


For comparison we used spectra of quasi- 
elastic scattering in beryllium and copper, meas- 
ured at 30°, since the interference effects should 
have the least influence in this case. Tests were 
made on momentum distributions of two types: 

a) Gaussian distribution 


i (s)~ exp {— s* /s?} 


at four values of sy corresponding to energies, of 
16, 18, 20, and 22 Mev; 

b) Three-parameter sum of two Gaussian dis- 
tributions 


[ (s)~ exp {= 's7/s*}ic- aw exp {= s?/s?} 


with s?/2M=16 and sf /2M = 50 Mev, and also 
the similar Selove distribution with s?/2M = 7, 
s3 /2M = 50 Mev, and @=0.15. The parameter 
a@ was chosen to obtain the best agreement be- 
tween the calculations and the experimental data 
at the end of the descending branch (towards the 
higher energies) of the quasi-elastic scattering 
maximum. 

The values of Eg and cos J¢ calculated from 
(15) for specified values of s and Eg and the in- 
tegrals contained in the expression (14) were cal- 
culated with the “Ural” electronic computer of 
the Joint Institute for Nuclear Research. The dif- 
ferential cross sections of the pp and pn scat- 
tering, corresponding to each pair of values Ee 
and cos ve, were found from graphs of dopp /dw 
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dopn /dw, obtained at various energies, plotted 
for scattering angles in the range 20° = 3 = 160°. 
Graphical interpolation was used to obtain inter- 
mediate values of dopp /dw and dopn /dw from 
the experimental data on the differential cross 
sections of pp and pn scattering as gathered 
by Hess24 The values of dopn /dw were esti- 
mated in the same manner for energies greater 
than 580 Mev, using the measured differential 
cross sections of elastic np scattering at 580 
Mev” and quasi-elastic pn scattering at 970 
Mev.” 

The final results of the calculations are obtained 
in the form of a sum of momentum distributions 
of the emitted protons 


Za? opp / dw dg -+ (A — Z) d®spn/ dw dq, 


a sum depending only on q and readily trans- 
formed into the energy spectra of protons that 
have experienced single quasi-elastic collisions. 
Some of the calculated quasi-elastic scattering 
energy spectra in beryllium and carbon are shown 
in Figs. 8 and 9 together with the experimental 
data. The horizontal lines xt the experimental 
points represent the energy resolution, which has 
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FIG. 8. Energy spectrum of quasi-elastically 
scattered protons: theoretical curves and exper- 
imental data for beryllium at an incident-proton 
energy of 660 Mev. Angle of observation 30°; 

I, Il, I] — Gaussian distribution with values of 
1/e at 16, 18, and 22 Mev respectively; IV — 
sum of two gaussian distributions of the form 
exp{—s?/s?}+ « exp{-—s’/s?} with s{/2M = 16 
and s;/2M = 50 Mev, a = 0.06. 


deteriorated from 3.8% at 300 Mev to 4.1% at 660 
Mev. Since the calculations do not take into ac- 
count the presence of the potential well and the 
effect of excitation of residual nuclei, the theo- 
retical curves had to be shifted towards the lower | 
energies in order to superimpose the theoretical | 
maximum on the quasi-elastic maximum. This shift 
amounted to approximately 30 Mev for these 
spectra. 

As can be seen from Figs. 8 and 9, at energies 
less than the energy of maximum quasi-elastic 
scattering, the theoretical curves lie lower than 
the experimental points. This discrepancy can 
be attributed to a superposition of a smeared 
spectrum of multiple proton scattering in the 
nuclei on the left branch of the quasi-elastic 
maximum. The comparison of the theoretical 
curves with the experimental data was made in 
the high-energy portion of the spectrum, where 
the effect of multiple nuclear scattering should be 
insignificant. The observed spectra agree in first 
approximation with a Gaussian momentum distri- 
bution with 1/e at approximately 20 Mev. It 
follows therefore that the mean-square value of 
the nucleon momentum in beryllium and carbon 


INTERACTION BETWEEN 660-Mev PROTONS AND ATOMIC NUCLEI 


FIG, 9. Same as in Fig. 8 but for carbon. The 
values used for the sum of the two Gaussian dis- 
tributions are 


s3/2M = 16, s?/2M = 50 Mev, 
a=0.09 /V) and s?/2M =7, 


s8/2M=50 Mev, a= 0,15 (V) 


nuclei corresponds to an energy of approximately 
30 Mev. Apparently a somewhat better agreement 
with experiment at the uppermost edge of the car- 
bon spectrum is given by the three-parameter sum 
of two Gaussian distributions with s?/2M = 16, 

s? /2M = 50 Mev and a= 0.09. However, the ex- 
perimental data are not sufficiently accurate to 
favor, with any degree of assurance, this distribu- 
tion over a simple Gaussian distribution. As to 
the Selove distribution,’ it contains too many high 
momenta, and therefore causes the cross sections 
away from the maximum of quasi-elastic scattering 
to be too high. 

The results obtained are evidence that a theory, 
based on the concept of two-particle collisions of 
fast nucleons in the nuclei, can account in general 
outline for the shape of the high-energy branch of 
the quasi-elastic maximum. Nevertheless, this 
circumstance must not be overestimated, since 
the result of comparison of theory with experiment 
is determined fully by the shape of the high-energy 
portion of the spectrum itself, corresponding to 
collisions of incident protons with high-momentum 
nucleons, i.e., with nucleons that interact greatly 
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with other particles during the instant of collision. 
It is clear, however, that the conditions of applic- 
ability of the impulse approximation are satisfied 
worst of all for such collisions. It should be noted 
in connection with this that the scattering of the 
protons by tight two-nucleon groups and possibly 
also by a particles, which exist in nuclei in the 
form of substructural formations, undoubtedly 
leads to a certain distortion of the high-energy 
portion of the quasi-elastic scattering spectrum. 
On the other hand, the background observed in the 
region of energies greater than that which the pro- 
ton can possibly have after the first quasi-elastic 
seattering may be partially due to the deuterons 
knocked out from the nuclei by collisions between 
protons and tight two-nucleon groups. 

These remarks do not lessen the importance of 
the basic fact that an explanation of the observed 
quasi-elastic scattering spectra calls for distri- 
butions that extend to large momenta. Were the 
nucleons inside the nucleus to have a Fermi mo- 
mentum distribution with an upper limit corres- 
ponding to Ep ~ 30 Mev (the degenerate-gas 
model), no quasi-elastically scattered protons with 
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energies greater than 525 Mev should be observed 
at all at 30° under the conditions of the present ex- 
periments. The high-momentum states of the nu- 
cleons in the nuclei are apparently due to the strong 
two-nucleon interaction via a short-range potential. 
These interactions are usually experienced by the 
nucleons as they move independently in the central 
field of the nucleus. 


6. CONCLUSION 


The energy spectra obtained for the secondary 
charged particles, essentially protons, give an 
idea of the relative role of various processes that 
occur upon interaction of 660-Mev protons with 
light and heavy nuclei. Such processes include 
diffraction scattering of protons by nuclei and 
quasi-elastic scattering by individual nucleons, the 
intranuclear cascade process, and the production 
of pions in nucleon collisions. Undoubtedly, a rel- 
atively small contribution to the secondary-proton 
yield is also made by collisions between protons 
and tight two-nucleon groups, as evidenced by the 
presence of a direct knock-out of deuterons from 
light nuclei by protons, and by the strong smear- 
ing of the pion spectra on the high-energy side. 

The momentum distribution obtained for the 
nucleons in nuclei of beryllium and carbon, namely 
a Gaussian distribution with 1/e at approximately 
20 Mev, is in satisfactory agreement with the re- 
sults obtained at 340 Mev by the Berkeley group.®? 
Thus, an analysis of the quasi-elastic scattering of 
protons in light nuclei, over a broad range of col- 
lision energies, leads approximately to the same 
momentum distribution of the nucleons. This fact 
denotes, apparently, that an analysis of the quasi- 
elastic scattering in beryllium and carbon nuclei, 
based on the impulse approximation, is sufficiently 
well founded. It must be emphasized that at the 
present measurement accuracy, the spectra of 
quasi-elastic scattering in beryllium and carbon 
can be obtained from the same nucleon momentum 
distribution. As to the spectra of quasi-elastic 
scattering in copper and uranium, no definite con- 
clusions can be drawn regarding the momentum 
distribution of the nucleons in heavy nuclei, owing 
to the strong influence of multiple nuclear scatter- 
ing in these substances. 

The authors thank R. N. Fedorova and I. V. 
Popova for programming and performance of the 
calculations, and also S. M. Bilen’kii, N. P. Klepi- 
kov, L. M. Soroko, and N. A. Chernikov, for use- 
ful discussions. 
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The Hall effect and magnetoresistance have been studied in chromium in the temperature 
range 4.2 — 78°K for fields up to 27,000 oe. The electron concentrations and mobilities 
have been calculated from the data obtained. A preliminary investigation of the properties 


of zirconium has been carried out. 


‘Taere have been few investigations of galvano- 
magnetic phenomena in transition metals at high 
effective fields (i.e., in the region of large mag- 
netoresistance ). Magnetoresistance has been 
studied in molybdenum and tungsten,!’* but simul- 
taneous measurements of magnetoresistance and 
Hall effect at low temperatures have only been 
made on platinum.? 

The aim of the present work was to widen the 
study of transition metals. It is mainly concerned 
with the properties of chromium, but zirconium 
has also been investigated in part. 


1. SPECIMEN CHARACTERISTICS 


The chromium specimen, obtained by vacuum 
distillation, was needle shaped, ~ 0.35 mm across 
and 8 mm long (between the potential leads). As 
the distillation took place onto a hot plate, the 
specimen was not annealed further. The zirconi- 
um specimen was produced by thermal decompo- 
sition of the iodide and further annealing was not 
carried out. Table I shows the temperature de- 
pendence of resistance (in zero field). 


TABLE I 

fan ff -10? 

T. °K | ( OT 0.273) 
| Cr | Zr 
78 8.04 — 
20.4 4.39 3.89 
4.2 4.28 3),0)) 
2.4 1.28 — 


2. EXPERIMENTAL RESULTS 


The galvanomagnetic effects were observed with 
the magnetic field perpendicular to the direction of 
current flow in the specimen, which could be ro- 
tated about its axis parallel to the current direc- 
tion. 


Judged by the character of the light reflected 
from it,* the chromium specimen appeared to be 
a single crystal. The anisotropy of magnetore- 
sistance for different parts of the specimen showed 
that there were apparently small inclusions, with 
orientations differing from the main one. It 
seemed that the length axis (the current direc- 
tion) made a small angle with one of the twofold 
axes. The anisotropy of magnetoresistance was 
small, the largest deviation from the mean being 
less than 4%. 

4ar/r? 

FIG. 1. Magnetoresist- 2 
ance in chromium 1] —at 
T = 4.2°K; 2—at T= 
20.4°K; 3—at T = 78°K / 
(the left hand ordinate 
scale applies to curves 1 
and 2, the right hand to J 
curve 3). Q 10 
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For the determinations of the dependence of 
the galvanomagnetic effects on field strength, the 
specimen was oriented in the direction correspond- 
ing roughly to the mean value of the magnetore- 
sistance. Figure 1 shows the resistance change 
in a magnetic field. Above 10,000 oe at helium 
temperatures the resistance varies linearly with 
field. At 27,000 oe the resistance has increased 
threefold. The Hall constant is shown in Fig. 2. 


3 


R10 e.m.u. 
7 
FIG. 2. Hall constant, 
R, for chromium 1—T = i) 
78°K; 2—T = 4.2°K. 
ah 
g 0 20 4,10" Oe 
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At nitrogen temperature it hardly depends on the 
field. The mean value R= 3.410% e.m.u. is 
close to the value of 3.6 x 10°* e.m.u. found by 
Foner® at room temperature. At 4.2°K the Hall 
constant is very dependent on field. 

As has been shown earlier,® it is more instruc- 
tive to use the ratio of the Hall field, Ey, to the 
field in the current direction, Ex, rather than 
the Hall constant, in the region of large effective 
fields. This ratio, Ey/Ex, is plotted in Fig. 3. 


FIG. 3. Dependence 
of E,/Ex on the mag- 
netic field for chromium 
1 —at/ T=78°K;:2—"at 
T=20.42Ke 3—ateh = 
4.2°K (right hand ordi- 
nate scale for curve 1, 
left hand scale for 
curves 2 and 3). 
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It can be seen from curve 3 (Fig. 3) that Ey/Ex 
has a maximum for a field around 17,000 oe. The 
maximum value of Ey/Ex = 0.165. Ey/Ex de- 
creases in larger fields. 

Magnetoresistance measurements on zirconium 
showed that although the residual resistance of the 
specimen was of the same order of magnitude as 
in chromium, the variation of resistance with field 
was appreciably less. At 4.2°K the resistance in- 
crease Ar/r = 0.035 for a field of 24,600 oe. 


3. DISCUSSION 


From the experimental data it is seen that, 
qualitatively, the properties of chromium do not 
differ appreciably from those of nontransition 
metals.® 

The fields used were insufficient to decide def- 
initely on the limiting magnetoresistance law for 
high fields. From the curves of Ey wf Ex, chromium 
seems to belong to the group of metals for which 
the Hall field decreases in large fields, while the 
resistance increases indefinitely, i.e., metals 
which have equal numbers of holes and electrons. 
Such a conclusion is not in conflict with the elec- 
tronic structure of chromium — an element in the 
fourth group of the periodic table. 

As for platinum,’ a simple model with two or 
three groups of conduction levels cannot explain 
the experimental results. An isotropic model 
with four groups of levels fits the data satisfacto- 
rily — two electron groups with densities n, and 
n,, and two hole groups with densities n, and ng. 

In the zero field the electrical conductivity of 
such a metal is given by the expression 
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The effective magnetic field is determined by 
the dimensionless parameters 


9, = eHt,/m, 


where Tj and mj are the mean time between 
collisions and the effective mass of the corres- 
ponding groups of conduction levels. 

Equations for Ey/Ex and for the magnetore- 
sistance on such a model are given in our paper 
on platinum? [Eqs. (7) and (8)]. 

Table II shows the values of the various param- 
eters for this model which give the best fit with 
the experimental data. The carrier concentration 
per atom, nj/ng, the carrier mobility tj /mj at 
4,2°K and the effective field, yj= eHtj/mj cor- 
responding to H = 25,000 oe and T=4.2°K, are 
given for each of the four groups. 


TABLE II : 
Group il iD 3 4 
n/n, | 0.59-10-% | 0.346-10-2 | 0.246-10-1 | 0.271-10-2 
(t,/m,)10-45 10.95 9.87 PAM ileal 
o; 4.38 3200 0.94 0.74 


A comparison between the curves calculated 
from the parameters given in Table II and the ex- 
perimental data is shown in Fig. 4. The agree- 
ment is satisfactory for the field dependence of 
both the Hall field and the resistivity. Since the 
anisotropy of magnetoresistance is small, we can 
conclude that the isotropic model, discussed above, 
describes the properties of chromium sufficiently 
closely. 


FIG. 4. Comparison be- 47/74! 
tween the experimental and 
calculated values of Hall 
field and magnetoresist- 

ance in chromium. The full 
curves are calculated val- 
ues, 1 — for Ar/r; 2 — for 
E,/E,; the points repre- | 
sent the experimental data. 9 10 20 
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The small concentration of carriers — a total 
of only 0.06 per atom — is the most singular prop- 
erty of chromium. Such a small concentration is 
comparatively rare, and apart from group V ele- 
ments (Bi, As, Sb) has only been found so far in 
gallium and beryllium.’ The mobilities in the car- 
rier groups 1 and 2 are appreciably greater than 
in groups 3 and 4. This large difference can be 
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explained if it is assumed that groups 3 and 4 are 
related to the carriers of the unfilled 3d states, 
characteristic of transition metals. The carriers 
of the first two groups, with high mobilities, are 
connected with the valence electrons. The pres- 
ence of holes and electrons among the particles 
of high mobility (groups 1 and 2) can be attribu- 
ted to overlapping of the 4s and 4p bands. To 
explain the presence of holes and electrons in the 
low mobility group one must assume that the d- 
state is split into separate overlapping bands. 

The electronic structure of chromium, like 
platinum,? is thus more complicated than is usu- 
ally assumed for transition metals. 

Since the absolute values of mobility, given in 
Table II, are determined by the purity of the given 
specimen, direct comparison with other metals 
is not possible. For such a comparison, the mo- 
bility must be determined in a temperature region 
where the residual resistance is unimportant. For 
this purpose the Debye temperature is suitable, 
and the mobility at this temperature can be cal- 
culated from the experimental resistivity-tem- 
perature curve from the relation 


(t2/ Mi)g = (ti/ Mi) pop / Too 


where (7T{/mj)g is the mobility at the Debye tem- 
perature, rog is the resistivity in zero field at 
the Debye temperature, (7j/mj)T and ryqT are 
' the same quantities at the temperature of meas- 
urement. Such a calculation assumes the same 
temperature dependence of mobility for all the 
groups. Table III gives the results of this calcu- 
lation for chromium (using the data of the pres- 
ent work), platinum,? and zinc.® 

The maximum and minimum values of mobility 
are given in the table. Comparison of the data in 
the last column shows that the maximum mobility 
in chromium is even a little greater than the max- 
imum in the non-transition metal zinc, and four 
times greater than the maximum in platinum. The 
mobilities in chromium are, therefore, closer to 
those of a normal metal. Presumably this is con- 
nected with the small carrier concentration. It 
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was noted earlier® that the mobility increases in 
metals with small carrier concentrations. 

Because of the small magnetoresistance, only 
the order of magnitude of the largest mobility in 
zirconium can be derived from the preliminary 
results. This turns out to be the same as in plat- 
inum. 

It is possible to compare the data on carrier 
concentration with electronic specific heat data 
on chromium, and obtain values for the effective 
masses. This comparison can be made in the 
manner described previously.® Strictly speaking, 
one should consider the contribution of all four 
carrier groups to the specific heat. However, as 
the concentration of particles in the first two 
groups is nearly an order of magnitude smaller 
and the mobility is several time greater, the con- 
tribution of these groups can be neglected. 

From the data of Estermann, Friedberg and 
Goldman! the electronic contribution to the heat 
capacity, cy = 3.62 xX 10°°RT cal/mole-deg. 
Using the concentrations shown in Fig. 2, the 
ratio of the effective mass, m*, to the free elec- 
tron mass, mg, is found to be m*/my=5.3. This 
value of m* is slightly less than the value in 
platinum? and considerably greater than that de- 
duced by Estermann et al.’ from the concentra- 
tion derived from the valence (m*/my = 2.93). 


CONCLUSIONS 


As for platinum,? no direct effect of magnetiza- 
tion shows up in chromium. There is some evi- 
dence that chromium becomes ordered antiferro- 
magnetically below 475° K.° If so, the magnetiza- 
tion at low temperatures must be small and the 
direct influence of it must be small. One might 
expect a low-field anomaly connected with the 
antiferromagnetic domain structure. However, 
the experimental data give no evidence of such 
an anomaly. 

The characteristic property of chromium re- 
vealed in these experiments is the small concen- 
tration and high mobility of the conduction elec- 


TABLE III 
T = 4.229 K PSO 
1 ) 
es Tor / 10.273 t;/ m; "09 / "0.273 tj / Mm; 
Gr 4895 4.28-10-2 11-4015 4.95 72-1038 
1.8-41015 4 .16-1018 
225 6.78-10-4 20-1025 0.81 4.7-1018 
a ‘ 4.3-1015 4.4-1012 
4.7-10-4 65-1025 0.74 4.1-1038 
oH al 56-1025 3.5-1018 
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trons. These properties made possible the at- 
tainment of high effective fields, although our 
specimen had a large residual resistivity. Pre- 
liminary measurements on zirconium show that 
it does not have such anomalous properties. 

In conclusion, we would like to express our 
thanks to B. G. Lazarev for his interest in this 
work. 
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The angular distributions of 7 mesons produced in proton-proton collisions have been 
investigated at 400 —665 Mev. The distributions were found to be close to isotropic, in 
agreement with S. Mandel’shtam’s phenomenological resonance theory. The total cross 
sections were measured in the energy range 313 —665 Mev. At energies above 400 Mev 
the main contribution to the reaction cross section is made by resonant transitions. At 
lower proton energies the non-resonant Ss transition becomes significant, its contribu- 
tion to the total cross section being 0.032 ni, x 10727 cm? (where nm is the maximum 
7 -meson momentum in the c.m.s. ). A comparison of the measured cross sections of 
neutral and charged pions with the cross sections calculated from the resonance theory 
indicates that the transition with the total angular momentum J = 2 plays the predomi- 
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nant role. 
1. INTRODUCTION 


‘Tae production of neutral pions in proton colli- 
sions 


PP > DAD ae, tm» £9-> Dy (1) 


occupies a prominent place among the reactions of 
the type “nucleon plus nucleon — pion.” Its distin- 
guishing feature is the rapid increase in the cross 
section with energy and the relatively small value 
of the cross section near the threshold, which is a 
consequence of the forbiddenness of a transition 
with a final state S for the nucleons and a final 
state p for the pion relative to the center of mass, 
a transition that plays a principal role in other 
meson-production reactions (the Sp transition 

in the Rosenfeld classification!). The first inves- 
tigations of this reaction?~® have shown that in the 
energy range 340 — 480 Mev its cross section opp 
increases as loa (where nm is the maximum 

n° -meson momentum in the c.m.s.), measured 

in units of meson mass m,c), while other reac- 
tions are characterized by cross sections that de- 
pend on powers of ny not higher than the fourth. 
A phenomenological analysis of these data!’® has 
shown that near threshold the reaction (1) is es- 
sentially caused by the Pp transition. It has been 
noted in later papers®’!"»!! that the cross section 


*The results of this investigation were reported at the 
Fourth Session of the Scientific Council of the Joint Institute 
for Nuclear Research in May 1958. 


an continues to increase rapidly even at 450 — 
660 Mev: ofp ~ nf according to Soroko® and 
a, os nee according to Prokoshkin and Tyapkin."! 
A comparison of the data of Mather and Marti- 
nelli’ or those of Crandall and Moyer® with the 
results of Prokoshkin and Tyapkin!! shows that 
at lower energies the cross section varies as 

ney and not as mens from which it has been con- 
cluded!! that the Ss transition plays a substantial 
role at low energies. Further measurements of 
the cross section of the reaction (1) at low ener- 
gies? have confirmed this conclusion. 

The experimental data obtained in reference 11 
were analyzed by Mandel’shtam within the frame- 
work of the phenomenological resonance theory .'8 
In contrast with the old phenomenological theory!” 
Mandel’shtam considers the resonant interaction 
of the pion with the nucleon in the final state of 
the reaction. It is assumed in his theory that 
over a wide energy range, where the resonant 
interaction between the meson and the nucleon 
is substantial, the matrix elements of the transi- 
tions-are constant to within factors that consider 
the meson-nucleon and nucleon-nucleon interac- 
tion in the final state. The theory takes into ac- 
count the interference of nucleon states and 
“shifted” transitions.’ The S scattering of the 
system, when one of the nucleons is in the S state 
with respect to the meson-nucleon subsystem, for 
which one possible state *P3/2 is assumed, is de- 
scribed in this case by a single parameter, while 
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the P scattering is described by five parameters. 
The theory was found to be not critical to relative 
changes in the parameters of the P scattering, 
which made it possible to equate some of these 
parameters to each other and thus reduce the 
experimentally-determined number of P -scatter- 
ing parameters from 5 to 2. All three parameters 
that describe the S and P scattering are deter- 
mined from the experimental data on the produc- 
tion of charged pions in p-p collisions. The total 
cross sections of the reaction (1) are calculated 

in the Mandel’shtam theory without introducing 
any supplementary free parameters, thus making 
the comparison of the experimental and theoretical 
energy dependences of this cross section a good 
test of the resonance theory. A corresponding 
comparison with the data of Prokoshkin and Tyap- 
kin,!! made by Mandel’shtam, has shown an agree- 
ment between the experimental and theoretical re- 
sults. 

The angular distribution of m mesons in reac- 
tion (1), calculated on the basis of the resonance 
theory, is close to isotropic at all proton energies. 
Experiments carried out by various methods in the 
region near 600 Mev!!»!4>15 actually indicate that 
the angular distribution of the 7° mesons is iso- 
tropic. However, at lower energies (450 — 550 
Mev) the measured angular distributions have dis- 
played a tendency towards increased anisotropy.'! 
In the range of even lower energies, the angular 
distribution was analyzed by Moyer and Squire!® 
under certain assumptions concerning the charac- 
ter of the 7’ -meson spectrum, based on the old 
phenomenological theory.'*? Within the framework 
of these assumptions, they conclude that the angu- 
lar distribution of the 7’ mesons is substantially 
anisotropic at 330 Mev. 

The purpose of this work was to investigate the 
reaction (1) over a wide energy interval. The use 
of a single procedure gave grounds for hoping to 
be able to obtain sufficiently accurate data on the 
variation of the reaction characteristics with the 
energy. Particular attention was paid to a little- 
studied characteristic of the reaction — the angular 
distribution of the 7’ mesons. In investigations 
of this type it is necessary to take into account 
the inherent difficulties connected with the fact 
that the 7’ mesons move at a velocity substantially 
different from that of light. This causes the angu- 
lar distribution of the gamma quanta, produced dur- 
ing the decay of the 7° mesons, to be less aniso- 
tropic than the distribution of the a’ mesons.!" 

As the velocity of the 7° mesons decreases, the 
anisotropy of the angular distribution of the gamma 
quanta disappears rapidly. The foregoing is dem- 
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onstrated in Fig. 1, which illustrates the case when 
n° mesons are distributed proportional to ‘4 + 

b,0 cos? # in the c.m.s. Here the angular distri- 
bution a the gamma quanta is of the form 1% + 

by cos? #. The figure shows the value of db70 /dby 
i.e., the error in the measurement of bz0, at vari- 
ous energies Ep of the protons that produce the 

7’ mesons. It is seen that when Ep decreases 
this error increases rapidly, consequently increas- 
ing the accuracy with which it is necessary to meas- 
ure the angular distribution of the gamma quanta so 
as to establish the angular distribution of the 7° 
mesons. It is also necessary to take into account 
the fact that when the proton energy decreases, the 
more stringent requirements regarding the meas- 
urement accuracy are accompanied by an exceed- 
ingly rapid reduction in the yield of the gamma 
quanta from the investigated reaction. This com- 
plicates even further the investigation of the angu- 
lar distributions of the 7° mesons. In the pres- 
ent investigation we restricted ourselves to a 
measurement of the angular distributions of gamma 
quanta in the interval 400 —665 Mev, where the 
aforementioned difficulties were not yet too great 
and the apparatus employed made it possible to 
determine with sufficient accuracy the angular 
distribution of the 7° mesons. 


2. MEASUREMENT PROCEDURE 


Proton beam. The experiments were performed 
on the external unpolarized proton beam of the six- 
meter synchro-cyclotron of the Joint Institute for 
Nuclear Research. The proton current was meas- 
ured accurate to 3% with a calibrated helium-filled 
ionization chamber. Since the cross section of the 
investigated reaction depends considerably on the 
proton energy, particularly near threshold, the 
cross-section measurements must be accompa- 
nied by an exact determination of the mean energy 
of the beam. At small proton energies, on the 


FIG. 2. Arrangement of the 
apparatus: 1) focusing magnetic 
lenses, 2) polyethylene absorber, 
3) deflecting magnet, 4) shield- 
ing walls, 5) steel collimators, 
6) ionizing chamber, 7) targets, 
8) portion of lead shielding of 
the gamma telescope, 9) gamma 
telescope, P — proton beam. 


other hand, it is necessary to measure accurately 
not only the mean energy, but also the energy spec- 
trum of the beam. The mean energy of the beam 
was determined in these experiments with accu- 
racy to approximately 1 Mev by the method de- 
scribed in reference 18. The proton energy was 
reduced by means of polyethylene blocks located 
in front of the shielding wall (Fig. 2). The energy 
distributions of the beam protons fits well a Gaus- 
sian curve with a dispersion of 2.8 + 0.3 Mev at 
maximum proton energy. The dispersion increased 
with deceleration of the beam, as seen in Fig. 3. 
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FIG. 3. Dispersion of the beam Ag at various proton ener- 
gies E,.18 Solid curve — theoretical dependence of the dis- 
persion on the energy, calculated with allowance for the ioniza- 
tion losses and a “straggling” type of dispersion. 


Recording apparatus. Information on the angu- 
lar distribution of the 7’ mesons and on the value 


of the total cross section was obtained by register - 
ing the gamma quanta from the decay of nm mesons, 
produced in the target by the passage of the proton 
beam. The gamma quanta were registered with a 
counter telescope shown schematically in Fig. 4. 
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FIG. 4. Diagram of the gamma WA 
telescope: 1) lead diaphragm, 
2) crystal of anti-coincidence KA 
counter, 3) converter, 4) crystal é 
of coincidence counter, 5) foil 
used to reflect light, 6) radiator 
of the Cerenkov counter, 7) pho- 
tomultipliers, 8) shaping stages, 

9) cathode follow ups, 10) am- 
plifiers, 11) coincidence circuits, 
12) anti-coincidence circuits, 

13) scalers. 


The gamma quanta produced in the target were 
collimated with the aid of a lead diaphragm and 
fell on the telescope lead converter, where they 
produced electron-positron pairs. The pairs were 
registered by a scintillation counter and Cerenkov 
counter connected for coincidence. Because of the 
small thickness of the converter (0.5 —2 mm) and 
of the scintillators (3 mm) and because of the 
“broad geometry” of the telescope and the absence 
of absorbers between the counters, the gamma 
telescope had a low energy threshold and could 
register effectively gamma quanta with energies 
down to 10 Mev. The telescope was made insensi- 
tive to either neutrons or charged particles by using 
a scintillation counter placed in front of the con- 
verter and connected for anti-coincidence with the 
other telescope counters. The counting rate of the 
telescope placed in the gamma beam was increased 
25 fold by placing in it a converter 2 mm thick. In- 
creasing the converter thickness to 5 mm improved 
this ratio to 40. The telescope could be operated at 
a relatively large extraneous-radiation background 
by using coincidence circuits with a time resolution 
of 1078 sec. 

In most of the earlier investigations the effi- 
ciency of the gamma telescope was determined 
by measuring or calculating the sensitivity of the 
gamma telescope to gamma quanta of various en- 
ergies, from which the efficiency was found by in- 
tegrating this energy curve simultaneously with the 
theoretically-obtained gamma spectra. Conse- 
quently the results in these investigations were 
substantially dependent on the correctness of the 
theoretical assumptions concerning the gamma 
spectrum, particularly in those cases®!® when the 
measurements were made with a detector having 
a high energy threshold. In the present investiga- 
tion the efficiency was determined experimentally 
by a method!! that permitted a determination of 
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the gamma-quantum yield without making any as- 
sumptions concerning their energy spectrum. The 
dependence of the telescope efficiency w on the 
angle @ (see Fig. 2), measured at proton energies 
of 665 and 485 Mev, is shown in Fig. 5. At other 
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gi FIG. 5. Efficiency 


of gamma telescope, 
w; ®—at E = 665 Mev, 
O — at E = 485 Mev. 
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energies the dependence w(6@) has a similar 
character. As the proton energy decreases, the 
efficiency decreases and simultaneously, the shape 
of the w(@) curve also changes, because of the 
reduction in the 7’ -meson energy and the velocity 
of the center-of-mass system. Efficiency meas- 
urements made at 665 Mev with graphite, polyethy- 
lene, and liquid-hydrogen targets have shown that 
w is the same for hydrogen and carbon. This re- 
sult is the consequence of the low energy threshold 
of the gamma telescope. In spite of the great dif- 
ference between the gamma spectra at @=0° and 
@ = 180° (reference 19) (the mean energies of the 
spectra are 190 and 75 Mev) the efficiencies w (0°) 
and w(180°) differ by merely 25%. There isa 
much smaller difference between the spectra meas- 
ured for carbon at hydrogen at a single angle,!»!® 
and consequently the corresponding efficiencies 

are also close. As the proton energy decreased, 
the difference in the efficiency for hydrogen and 
carbon increased somewhat, but in the investigated 
energy range this difference still did not influence 
the results of the measurements, since it was much 
less than the statistical accuracy of the measured 
ratio of the gamma yields at different angles. The 
latter made it possible to use the functions w(@), 
measured for carbon, to find the angular distribu- 
tion of the gamma quanta from reaction (1) at low 
proton energies. 

Targets. Control experiments. The target used 
was liquid hydrogen, sealed in a container made of 
foamed polystyrol. The target was in the form of 
a cylinder 8 cm in diameter and 25 cm long, so 
placed that the beam, traveling parallel to the cyl- 
inder axis, did not strike the side walls of the tar- 
get (the beam was 6 cm wide). The conditions for 
registering the gamma quanta were most favorable 
in the angle interval 45° < @ < 145°. In this case 
the lead diaphragm, placed in front of the telescope, 
prevented the gamma radiation from the entrance 
and exit windows of the target from entering the 
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telescope, and the telescope registered only the 
gamma radiation from the hydrogen. When the 

hydrogen was removed from the container, the 

counting rate of the telescope was decreased to 
one-tenth at an energy of 660 Mev. 

The cross section of reaction (1) was also de- 
termined by a differential method, by irradiating 
targets made of polyethylene and graphite. These _ 
targets were approximately 3g/cm? thick and were 
chosen such that the beam-energy loss in the tar- 
get was the same. The polyethylene and graphite 
targets were placed at an angle of 45° to the pro- 
ton beam, as shown in Fig. 2, and were introduced 
into the beam alternately. The targets were 
changed every 1 —3 minutes, to eliminate the in- |} 
fluence of the change in sensitivity of the register- | 
ing apparatus on the measurement accuracy. In 
spite of the fact that ethylene contains only 14% 
hydrogen, in many cases the difference method 
yielded a much higher accuracy then the use of 
liquid hydrogen targets. The reason for this was 
the difficulty of accurate determination of the ef- 
fective volume of the liquid-hydrogen target in 
which the gamma quanta registered by the tele- 
scope were produced. Liquid hydrogen was there- 
fore used usually to make accurate relative meas- 
urements, while the absolute measurements were 
made by the differential method. 

To obtain a sufficiently high counting rate, the 
telescope was placed close to the target. This 
caused the gamma radiation from the various sec- 
tions of the target to be registered by the telescope 
with unequal efficiency, and consequently the effi- 
ciency of the registration depended on the dimen- 
sions of the target. This efficiency, which depends 
on the dimensions of the target, will be called in | 
the future the form factor of the target. The graph- | 
ite target was made of light graphite of density 0.9 | 
g/em?, and consequently the form factors of the 
polyethylene and graphite targets differed little. 
The maximum difference in the form factors for 
the used targets amounted to 1.5% at @ = 90°, and 
decreased rapidly with decreasing 6. Since the 
ratios of the gamma yields from the targets should 
be measured with accuracy to 1%, great attention 
was paid to the determination of the form factors 
of the targets. The form factors were determined 
experimentally at different angles 6, with accu- 
racy better than 0.5%. Many control experiments, 
performed with targets of different shapes, have 
shown good agreement between the measured and 
calculated form factors. The basic and most labo- 
rious control experiment was carried out at a pro- 
ton energy of 275 Mev. Since this energy is below. 
the threshold of’production of 7? mesons in p-p 
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Pepa pst poten” INOLHE ENERGY RANGE FROM THRESHOLD TO 665 “Mev 1is3 
TABLE I 


ee Spp % . | Sipp % oa pps % & Sp: % 

E = 665 Mev E = 665 Mev ) = 560 Mev E = 485 Mev 

16 14.7+0.8 96 10.8-+40.5 16 9.9+0.6 16 5.1+1.0 
20 15.4+0.8 120 Oa 0.4 34 9.4+0.9 35 5.3+0.5 
33 Ie =0).5) 135 9260-8 60 1 @3e0. 1 60 5,640.8 
45 14.5-+0.8 145 9 4se4 22 90 6.80.5 90 4,440.7 
60 12.7-+0.6 160 | 10.0-+1.2 130 6.4+4.0 130 4.0-40.7 
75 | 41.6-£0.8 150 6.00.7 450 4,540.9 


collisions, the ratio of the cross sections for hy- 
drogen and carbon measured by the differential 
method should be zero, if the form factors have 
been accurately determined. Experiment actually 
yielded value close to zero: 


(Spp/ CH eee = 


— 0.001 + 0.006. 


3. MEASUREMENT RESULTS 


Angular distributions of gamma quanta. In the 
region of large proton energies, the angular distri- 
butions of the gamma quanta were investigated 
both by the differential method and by the use of 
liquid hydrogen. In the former case the measure- 
ments were performed in two stages: the angular 
distribution of the gamma quanta produced in col- 
lisions between protons and carbon nuclei, fpc(?) 
were measured, after which the ratio of the differ- 
ential cross sections for hydrogen and carbon were 
found for each angle of observation: 


5, = (doy, / dQ) / (do%,/ dQ). 


The angular distribution of the gamma quanta pro- 
duced on carbon by protons with E = 665 Mev* is 
shown in Fig. 6. The angular distributions ols) 
at lower energies are similar in form. 

The relative cross sections o/,, were measured 
by the differential method at energies E = 665, 560, 
and 485 Mev for a large number of values of @ 
(see Table I). So detailed an investigation of the 
function fhp( 3%) was undertaken to verify whether 
the measurement method employed is accompanied 
by some noticeable systematic errors. The dis- 
tribution of the gamma quanta formed in p-p 
collisions should be symmetrical about J = 90° 
in the c.m.s., in view of the indistinguishability 
of the colliding particles. Any deviation from 
symmetry in the measured distribution must 
therefore be considered as an indication of the 
presence of systematic errors in the procedure. 


*Here and below E denotes the effective energy of the 
beam, determined with allowance for the energy loss in the 
target and the dispersion of the beam. 
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FIG. 6. Angular distribution of gamma quanta produced on 
carbon by 665 Mev protons. Dotted curve is calculated on the 
basis of the optical model of the nucleus. 14 


The angular distribution of gamma quanta ob- 
tained from the data of Fig. 6 and Table I at E= 
665 Mev is shown in Fig. 7. It is represented by 
the polynomial 


fx, (8) ~ = + (0.07 4 0.02) cos? 9. 


This function, found by the least-squares method 
and normalized in a suitable manner, is shown 
dotted in Fig. 7. The angular distribution of the 
gamma quanta we obtained was found to be sym- 
metrical. If it is approximated by a polynomial 
that contains, along with the zero and second- 
order term, also an asymmetric term proportional 
to cos ¥, the contribution of the latter is found to 
be insignificant: (0.009 + 0.011) cos ¥. An analy- 
sis of the distribution f” (9), measured at E = 
665 Mev, shows also that the contribution of the 
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¥° (c.m.s) 
FIG. 7. Angular distribution of gamma quanta from reaction 
(1) at E = 665 Mev, measured by the differential method. The 
dotted curve was found by the least-squares method. 
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cosine powers higher than the second is insignifi- 
cant: the fraction of gamma quanta distributed in 
proportion to cos‘ $ amounts to merely (0.015 + 
0.030). The same should also occur at lower pro- 
ton energies, since the role of the states with large 
moments diminishes as the reaction threshold is 
approached. One can therefore assume that in the 
energy interval E< 660 Mev the gamma quanta 
from the reaction (1) have the following angular 
distribution in the c.m.s. 


fx, (8) ~ 4 + by cos? &. (2) 


To determine the values of by it is enough to 
find the ratio of the gamma yields at two angles. 
Similar measurements were carried out at ener- 
gies less than 616 Mev, essentially with a liquid- 
hydrogen target, since the differential method 
yields accurate values of by only for E * 600 
Mev, as seen from Figs. 7 and 8. The gamma 
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v° (c.m.s.) 
FIG. 8. Angular distribution of gamma quanta from reaction 
(1) at E = 485 Mev, measured by the differential method. The 


dotted curve was found by the least-squares method and cor- 
responds to ae (9)~% + 0.02 cos”. 


yields were measured at angles 6, = 55 to 60° 
and 6. = 120 to 125°. The values of 6, and 0, 
varied little with decreasing E. The angles 0, 
and 8, were chosen complementary in order to 
avoid the difficulties connected with the determi- 
nation of the effective volume of the liquid-hydro- 
gen target. The indicated values of 6, and @, 
are convenient because they correspond to the 
c.m.s. angles 3; = 90° and vw, = 145°, for which 
the differential cross sections are connected with 
the total cross section by the simple relation 


om = n {do¥ (93)/dQ + ds (9,)/dQ}, (3) 


which holds for all values of by. At energies E > 
500 Mev, the measurements of Dy were carried 
out both with the liquid-hydrogen target and the 
differential method. In the latter case the gamma 
yields were measured at several angles, including 
6; and 9). The values of b, found by the various 
methods are the same, within the limits of meas- 
urement errors. The values obtained for by are 
listed in Table II. 
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TABLE II 


E, Mev by E, Mev by 


665 0.050+0,017 517 0.05+0,06 
630 —0,02+0,04 485 0,01+0.04 
590 0,06+0,05 440 | —0,01=0,06 
560 0.02+40,03 400 | 0,015+0.060 


Determination of the angular distribution of the 


nm” mesons. The angular distributions of the 7° 
mesons can be determined from the measured an- 
gular distributions of the gamma quanta. Let us 
show first how this problem is solved in the case 
when the 7’ mesons are monoenergetic. Let the 
nm” mesons have a velocity 8, and let their angu- 
lar distribution be described in the c.m.s. by the 
function V (cos 3, gy). The angular distribution 
of the gamma quanta from the decay of the n° 
mesons, F(cos ¥, g) is determined by the inte- 


gral equation 
1 2n 


F (cos 9, ¢) = (&— 1) \ \ V (cos %o, Po) [§ — cos 3 cos Fy 
—1 
— sin sin % cos (p — $o)] 2d cos By dg. (4) 


Here £=1/8. We shall restrict ourselves in the 
future to the very general case, when the angular 
distribution of the 7’ mesons is independent of 
the azimuth angle g. Then, integrating (4) over 
Po, we get 


at 
F (cos 9) = + (@— 1) \ V(cos 9») G (cos 9, cos 94) d cos 99. (5) 
—1 


The kernel of Eq. (5) is symmetrical: 


G (cos 9, cos $) = (E — cos 9 cos 99) [(cos 3 + cos 9p)? 
— (E+ 1) (2cos$cos 9% —é&+ 1). 


Formula (5) makes it possible to determine the 
angular distribution of the 7’ mesons, V (cos #), 
provided the angular distribution of the gamma 
quanta is known. A solution of this problem can 
be obtained either by reducing Eq. (5) to a system 
of linear equations, or by expanding Eq. (5) in ei- 
genfunctions (the eigenfunctions of these equations 
are Legendre polynomials Py(cos ¥), which fol- 
lows from (4) if the “addition theorem” for the 
Legendre polynomial is used). In the latter case, 
replacing F (cos #) by the series ZanPy(cos #), 
we find 


a, 
V (cos 3) = Da, Oy P,, (cos 9). (6) 
The eigenvalues ay(é) can be readily obtained by 


using the Neumann formula for the Legendre polyno- 
mials 


ee 
i 
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p+p—pt+p+7° IN THE ENERGY RANGE FROM THRESHOLD TO 665 Mev 


on (E) = (1 — 6) Q) (6), (7) 


where Qn(é) is the derivative of the Legendre 


function of the second kind: 


Prn—or—4 (6). 


Sy = be 2n—4k—1 
Qn (E) = Pn(é) tanh E 2 Qk + 1)(n—f) 


The above relations determine the angular dis- 
tribution of monoenergetic zm’ mesons. This prob- 
lem becomes more complicated if the 7 mesons 
are not monoenergetic. In the most general case, 
when the distribution function of the 7° mesons, 
U (cos J, €), cannot be separated into angle and 
energy factors, and it becomes necessary to in- 
vestigate both the angle and the energy distribu- 
tion of the gamma quanta in order to determine 
the distribution U (cos J, &). In the case when 
the angular and energy variables can be separated, 
i.e., when 


U (cos 9, &) = V (cos 9) R (€), (8) 
the function V (cos ¥) can be determined by find- 


ing the average eigenvalues Qy, which are ob- 
tained by averaging the functions (7) over the 


spectrum R(é). To carry out such an averaging 


in the general case it is necessary to know the 
spectrum R(é). However, if the angular distri- 
bution of the gamma quanta differs little from iso- 
tropic, it is enough to have only tentative informa- 
tion on the spectrum, which can be obtained from 
the kinematics of the reaction (1). This last cir- 
cumstance was used in the present work 4, as 

seen from Table II, the measured angular distri- 
butions of the gamma quanta are close to isotropic. 
In finding the angular distribution of the 7 mesons 
it was assumed that the distribution function could 
be represented in form (8). As follows from (2) 
and (6), the angular distribution of the 7 mesons 


has the form 
fm! (9) ~F + bao cos? o. (9) 


The values of bz for various proton energies are 
listed in Table III. 


TABLE III 
E, Mev bao | E, Mev Oxo 
665 0.10+0.03}| 517 0.143+0.15 
630 |—0.04+0.08|| 485 0.02+0.12 
590 0.14+0.12!| 440 | —0.03+0.16 
560 0.04+0.07]| 400 0.072 


Total cross sections of reaction (1). At a proton 
energy E = 660 Mev, we measured the differential 
cross section for the production of gamma quanta 
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on carbon at @ = 33°. Its value is © 


ds¥, (33°, 660 mev) /dQ =(7.6 + 0.4)- 10°? em*/sterad 


and is in good agreement with the cross section 
measured with the internal beam of the acceler- 
ator.!! Integration of the resultant angular distribu- 
tions of the gamma quanta, normalized to the afore- 
mentioned cross section, gives the value of the 

total cross section of the reaction (1): 


ar (660 Mev) = (3.22 +0.17)- 10727 ane 


In experiments with a liquid-hydrogen target we 
obtain the nearly-equal value 


(3.4 + 0.4)-10°°?7 em?, 


The dependence of the total cross section of 
reaction (1) on the proton energy was measured 
by us in the interval 313 —665 Mev. The gamma 
yields were measured at several angles, including 
the “isotropic” angles!!»17520 (33 and 96° in the 
laboratory system at E = 660 Mev), and also at 
the angles 6, and 6, which made it possible to 
determine simply the ratio of the total cross sec- 
tions at different proton energies. In determining 
the cross sections by the differential method we 
used the energy relations for the cross sections 
of carbon, measured at the “isotropic” angles. 
One of these is shown in Fig. 9. The relative cross 
sections Opp were determined by the differential 
method at energies E 2400 Mev (see Table IV). 
At lower energies, the measurements were car- 
ried out only with liquid hydrogen. The relative 
cross sections Opp» obtained by comparing the 
energy relationships of the cross section for the 
hydrogen (liquid-hydrogen target) in carbon, are 
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FIG. 9. Dependence of the cross section for production of 
gamma quanta on carbon on the proton energy (in relative 
units). 
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TABLE IV 
a ee 
oo = 125°), % a5 (S = 125°), % 
E, Mev a 
ae differential liquid differential liquid 
method hydrogen method hydrogen 
660 10.8+ 0.6 10.8+0.6 400 1.30.4 {7.62050 
645 — 10.0+0.6 377 — 4.0+0.3 
630 9.3 +0.6 8.7+0.6 360 — 0.9+0.3 
610 — T0280 55 300 — ONT Oez, 
590 9.4 +0.4 7.5+0.6 340|*] — 0.6+0.1 
560 6.8 +0.5 i ayae0) (5) 328 — ORo=: Olez 
517 DE ORO SRO=OED 313 — 0.3+0.2 
485 A MN AY) 7 3.8+0.4 295 — <= 0.3 
445 2E9E0RO 2eA-EOkS 
TABLE V 
eo et Ss 3 I ee eee 
™° om | 
“pp pp 
E, Mev ; n E, Mev 5 Nin 
665 12010201 [322420518 4.90 907 0.22+0.04 | 0.7440.05 | 1.38 
660 4.00 Owl 4.89 485 0.439+0.006] 0.45+0.03 | 1.30 
652 0.93+0.03 | 3.00+0.18 1.86 458 0.093+0.008} 0.30+0.03 | 1.19 
645 OLO1 = OF027 9 2293207 4.84 445 0.063+0.004} 0.20+0.02 | 1.414 
638 0.90+0.03 | 2.90+0.18 bee? 412, 0.039+0.005) 0.12+0.02 | 41.00 
630 0.85+0..02 | 2.74£0.16 Seng) 400 0.027+0.004) 0.09+0.02 | 0.95 
622 ORSIEEOROS a2 otra: Onelus dl feet 374 0.012+0.003) 0.04+0.01 | 0.83 
610 OnlOZ O02 Nea oOrdS Aailes 360 0.009+0.003] 0.030+0.008) 0.75 
597 0.61+0.03 | 1.96+0.13 4.69 390 0.006+0.002} 0.018+0.006] 0.70 
590 Ovo7=0202,) 1584250. 43 1.66 328 0.004+0.002} 0.014+0.006] 0.58 
560 0.385+0.013} 1.24+0.07 4.56 313 0.002+0.001} 0.006+0.004) 0.48 
934 0.26+0.01 | 0.84+£0.06 1.46 295 <0.001 <0.004 0.32 


also given in Table IV. The values opp were nor- 
malized in this case to E = 660 Mev. The depend- 
ence of the total cross section of reaction (1) on 
the energy E is given in Table V. The total cross 
sections listed in the same table were obtained by 
normalizing the energy dependence of the cross 
section o%) to that measured at E = 660 Mev. 

To determine the energy dependence of the total 
cross section we used the data of Fig. 9 and 

Table IV, and also analogous data obtained by 
measuring the gamma yields at other angles. 

As can be seen from Table V the gamma yield 
decreases by nearly 500 times with decreasing 
proton energy in the investigated region. The 
cross section of reaction (1), measured at 313 
Mev, is one-thirtieth the cross section of charged- 
pion production at the same energy. So small a 
magnitude of the observed effect makes it neces- 
sary to account thoroughly for all the extraneous 
gamma-radiation sources capable of competing 
with the investigated reaction. The effect of these 
sources was analyzed by Moyer and Squire?!® and 
was found to be insignificant in the investigated 
region. The greatest danger came in our case 
from contamination of the proton beam by neutrons 
knocked out from the polyethylene absorber, used 
to decelerate the beam. A series of control ex- 


periments, in which the slowed-down proton beam 
was either deflected with a magnet (See 3, Fig. 2), 
or completely stopped in a polyethylene absorber, 
has shown that the influence of the neutron admix- 
ture is insignificant. An estimate made on the 
basis of the known neutron yield from the inner 
target”! also shows that the contribution due to the 
neutron admixture is small and amounts to not 
more than 3% of the cross section measured at 

E = 313 Mev. The measured gamma-yields can 
be almost completely attributed to reaction (1) 

in the investigated energy region. At energies 
closer to the reaction threshold than in our case, 
the hard gamma bremsstrahlung of the protons 
becomes more substantial, and its cross section, 
according to reference 22, is 10729 em? 


4, DISCUSSION 


Angular distributions of 7’ mesons. A char- 
acteristic feature of the 2’ -meson angular dis- 
tributions obtained in the present investigation is 
their isotropy over the entire investigated region 
of proton energies. The angular distributions of 
references 11 and 16 are more isotropic at low 
proton energies, as can be seen from Fig. 10. The 
same diagram shows the energy dependence of the . 
quantity 6=1/(1+b,0), which represents the _ 
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FIG. 10. Angular distributions of 7° mesons in reaction (1) 
[the function 5(E) = 1/ (1+ b7°) where byo is the coefficient 
in the distribution (9)j. e — result of the present work, 0 —data 
of reference 11, O — data of reference 16. The curves were 
calculated: 1) under the assumption of (10) without account of 
the nonresonant Ss transition; 2) the same, but with allowance 
for the Ss transition, the contribution of which is 0.032 Tin x 
107?’ cm?; 3) assuming (11) with allowance for the Ss transi- 
tion. 
fraction of the 7? mesons isotropically dis- 
tributed if the angular distribution has the form 
of Eq. (9) and bo = 0. The value of 6 at E= 
329 Mev has been determined with a detector hav- 
ing a high energy threshold!® and depends therefore 
on the correctness of the theoretical assumptions 
made with respect to the distribution function of 
the 7m’ mesons. On the other hand, the contem- 
porary phenomenological theories!»?!8 differ 
greatly in their conclusions concerning the dis- 
tribution function of the 7° meson in reaction (1). 
The experimentally determined values of 6 are 
compared in Fig. 1 with the function 6(E), cal- 
culated by Mandel’shtam (private communica- 
tion)* on the basis of the theory developed in ref- 
erence 13. Curve 1 in this diagram is calculated 
with allowance for only resonant transitions. At 
large energies 6 is close to unity. According 
to Mandel’shtam, this is due to predominance of 
P scattering over S scattering, the latter being 
practically supressed by interference. As the re- 
action threshold is approached, the anisotropy of 
the angular distribution of the mn’ mesons produced 
in resonant transitions increases. However, the 
contribution due to resonant transitions in this 
energy range is relatively small. What predomi- 
nates in this case is the nonresonant Ss _ transi- 
tion, which is characterized by an isotropic iyo 
meson angular distribution. Therefore the depend- 


*We take this opportunity to thank S. L. Mandel’shtam who 
graciously communicated to us the results of several of his 
unpublished calculations. 
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ence 6(E), calculated with allowance for the non- 
resonant Ss transition, is found to be close to 
unity in the entire investigated energy interval, in 
agreement with the results of the present work. 
The values of 6 given in Fig. 10 were deter- 
mined by us from the experimental values of by, 
under the assumption that the angle and energy 
components of the 7° -meson distribution function 
are independent [see Eq. (8)]. The Mandel’shtam 
theory, however, predicts that the anisotropy of 
the angular distribution of the 7’ mesons dimin- 
ishes with their energy, and the coefficient b70 
may even become negative near the lower boundary 
of the spectrum (thereby differing from references 
1 and 9). Therefore, if 6 is calculated from the 
data of Table II on the basis of spectra taken from 
the Mandel’shtam theory, they will be located 
somewhat closer to unity than shown in Fig. 10. 
Energy dependence of the cross section of 
reaction (1). The total cross section measured in 
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FIG. 11. Total cross sections of reaction (1). e— results of 
the present work @ — from data of the present work and refer- 
ence 7, X — from data of reference 11, 0 — data of reference 
12. The arrow indicates the reaction threshold. 1) resonant 
curve calculated in reference 13, 2) curve with account of the 
nonresonant Ss transition, the contribution of which to the to- 


tal cross section is 0.032 77, x 10°” cm’. 
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the present work are shown in Fig. 11. Along with 
our results, Fig. 11 shows the cross section, de- 
termined from our present data on the cross sec- 
tion for carbon and from the data of Mather and 
Martinelli’ on the relative cross section opp 
(see Table IV). The total cross section obtained, 
ofp (340 Mev) = (0.018 + 0.005) x 10°" cm’, is 
almost double the cross section [(0.010 + 0.003) 
x 1072” em*] obtained earlier with the results of 
Mather and Martinelli and those of Crandall and 
Moyer,® and usually cited in earlier papers. This 
difference is caused by the discrepancy between 
the cross sections for carbon, measured in the 
present paper; [(3.0 + 0.4) x 10-2" em?] and those 
of reference 8 [(1.7 + 0.4) x 10727 em]. We shall 
show that the cross section for the production of 
charged pions on carbon at this energy is (7.5 + 
0) x 10-27 em? (reference 23), from which it 
follows that onc = (3.7 + 0.5) x 10-2" em?, if one 
uses the relation ofc + ofc = 2080, which fol- 
lows from the hypothesis that the nuclear forces 
are independent of the charge, and which is found 
experimentally to be sufficiently accurate.”4 

As can be seen from Fig. 11, the cross sections 
measured by us agree, within the limits of experi- 


mental error, with the values previously obtained." 


The cross sections measured at Carnegie” are 
somewhat lower than those of the present paper, 
possibly owing to the excessive value used in ref- 
erence 12 for the efficiency of the gamma tele- 
scope. The efficiency calculated in that paper at 
large gamma energies exceeds the maximum value 
possible, namely 1-—exp (—yd) (wp is the coeffi- 
cient of absorption of gamma quanta in the con- 
verter substance and d_ the thickness of the con- 
verter. 

The total cross sections obtained by us are 
compared in Fig. 11 with the theoretical resonance 
curve of Mandel’shtam. This comparison shows 
that the behavior of the reaction cross section in 
the energy region near 600 Mev can be described 
quite accurately within the framework of a theory 
that takes only resonant transitions into account. 
At energies less than 500 Mev a noticeable dis- 
crepancy begins to appear between the measured 
cross sections and the resonance curve, this being 
explained?® by the increasing role of non-resonant 
Ss transition, which is substantial near the reac- 
tion threshold. The contribution to the total cross 
section corresponding to this transition was found 
by us by comparing the values of the measured 
cross sections with the resonance curve, and was 
found to be 


355 = (0.032 + 0,007) 72,-10°?? em?. 
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Taking into account also the contribution of reso- 
nant transitions,'* the cross section of reaction (1) 
near the threshold at energies less than 400 Mev 
can be represented in the form 

on = (0.03242, + 0.040 78, + 0.047 78,)-107? cm?. 


pp m 


Here the first term is due to nonresonant Ss 
transition, the second to “shifted” Ss and Sd 
transitions, and the last one to Pp transitions. 
The Ps transition, which is also characterized 
by proportionality to Tn) is assumed to be in- 
significant in Mandel’shtam’s theory. In the en- 
ergy region from 450 to 600 Mev, the cross sec- 
tion of the investigated reaction increases at a 
constant rate, and varies as neat At still greater 
energies the increase in the cross sections slows 
down, in accordance with the Mandel’shtam theory 
(see Fig. 12). 
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FIG. 12. Dependence of the cross section (in relative 
units) of reaction (1) on the momentum 7, in the region of the 
maximum. The experimental data and the theoretical curve, 
taken from reference 13, are normalized to E = 660 Mev. The 
errors indicated are those in the relative measurements of the 
energy dependence of the cross section, and are therefore less 
than the errors of the absolute measurements of the cross sec- 
tions, given in Fig. 11. 


Comparison of the cross sections for produc- 
tion of neutral and charged pions in proton colli- 
sions. The results of the present work and of 
many other investigations” yield information on 
the ratio 1°/ ke = on /Ofp,pn» where Gian is 
the cross section of the reaction p+p—pt+n+ 


m*, in the final state of which the nucleons are 


S 
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not bound. At 660 Mev this ratio is 


n/n* = 0,294 + 0.015. 


The ratio 7°/r* was calculated by Peaslee?é 
for the case when all the transitions are realized 
through the resonant state (T=%, J=%), and 
was found to equal %. Allowance for the interfer- 
ence of the nucleon states and the differences in 
the m-meson masses?? modifies this quantity con- 
siderably and brings it closer to the experimental 


ke FIG. 13. Ratio of the 

} cross sections of produc- 
tion of 7° and 7+ mesons by 
protons at different ener- 
gies. The solid curve is 
calculated assuming Eq. 
(11), while the dotted one 
corresponds to Eq. (10). 
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data. The curves shown in Fig. 13 were calculated 
by Mandel’shtam (private communication) with 
allowance for the nonresonant Ss transition. The 
lower curve was calculated under the assumption? 
that the three parameters, which describe P scat- 
tering in states with values of total angular momen- 
tum J=2, 1, and 0, are equal to each other: 


| Deal = | Oya| = | B01 | = ba, (10) 


where bg is one of the two free parameters of the 
P scattering in the resonance theory. This as- 
sumption was introduced in the theory in a some- 
what arbitrary manner. As indicated in Mandel’- 
shtam’s private communication, a more correct 
assumption is 


| b2q |? = 2| bia)? = 2! bor !?, (11) 


i.e., the production of m® mesons is more prob- 


able in the state with J =2 than in the states with 
J=1 and J=0. In the latter case one observes 
a better agreement between the calculated ratio 
n° /n* and the experimental data (see Fig. 13). 
Another circumstance in favor of relation (11) is, 
as indicated in a private communication by G. 
Braun, the small magnitude of the radius of the 
repelling core for the state PP compared with 
3p, and °P), thanks to which the production of 
mesons is less supressed than in the state with 
J=2 in that with J=1 and J=0. 

The quantity 7’/1* is thus sufficiently sensi- 
tive to the relations between various P -scatter- 
ing parameters. Other characteristics of reac- 
tion (1) are less sensitive to changes in the param - 


eter relations. Thus, the 7’ -meson angular dis- 
tributions calculated for the cases (10) and (11) 
hardly differ from each other, as can beseen from 
Fig. 10. 


5. CONCLUSIONS 


The comparison made in this paper of the ex- 
perimental data with the Mandel’shtam theory 
shows that the accuracy with which this theory 
describes the main properties of the process of 
7 -meson production by protons at energies E < 
700 Mev is quite high. In connection with this, it 
is of great interest to continue further systematic 
investigations of this reaction at higher energies, 
700 — 1000 Mev, where its cross section, accord- 
ing to theory, passes through a maximum. The 
data obtained thus far in this energy region?’ are 
contradictory and cannot therefore be used for 
comparison with the theory. 

In conclusion, we take this opportunity to thank 
L. I. Lapidus, S. L. Mandel’shtam, L. M. Soroko, 
and A. A. Tyapkin for discussion of the results of 
the present work. We are grateful to B. M. Anto- 
nov, E. L. Grigor’ev, G. P. Zorin, M. M. Kulyukin, 
N. A. Mitin, O. V. Savchenko, and I. V. Tsymbulov 
for help in performing the measurements. 
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Measurements of the temperature dependence of magnetic properties have been made on 
gadolinium ferrites with garnet and perovskite structures, and also on gadolinium man- 
ganite. It has been established that in the garnet ferrite in the neighborhood of the com- 
pensation temperature and of the Curie point there occurs an anomalous increase of the 
coercive force and an extremely small paraprocess. The temperature dependence of the 


magnetostriction also exhibits an anomalous behavior. 


The perovskite gadolinium ferrite 


has a weak ferromagnetism of the hematite type. The magnitude of this ferromagnetism 
increases after heating of the specimen above the Curie point in a field. Gadolinium man- 
ganite has paramagnetic properties; but in the helium temperature range, magnetic hyste- 


resis phenomena are observed. 


“Sasa there has been great interest in the 
study of the magnetic properties of oxides (fer- 
rites) of the rare earth elements and of yttrium. 
This interest is due to the fact that many of these 


i, 


2 


compounds have antiferromagnetic or ferromagnetic 


properties. However, knowledge of the magnetic 
behavior of such materials is still very scanty. 
The present article presents the results of an 
investigation of the temperature dependence of the 
magnetic properties of several oxides of gadolin- 
ium, with both garnet and perovskite structures. 


In our work the specimens used were of quite large 


dimensions, as compared with those used in other 
work.!*2 This enabled us to get more detailed in- 
formation about the magnetic properties of the 
gadolinium oxides. Besides magnetization data, 
we give below data on the coercive force and the 
magnetostriction. 

The specimens were prepared in accordance 
with standard ceramic practice from oxides of 
iron, gadolinium, and yttrium. Carefully ground 
mixtures of the oxides were given a preliminary 
anneal at 900°C for six hours in air. Then the 
materials thus obtained were reground, moulded 
under high pressure, and finally fired at 1300°C 
for four hours in air. The specimens were rect- 
angular bars of dimensions 60 x5 x5 mm. 

The methods used for measurement of the 
magnetic properties were the ballistic, the mag- 
netometric, and the ponderomotive. The mag- 
netostriction was measured by means of wire 
feelers with the aid of an electrophotooptical 
amplifier. 


bins 


1. GADOLINIUM GARNET-FERRITE 


The garnet ferrites of the rare-earth elements 
have the formula 3Me,03;°5Fe,03, where Me is 
one of the rare-earth elements or yttrium. Some 
of the ions in the garnet lattice may be replaced 
by other elements. In our experiments we used 
as such a substituting element yttrium, which has 
zero atomic magnetic moment. In the garnet fer- 
rite 3Gd,0;-5Fe,03, the Gd°* and Fe** ions 
have magnetic moments of considerable magnitude; 
therefore it was of interest to explore the effect of 
yttrium on the magnetic properties of this ferrite. 
We prepared a garnet ferrite of composition 
3Gd,03 + 4.8 Fe,03°0.2Y,03 and made measure- 
ments of its saturation magnetization at helium 
temperatures and of its Curie point; these gave 
the following values: 


39= 72.5 gauss cm3/g = 24u, /mole, 9 = 561° K. 


On comparing these values with those obtained by 
Pauthenet! on 3Gd,03°5Fe,03 (0) = 30 up /mole 
and ® =570°K), we see that the introduction of 
even a small number of Y ions diminishes 0) 
and ® very significantly. This is in qualitative 
agreement with Néel’s? ideas on the nature of the 
magnetic properties of the garnet ferrites; these 
consist briefly of the following. 

The crystal lattice of gadolinium garnet-ferrite 
is cubic; it contains a large number of Fe?* and 
Gd?+ ions distributed among three types of site: 

d (tetrahedral sites), a (octahedral sites ), and 


ec. To explain the magnetic properties of the gar- 
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net ferrites, Néel® suggested that the lattice of 
these substances should be considered to be made 
up of three sublattices, formed respectively by 

the d, a, and ¢c sites. The Fe?*+ ions are dis- 
tributed over the lattices containing d and a 
sites; there are more of the tetrahedral sites d 
than of the octahedral a. The Gd** ions are dis- 
tributed over the third sublattice c. Between the 
sublattices d and a there is a strong negative 
exchange interaction, in consequence of which — 
and because of the excess of tetrahedral d sites 
— they acquire a ferromagnetic moment. Further- 
more, the Fe** ions on the d and a sublattices 
act on the Gd°* ions on the c sublattice, in con- 
sequence of which there arises a ferrimagnetic 
coupling here also, though a weaker one than in the 
case of d and a. The distribution of magnetiza- 
tions on all three sublattices can be represented 
schematically as follows: 


Cc * d a 
Ga?" Fe?" Fe?* 


> 


The relative length of each arrow represents 
the magnitude of the magnetization of the corre- 
sponding sublattice. From this scheme it is evi- 
dent that by substitution of nonmagnetic ions for 
one or another sublattice of Fe®* and Gd?* ions, 
the resultant magnetic moment of the ferrite can 
be changed. From consideration of the scheme 
presented above, it is evident that the y+ ions 
must be distributed on a sites; only then can 
the resultant magnetic moment of the ferrite de- 
crease. This also leads to diminution of the num- 
ber of Fe®*-02--Fe®* exchange interactions, and 
hence to a decrease in the magnitude of ©. 

The most interesting peculiarity of the garnet 
ferrites is this: most of them exhibit a compensa- 
tion temperature ©; that is, their spontaneous 
magnetization vanishes not only at the Curie point 
@, but also at a lower temperature @,. At this 
point there occurs a balancing of the magnetic 
moments of the sublattices; i.e., here the material 
becomes antiferromagnetic. 

Figure 1 shows the results of measurements 
of the temperature dependence of the specific mag- 
netization of the garnet ferrite studied, with vari- 
ous magnetic fields applied to the specimen. It is 
clear that in the neighborhood of —14°C (260°K), 
there is a compensation point ©,. Because of the 
effect of the magnetic field, however, the compen- 
sation is incomplete. In order to determine the 
exact location of @,, it is necessary to get the 
curve of spontaneous magnetization, og(T). Fig- 
ure 2 shows such a curve, with coordinates ag / Oo 
and T/@; the curve was obtained by extrapolating 
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FIG. 1. Dependence of the specific magnetization on tem- 
perature at various fields in the garnet ferrite of composition 
3Gd,0,-0.2 Y,0,-4.8 Fe,0,: 1) H = 25.8; 2) H = 129; 3) H= 
1550 oe. 
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the magnetization isotherms o(H) to zero field. 
The value of o) was determined from the magnet- 
ization isotherm taken at 4.3°K. It is evident that 
at 258° K the spontaneous magnetization is close 

to zero. The location of ©, can be determined 
still more precisely by finding the temperature 
dependence of the residual magnetization or. The 
position of ©}; is found from the change of sign of 
the quantity o;/o) (cf. Fig. 2). It should be men- 
tioned that here, as in our earlier work‘ on a 
lithium chromite-ferrite, we apparently do not 
have complete compensation of the sublattice 
magnetizations; this is probably connected with 
the influence of structural inhomogeneities of the 
garnet-ferrite specimen under study. The pres- 
ence of incomplete compensation can also be ex- 
plained by the development of appreciable mag- 
netization upon application of a field even at the 
compensation point ©, (cf. Fig. 1). 

A very interesting fact established for our 
gadolinium garnet is the existence of a maximum 
on the coercive force vs temperature curve in the 
neighborhood of @,; there is also an anomalous 
increase of the coercive force in the Curie point 
region (cf. Fig. 3). A similar phenomenon had 
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FIG. 3. Dependence of coercive force on temperature in the 
garnet ferrite 3Gd,0,-0.2 Y,0,-4.8 Fe,0,. 


been observed earlier in our laboratory, for lith- 
ium garnet-ferrite, by K. M. Bol’shova and T. A. 
Elkina. The nature of this increase of He is 
still not altogether clear. It is possible that near 
the temperatures ®, and @, there occurs a 
peculiar magnetic “heterogeneity.” Here the main 
part of the specimen volume is in a nonmagnetic 
state, but there are individual small sections in 
which the material is in a ferromagnetic state. 
This promotes the development of a “single-do- 
main” structure, and consequently the processes 
of magnetization reversal will occur with greater 
difficulty; this will lead to an increase of He. 
Formally it is possible to apply here the known 
relation Hg ~ K/og, where K is the magnetic 
anisotropy constant. If K does not decrease 
with temperature as fast as does og, He must 
increase because of the decrease of dg. 

We now consider a peculiarity of the paraproc- 
ess in gadolinium garnet-ferrite. In this material 
there is observed an anomalous temperature vari- 
ation of the paraprocess susceptibility. Whereas 
in ordinary ferromagnetics and ferrimagnetics it 
increases monotonically with increase of temper- 
ature, reaching a maximum near the Curie point,° 
in gadolinium garnet-ferrite its change with tem- 
perature has a more complicated character. As 
is evident from Fig. 4 (experimental data taken 
from reference 1), starting from 0°K the para- 
process susceptibility at first increases, reaches 
a maximum, then on further rise of temperature 
diminishes; again begins to rise on approach to 
the Curie point; and after passing it, again sud- 
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denly drops. The magnitude of the paraprocess 
susceptibility is not as large in the temperature 
interval © - @, as in the region 0°K to @,; this 
is anomalous. This peculiar temperature varia- 
tion of the paraprocess susceptibility in gadolin- 
ium garnet-ferrite can be explained on the basis 
of the following considerations. In our previous 
researches? it has been shown that the paraproc- 
ess in a ferromagnetic is larger, the larger the 
size of the magnetic moments of the atoms that 
take part in the ferromagnetism, and the smaller 
the exchange interaction between them. In the 
case of gadolinium garnet-ferrite, the exchange 
interaction of sublattice c with sublattices d 
and a is weaker than that of d and a; the mag- 
netic moment of sublattice c is larger than the 
resultant moment of sublattices d and a. This 
leads to the consequence that in gadolinium garnet- 
ferrite at low temperatures, where the magnetiza- 
tion of the ferrite is basically determined by the 
magnetic moment of sublattice c, a large para- 
process should be observed, as in fact occurs 
experimentally. This paraprocess, however, 
should diminish with rise of temperature, since 
the magnetic moment of sublattice c is compen- 
sated by the resultant moment of sublattices d 
and a. Above the compensation point, the para- 
process operates through the Fe*+ ions, between 
which there is a larger exchange interaction. Here 
the paraprocess will be weaker, despite the fact 
that the ferrite is at a higher temperature. In the 
region of the Curie point we have the usual suscep- 
tibility “splash” characteristic of all ferromag- 
netics and antiferromagnetics. 

The paraprocess model just described is con- 
firmed by our measurements of the magnetostric- 
tion of gadolinium garnet-ferrite. Figure 5 gives 
isotherms of the magnetostriction, measured in 
the temperature interval —169 to +10°C. It can 
be seen that at low fields the magnetostriction is 
negative, at higher fields there develops a positive 
component of magnetostriction because of the para- 
process. In our ferrite it is especially large at 
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low temperatures (at —169°C). On approach to 
the compensation point the paraprocess magneto- 
striction decreases, since here the paraprocess 
diminishes in accordance with Fig. 4. 

In the neighborhood of the compensation point 
itself, it was not possible to cbserve the paraproc- 
ess, because here the magnetic fields used were 
insufficient for attainment of technical saturation 
of the specimen. 

Finally, we present the results of a study of the 
paraprocess magnetization in gadolinium garnet- 
ferrite in the immediate vicinity of the Curie point. 
We have analyzed the magnetization curves in the 
Curie point region according to the thermodynamic 
formula H/o = a + Bo”, where a and 8 are 
thermodynamic coefficients.’ The values of a 
and 6 provide a method of determining the tem- 
perature behavior of og (from the relation o% = 
—a/B). Figure 6 shows the dependence of 
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FIG. 6. Dependence of (a,/0,)° on 
(T/@) in garnet ferrite near the Curie 
point. 
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(o5/o))* on T/®. It is clear that the equation 
(35/39)? = €(1 — T/0). 


is satisfied. However, in contrast to other ferrites 
and ferromagnetics, the calculated value of & here 
is extremely small (cf. table). The table also shows, 
for comparison, the values for several ferrimag- 
netics and ferromagnetics. 


Material | g Wey i Sig 0, °K 


3Gd,03-0,2Y203-4,8F e203 0,04 10,046! 72,5} 564 

Ni 6,95 |0,8 | 55,2] 624 

20% Cu; 80% Ni 3,44 10,5 | 35,9) 428 
35,5% MnO; 15% ZnO; 49,5% Fes0s|0,1—0,7| 0,805 | 152,0| 467,5 


Figure 7 shows the dependence of the paraproc- 
ess magnetization o on H¥? right at the Curie 
point. Here the relation o = beH/?, derived from 
thermodynamic theory:° is fulfilled; b@ describes 
the inclination of the magnetization curve at the 
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Curie point. According to qualitative considera- 
tions, the value of b@ should be larger, the larger 
the value of oy in the material under study (b@ ~ 
Oy / ¥@ ). However, as is evident from the table, 
for the garnet ferrite the value of b@ is extremely 
small and not consistent with the high value of 0 
for this ferrite. The reason for this lies in the 
fact that the paraprocess at the Curie point is 
basically determined by sublattices a and d, 
whose resultant magnetization is small. 


2. GADOLINIUM PEROVSKITE-FERRITE 


According to earlier investigations,!? the com- 
pound Gd,03° Fe,03 (or GdFeO3) is antiferro- 
magnetic with a weak parasitic ferromagnetism. 
Its magnetic behavior is in many respects similar 
to that of hematite (a@Fe,O03), and also to that of 
CoCO3 and MnCO3, which have recently been 
studied in detail by Borovik-Romanov and cowork- 
ers.° The similarity consists in the fact that these 
materials obey the law o =o0g + xH, where gg is 
a spontaneous magnetization of small magnitude, 
and where x is a field-independent susceptibility. 
Figure 8 gives a series of curves o(H) taken on 
Gd,03° Fe,O3. It is evident that over a wide field 
interval the isotherms o(H) are straight lines, 
which cut off on the axis of ordinates a segment 
equal to og. There is nevertheless a difference 
in the behavior of Gd,0Q3+ Fe,O3 as compared with 
the substances mentioned above. The difference 
is that in the material studied by us, og is un- 
stable. Heating of the specimen to the Curie point 
in the presence of a field causes an increase of 
Og. 

Figure 9 gives a series of magnetization iso- 
therms taken after heating of the specimen above 
the Curie point. It is evident that larger values 
of dg are now cut off on the axis of ordinates. 

Figure 10 shows the temperature dependence 
of og at the time of the first and of the sec- 
ond heating of the specimen. It is evident that 
below 100° the value of og decreases. On the 
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} a 
CREE Ore reaches a large value. It must be concluded that 


the character of the og(T) curves in the sub- 
stance under investigation is very complicated. 
This is consistent with the results of references 
1 and 2. 


3. GADOLINIUM PEROVSKITE-MANGANITE 


X-ray analysis has shown that the compound 
Gd,O3°Mn,O3 has the perovskite structure. Its 
magnetization curves are of purely paramagnetic 
character (cf. Fig. 11); however, the values of the 
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FIG. 8. Dependence of magnetization on field at various 
temperatures for gadolinium perovskite-ferrite, Gd,O,-Fe,O, 


(the figures on the curves indicate the temperature in degrees 
C): 
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FIG. 11. Dependence of magnetization on field at various 
temperatures for Gd,O,-Mn,O, (the figures on the curves show 
the temperature in degrees C). 
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susceptibility are two orders of magnitude larger 
than in ordinary paramagnetics (x ~ 1074). The 

Cp Se era values of the constants C and © also differ from 
ee ae the values for classical paramagnetics. In meas- 
a i a PO HUE A urements in the helium temperature range, the 
function retains its straight-line form. Here, in 
contrast to the behavior at room temperature, the 
susceptibility becomes very large; and on decrease 


of the field, hysteresis occurs. From Fig. 12 itis 
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FIG. 9. Same as Fig. 8 after heating above the Curie point 
in a magnetic field. 
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<4 L | clear that, thoughthe residual magnetizationis small, 
! the coercive force reaches 250 oe. From this it 
was concluded that in this substance, as in Gd,O3- 
Fe,O3, parasitic ferromagnetism can be produced 
other hand, our measurements at helium tempera- by extreme cooling. 

tures have shown that at those temperatures o, We also made an attempt to synthesize the com- 
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pound 3Gd,03*5Mn,03. It was conjectured that this 
compound would have the garnet structure. Since 
instead of Fe** ions there will be Mn** ions, it was 
expected that this compound would be strongly mag- 
netic. The measurements, however, showed that 
the substance obtained had magnetic properties 
identical with those of Fe,O3*Mn,O03. X-ray stud- 
ies showed that the synthesized material had the 


perovskite structure; no garnet structure is formed. 
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Measurements were made of the asymmetry coefficient for m*-u*-e* decay in ordinary 
and diluted NIKFI-R emulsion, and in the same emulsion placed in a strong magnetic field. 
An analysis of the data obtained and that known from the literature shows that the asym- 
metry coefficient in NIKFI-R emulsion (a = —0.077 + 0.012) is substantially less than 
that in Ilford G-5 emulsion (a = —0.139 + 0.014). A double dilution of the NIKFI-R emul- 


sion with gelatin sharply increases the asymmetry coefficient (a = —0.127 + 0.028). The 
application of a magnetic field restores the polarization in the NIKFI-R emulsion, raising 
the asymmetry coefficient to a value a = —0.28 + 0.02 in a field of 17,000 gauss. 


1. INTRODUCTION 


‘The obtaining of exact values for the asymmetry 
coefficient of a spatial distribution of protons in 
m1’ -u*-e* decay in nuclear photoemulsions and 
bubble chambers is of substantial interest for the 
weak-interaction problem. According to the two- 
component theory of the neutrino the asymmetry 
coefficient depends in the following way on the 
ratio between the vector interaction constant gy 
and of the axial vector constant ga in pw decay: 


_ 1 88a + gaby (1) 
3 | ay |?4 | ea)? 

The magnitude of the asymmetry coefficient has 
been repeatedly measured in numerous experi- 
ments in which the * meson was stopped in 
various substances. However, the determination 
of the quantity a is complicated by the fact that 
experiments on the depolarization of 4* mesons 
give the quantity at, where € is the average 
polarization. The “kinematic” depolarization and 
the depolarization in matter in the last stages of 
the retardation and after the stopping of the »* 
meson exert a substantial influence on the experi- 
ment. The “kinematic” depolarization refers to 
the fact that not only the. w’s incident in the col- 
limator direction in the rest system but also the 
u’s which are moving in other directions after 
decay emerge from the collimator slit of the 
accelerator. The polarization losses arising 
from this cause are 5— 25%. The depolarization 
in the last stages of the retardation and after the 
stopping is apparently connected mainly with the 
formation of muonium and more complex atomic 


systems and with the local magnetic fields in the 
stopping medium. It is reasonable to admit that 
such a depolarization is absent in metals and in 
graphite, where muonium is not formed. There- 
fore, to determine the “pure” asymmetry coeffi- 
cient one can employ the type of setup described 
by Lederman et al.! and measure the ratio p of 
the asymmetry coefficient in photoemulsion (used 
as a target) and in graphite, which does not de- 
pend on the kinematic depolarization. If the pu 
mesons are created from 7m* mesons directly 
stopped in the emulsion, the kinematic depolari- 
zation is absent. Therefore, one can get the pure 
asymmetry coefficient by dividing the asymmetry 
coefficient aem measured in the emulsion by the 
quantity p. Since p can be measured quite ex- 
actly, the error in determining a depends on the 
error in the asymmetry coefficients measured 
from emulsion or bubble chamber tracks.? The 
values of such measurements are not restricted 
to this use, however. Since the depolarization of 
mesons in a substance is closely connected with 
the existence of muonium atoms and with the ef- 
fect on them of the internal magnetic fields, it is 
entirely possible that the study of the asymmetry 
in m-u-e decay in various substances has impor- 
tance for some questions in solid-state physics. 


2. THE ASYMMETRY COEFFICIENT IN THE 
EMULSIONS NIKFI-R AND ILFORD G-5 


To study the energy dependence of the asym- 
metry of decays in nuclear emulsions we had to © 
investigate the integral asymmetry (averaged 
over the whole spectrum). For example, to be 
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SS SS 


36—54 | 54—72 


72—90 | 90—108]}108—126)126—144}144—162]162—180 


Angles, in degrees} 0—18 | 18—36 


\ 


NIKFI-R 828 896 856 


(NIKFI-R),, | 190 | 189 | 206 


858 | 889 | 900 | 948 | 912 | 969 | 960 
294 | 248° Dal | 92260 | 241) S247 e263, 


able to examine the asymmetry of a few hundred 
decay electrons in the initial region of the spec- 
trum, we first chose 9101 m-y-e decays in 
NIKFI-R emulsion which had been bombarded in 
the Joint Institute for Nuclear Research synchro- 
tron under conditions of careful magnetic shield- 
ing (H < 4 x10 gauss). These decays satisfied 
the following criteria: 1) the length of the electron 
track 1=1mm; 2) the source of the m*-y-e 
decay was farther than 100y from the surface of 
the emulsion or the glass. 

Such criteria correspond with great accuracy 
to the considerations of planar correlation given 
by the formula (1 +acos 6@)d@, where a is the 
asymmetry coefficient and @ is the angle in the 
plane of the emulsion between the original direc- 
tions of the «-meson and positron tracks. The 
angular distribution of the decays measured is 
given in Table I (line 2). 

The coefficient a can be determined from 
this table either by the average value of cos @, 
or by the forward-back difference: 


a/2 = cos = S\n; cos 9/ Y1 ni, (2) 
hess ((ag/r9) | & hi = 3 ni} | dine (3) 


0—90° 90—180° 
The geometry of our decays was not plane. It is 
easy to show that the correction coefficient k, 
which must be divided into the asymmetry coeffi- 
cient a to take into account the deviation from 
plane geometry, is equal to 


kk = (COS* G¢// COS &) (COS* a, / COS a,), (4) 


where the a are the angles of the inclination of 
the meson and electron tracks to the plane of the 
emulsion, and cos? @ and cos q@ are the average 
values of the second and first powers of the co- 
sines of these angles. Knowing the distribution of 
the inclination angles for mesons and electrons, 

it is easy to carry out the corresponding correc- 
tion. In our case it is close to 5%. According to 
formulas 1 and 2, after introducing correction 3 
we get 


a = — 0.066 + 0.018, 


where the statistical erroris V3/N, N = Znj. 
Measurements of the asymmetry coefficient for 


NIKFI-R emulsion were also carried out by Gure- 
vich et al.4 who got a = —0.092 + 0.018 by ana- 
lyzing 8990 decay. 

In the recent work of Ivanov and Fesenko® the 
values a = —0.065 + 0.041 are given. These a 
values agree rather well, and combining them we 
get for the asymmetry coefficient in NIKFI-R emul- 
sion 

a = — 0.077 + 0.012. 


The average obtained can be compared with the 
asymmetry coefficient for Ilford G-5 emulsion in 
Table II, where all known values of a are given. 


TABLE II. Asymmetry coefficient a 
in photoemulsion 


Authors Emulsions a 
Castagnoli® Cosmic Rays* | Ilford G-5 0.20 + 0.04 
Fowler’ OB Be 8 0.03 + 0.040 
Bdeeild® 0.21 + 0.04 
Bhowmik? 0.081 + 0.044 
Babayan’? 0.135 + 0.040 
Biswas"! 0.095 + 0.045 
Davis’? 0.190 + 0.060 
Friedman’** 0.174 + 0.045 
Chadwick** 0.149 + 0.033 
Gurevich* 0.092 + 0.018 
Vaisenberg, 

this work 0.066 + 0.018 
Ivanov*> 0.065 + 0.041 


*The data of Castagnoli et al. refer in part to cosmic rays 
and in part to accelerators. The exact distribution of the data 
on the basis of the information given in their papers is impos- 
sible to carry out, but this has little effect on the result of the 
following averaging (Table III). 


It is very difficult to get a unique average from 
these values. Such a result, apparent “by inspec- 
tion,” is strengthened by the analyses of the table 
by the usual ,? criterion by the binomial expansion 
for 11 degrees of freedom: for an arbitrary value 
of a we get y? = 25 —30, if we consider simul- 
taneously the values of a in the Ilford G-5 and 
NIKFI-R emulsions. The comparison becomes 
entirely admissible (y? ~12) if it is restricted 
to the data observed separately for the Ilford G-5 
emulsion. The average weighted values for the 


| asymmetry coefficient for both emulsions are 
_ given in Table III. 

Looked at in this way, it seems quite credible 
that * mesons experience a greater depolariza- 
tion in NIKFI-R emulsion than in Ilford G-5: the 
ratio of the depolarization capacities of these two 
emulsions is close to (0.139 + 0.014)/(0.077 + 
0.012) = 1.81 + 0.33. This result is difficult to 
understand, since the density and chemical com- 
position of the two emulsions are almost identi- 
cal, 1916 


TABLE III. Average values of the asymmetry 
coefficient for NIKFI-R and Ilford G-5 


emulsions 
| Ilford G-5 
NS os | All data Cosmic rays Accelerators 
—0.077+0.012 | —0.139+0,014 | —0.133+0,018 | 0.148+0.021 


3. THE ASYMMETRY COEFFICIENT IN THE 
DILUTED NIKFI-R EMULSION 


The first indication that increasing of the gela- 
tin content of the emulsion leads to an increase in 
the asymmetry coefficient was given by Chadwick 
et al., who got for the doubly diluted Ilford G-5 

aye = — 0.190 + 0.033, which should be compared 
with the average value a= —0.139 + 0.014 
(Table III) for ordinary Ilford G-5 emulsion. 

In the third line of Table I we give the distri- 
bution we got for 2245 m*-y-e decays in NIKFI-R 
emulsion diluted by a double quantity of gelatin 
(the criterion of the previous choice). With the 
aid of Eq. (2) or (3) we get from this data 
a (NIKFI-R) yg = — 0.136 + 0.037. 

An analogous result is obtained in reference 5, 
where for 2300 m-y-e decays an asymmetry co- 
efficient for NIKFI-R emulsion with doubled gela- 
tin content was determined to be a(NIKFI-R),g = 
—0.118 + 0.041. Combining both results, we get 


a(NIKFI-R) x2 = — 0.127 + 0.028. 


Thus the increase in the asymmetry coefficient in 
doubly-diluted NIKFI-R emulsion, in comparison 
with ordinary emulsion, is 


(0.127 + 0.028)/(0.077 + 0.012) = 1.65 + 0.40. 


The experiments with diluted emulsions prove 
conclusively that gelatin is the component of the 


emulsion in which the polarization of the p -mesons 


is conserved to a significant degree. This agrees 
with the experiments of Lederman et al.!" which 
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disclosed no significant asymmetry (complete 
depolarization) in AgBr. Therefore, the differ- 
ence in the a values for NIKFI-R and Ilford G-5 
emulsions, which have almost the same constitu- 
ents, must indicate different properties of the gela- 
tins: the NIKFI-R gelatin evidently produces de- 
polarization twice as large as the Ilford G-5 emul- 
sion, although the reason for this is not clear. 


4, THE ASYMMETRY COEFFICIENT IN A MAG- 
NETIC FIELD 


The methods of destroying depolarization ac- 
quire a great significance, in connection with the 
small magnitude of the asymmetry constant of 
emulsions, for the solution of a series of experi- 
mental problems in meson physics. One of these 
methods is, as has been shown above, the increase 
in the gelatin content. Another method of remov- 
ing the depolarization is, as is well known, a 
strong static magnetic field. Gurevich et al.‘ get 
an asymmetry coefficient a = —0.16 + 0.04 for 
an NIKFI-R emulsion placed in a field of 1000 
gauss. Orear!® and Barkus!? showed that a mag- 
netic field of about ten kilogauss restored the 
asymmetry coefficient in an emulsion to the maxi- 
mum value a= — (0.24 — 0.26), which is charac- 
teristic for metals or graphite. We carried out 
measurements for fields of 2500 and 17;000 gauss. 
(The measurement technique and method of expo- 
sure will be described later.) We obtained the 
following values of the asymmetry coefficient: 


a (2500) = —0.186+0.020, a(17 000) = —0.28+0.02. 


From these measurements it follows that even in 
the NIKFI-R emulsion, whose gelatin apparently 
depolarizes strongly, the magnetic field fully re- 
stores the polarization, taking it to the value, 
close to —0.33, which is required by the theory 
of the universal Fermi interaction of Feynman 
and Gell-Mann, in which |gy| = |ga|. Gurevich and 
his coworkers came to an analogous result on the 
basis of their measurements.”! 


5. DISCUSSION OF THE RESULTS 


The question of the asymmetry coefficient in 
emulsion is connected with the distributions of 
stoppings of w* mesons in gelatin and silver 
bromide. 


Bem Gge1 d/l +d). 


We shall begin with the asymmetry coefficient 
for Ilford G-5 emulsion, a = —0.139 + 0.014. 
Assuming that the gelatin in this emulsion has 
the maximum asymmetry coefficient a = —0.33, 
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we get a lower bound for the magnitude of d. 

Thus we come to the result that the ratio of the 
number of stops in gelatin to those in AgBr must 
be d~ ¥% or more if the coefficient of asymmetry 
in gelatin is less than 0.33. This result appears 
rather unexpected if we consider that the size of 

d is determined by the ratio of the volumes of 
gelatin and AgBr, multiplied by the ratio of their 
stopping powers 


d = (Vge1/Vager) (4E/dx) ge1/(dE/dx)agpr- 


Actually, for the magnitude of d to be close 
to TP (or more), it is essential to suppose that 
the » meson in the gelatin, which is five times 
lighter than silver bromide, has the same (or 
greater) ionization loss per micron of path as it 
has in AgBr. It is known that at the end of a 
charged particle path, when charge exchanges and 
elastic scatterings with the atoms as a whole begin 
to appear, the stopping power of light substances 
grows. This question is complicated, and unfor- 
tunately there are not enough data existing”! to 
judge whether or not similar effects can insure 
the necessary increase in ionization losses in 
gelatin. It is entirely possible that the dimensions 
of the silver bromide crystals influence the dis- 
tribution of stoppings in gelatin and AgBr. How- 
ever, the existing data do say that the average 
size of the grains and their distribution in Ilford 
G-5 and NIKFI-R emulsions are about the same, 
so that the different dispersivities of the emul- 
sions can hardly explain the difference in the 
asymmetry coefficients of Ilford G-5 and NIKFI-R. 

A separate measurement of the asymmetry co- 
efficients for gelatin and AgBr could give not only 
the distribution of stoppings by components but 
would also permit the investigation of the question 
of the stopping powers of light and heavy mate- 
rials at low energies. 

The measurements with and without magnetic 
field on NIKFI-R emulsion showed that, in spite 
of the strong depolarization in the gelatin of this 
emulsion, the magnetic field almost completely 
restores the full polarization of the emulsion. 
Therefore we can suppose that the mechanism 
corresponding to depolarization is unique, the 
same in gelatin as in silver bromide. The strong 
dependence on the magnetic field and the growth 
saturation gotten for fields of about ten kilogauss 
make quite credible the hypothesis that the depo- 


larization mechanism is the formation of muonium. 


As is well known, muonium is formed with equal 
probabilities in two quantum states: with antipar- 
allel (singlet) and parallel spins (triplet). The 
first of these states does not conserve the p spin 
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direction because of the hyperfine structure inter- 
action. Such a depolarization is removed by a 
strong magnetic field, which breaks the bond be- 
tween the meson and electron spins and sets both 
these spins to precessing around the direction of 
the H field (Paschen-Back effect). The restor- 
ing of polarization in this effect should be propor - 
tional to x2/(1+x?), where x is the ratio of the 
applied field H to the field Hj which is charac- 
teristic of the hyperfine structure interaction and 
which for muonium is Hp) = 1580 gauss. 

Muonium with spins parallel has a resultant 
magnetic moment about that of the electron and 
will be depolarized by the action of even weak in- 
ternal magnetic fields in the substance. If the ap- 
plied homogeneous field significantly surpasses in 
strength the random internal fields, it sends par- 
allel spin muonium into precession about it so that 
the polarization in the field direction will be con- 
served. From this it follows that if it is necessary 
to have fields on the order of several thousand 
gauss (H > H,) to restore the polarization of 
muonium with antiparallel spins, then fields on 
an order exceeding the internal fields are enough 
to conserve the polarization of triplet muonium. 
Therefore the curve of the asymmetry coefficient 
against the increase of the magnetic field may dis- 
play two components with similar amplitudes: one, 
increasing with the field by the x?/(1+ x?) law, 
and the other whose growth is determined by a 
parameter characteristic of the strength of the 
internal fields. To examine such a picture it is 
important to make measurements with relatively 
weak fields, where the Paschen-Back effect plays 
no significant role, i.e., for fields < 500 gauss. 
This is one of the possible examples of how the 
study of the changes of the asymmetry coefficient 
with the field changes can give information on the 
internal magnetic fields of a substance. 

The authors wish to thank A. I. Alikhanov and 
I. I. Gurevich for their interest in the work and 
consideration of the results, E. A. Pesotskaya 
and Z. V. Minervina for their help in working up 
the data, B. A. Nikol’skii for help in exposing the 
emulsions in the magnetic field, and D. M. Samoflo- 
vich, in whose laboratory the emulsion plates were 
developed. 
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An increase in the intensity of cosmic radiation was observed in the stratosphere on July 8, 
1958 at a latitude of 64°N. At an altitude of 30 km, the intensity was more than twice the 
normal value. On the other hand, no increase was observed at latitudes of 51° and 41°. 


On July 8, 1958, an anomalously large increase 
in the intensity of cosmic radiation was observed 
during measurements in the stratosphere ai 64° 
geomagnetic latitude at the Loparskaya Station 
(the Northern Scientific Station of the Academy of 
Sciences U.S.S.R.). The measurements were car- 
ried out by means of a single Geiger counter, using 
the cosmic-ray radio-sonde RK-1 described in ref- 
erence 

Results of measurements carried out on July 8, 
1958 are shown in Fig. 1. The statistical accuracy 
of the data amounts to ~ 2% for pressures greater 


than 250 g/cm?, and to 1— 0.5% for higher altitudes. 


For a comparison, the average altitude dependence 
obtained in measurements conducted on July 1, 3, 
and 7, 1958, is given in the figure. 


N, particles /minute 


0 200 400 p, g/cm? 


FIG. 1. Number of particles per minute as a function of the 
atmospheric pressure at the latitude of 64°N: @ and 0 — re- 
sults of measurements on July 8, 1958 during the ascent and 
descent of the apparatus respectively (time of start: 10 am 
Moscow time); dotted curve — average value of the number of 
particles obtained in measurements on July 1, 3 and 7, 1958. 


As can be seen from Fig. 1, the greatest in- 
crease of the intensity of cosmic radiation was 
observed at the highest altitude. An especially 
fast increase in the number of particles occurred 
at pressures < 20 g/cm’, which is clearly due to 
the increased intensity of primary particles of low 
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energies. The range of these particles, judging 
from the absorption curve is smaller than 15 — 20 
g/em?, 

On July 8, 5 hr 35 min after the first series of 
measurements, a second series of measurements 
was carried out in the stratosphere, during which 
the apparatus attained higher altitudes. However, 
no increase of intensity was observed in this case. 
On the contrary, the measured number of particles 


was lower than the normal by about 10%. Data cor- | 


responding to the time when the flare ended can 
clearly be obtained from the results of the first 
flight. From the data of Fig. 1 (light points) it 
can be seen that, during the descent of the appa- 
ratus, the measured intensity almost approached 
the normal at a pressure of ~ 100 g/cm?, which 
corresponds to about 12:30 p.m. 

Analogous measurements of intensity of cos- 
mic radiation in the stratosphere on July 8 were 
carried out near Moscow (Dolgroprudnaya Scien- 
tific Station of the Physical Institute of the Acad- 
emy of Sciences U.S.S.R.) and in Simeiz (Cri- 
mean Scientific Station of the Physical Institute 
of the Academy of Sciences). The RK-1 radio- 
sonde sent to the stratosphere at Dolgroprudnaya 
did not attain large altitudes. However, data up to 
the altitude of 19 — 20 km at which the measure- 
ments were carried out showed that, at the time 
of the measurements at the Loparskaya Station, 
the intensity of cosmic rays was 8 or 10% less 
than normal. The results of measurements made 
in Simeiz on July 8 coincide with the data obtained 
on July 4, 3, and 7 at the same place with an accu- 
racy of +1.5% in the maximum of intensity curve. 
In the Report on Cosmic Data of the Scientific In- 
stitute for the Research of Magnetism, Ionosphere 
and Propagation of Radio Waves,” data on the ob- 
servation of a very large magnetic storm and ion- 
ospheric disturbances are reported for July 8, 
1958. Results of measurements of the intensity 


SHARP INCREASE IN COSMIC-RAY INTENSITY IN THE STRATOSPHERE 1203 


FIG. 2. Intensity of 


face of the earth (Mos- 
cow) on July 8, 1958. 
e@ — for » meson and 

O — for neutron com- 
ponents (World Time). 
a) Very large magnetic 
storm; b) Large iono- 
spheric disturbance. 


of cosmic rays on the surface of the earth on 

July 8 and 9, according to the report are shown in 
Fig. 2. The y-axis represents the intensity ex- 
pressed as the percentage of a constant value. The 
X-axis represents the time of measurement (World 
Time). Curve T refers to measurements using a 
cubic telescope, and curve N to measurements of 
a neutron monitor. Data on the measurement of 
the neutron monitor (N) for the first hour of meas- 
urements on July 8 are normalized to the corres- 
ponding data of the cubic telescope (T). The dura- 
tion of magnetic storms and ionospheric disturb- 
ances are also indicated in the figure. A, in the 
figure denotes the time during which the sharpest 
increase in the number of particles in the atmos- 
phere was recorded at the altitude of ~ 30 km, and 
A, indicates the time when, according to the data 
taken in the stratosphere, the intensity of the cos- 
mic radiation returned to approximately the normal 
value. 

Attention is drawn to the fact that during a 
period of about 3 to 9 hours the curves obtained 
with the telescope indicate an increase in the in- 
tensity of cosmic rays on the surface of the earth, 
while the neutron monitor shows practically a 
constant value of intensity. 

The intensities of cosmic rays at the surface 
of earth recorded by the cubic telescope and by 
the neutron monitor correspond to different parts 
of the energy spectrum of primary particles. The 
increase in intensity in the measurements of the 
cubic telescope (4 mesons) corresponds to the 
increase in the number of cosmic particles with 
energies mainly > 10/° ey. The neutron monitor 
records the nucleonic component due also to pri- 


cosmic rays at the sur- 


mary particles of lower energies. One should ex- 
pect, therefore, a stronger deviation of the meas- 
urements of the neutron monitor in the same di- 
rection as the cubic telescope. Consequently, to 
make the readings of the various instruments con- 
sistent for the period of measurements from 3 to 
9 hours, one should evidently draw the following 
conclusion: together with the increase of the in- 
tensity of primary particles in the range of suf- 
ficiently high energies ( >10!ev), a decrease 
occurred in the intensity of primary particles in 
the range of low energies. The latter is in agree- 
ment with the data of stratospherical measure- 
ments at a latitude of 51° given above. 

Hence, from the preliminary analysis of the 
experimental data in the stratosphere at geomag- 
netic latitudes of 64, 51, and 41° and also of data 
obtained at the surface of earth, one can draw the 
following conclusion on the intensity variation of 
the primary cosmic radiation on July 8, 1958: 

A large increase in the intensity of cosmic ra- 
diation in the stratosphere occurred due to pri- 
mary cosmic particles with energy smaller than 
1.5 x 10° ev (for protons ). The increase in the 
number of low-energy primary particles was ac- 
companied by a decrease in the intensity of pri- 
mary particles of moderate energy (101° 5 E> 
1.5 x 10° ev) and an increase in intensity of pri- 
mary particles of higher energies (> 10! ev). 

The authors would like to express their deep 
gratitude to S. N. Vernov for his interest in the 
work and discussion of the results, and to A. G. 
Bednyakov for help in carrying out the measure- 
ments. 


1 Vernov, Tulinov, and Charakhch’yan, Dokl. 
Akad. Nauk SSSR 122, 788 (1958), Soviet Phys. 
“Doklady” 3, 980 (1958). 

2 Kocmuyeckue panHpie (Cosmic Data) (monthly 
report), 7 (29), Moscow, Gidrometeizdat, 1958. 
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A procedure is developed for low-temperature powder neutron diffraction. The antiferro- 
magnetic structure of MnCO, and FeCO; is investigated. It is shown that in the antiferro- 
magnetic state the spins in MnCO, lie in the basis plane and in the symmetry plane. In 
FeCO; the spins are directed along the rhombohedral axis. According to Dzyaloshinskii, 
this means that MnCO3 is weakly ferromagnetic and FeCOs is not. 


Lwrerest in isomorphous carbonates has been 
raised in connection with the investigations of the 
magnetic susceptibility of polycrystalline MnCO 3 
and CoCOs3, carried out by Borovik-Romanov and 
Orlova,! and the theory of the weak antiferromag- 
netic ferromagnetism observed in these substances, 
developed by Dzyaloshinskii.? 

Dzyaloshinskii has analyzed the magnetic sym- 
metry of the crystals and established a connection 
between the occurrence of weak ferromagnetism 
and the symmetry of the crystal. For the carbo- 
nates of manganese, iron, and cobalt, which crys- 
tallize in a rhombohedral system, three types of 
magnetic symmetry are possible: 1) spins directed 
along the rhombohedral axis, 2) spins lying in the 
basis plane and directed along the two-fold axis, 
3) spins lying in the basis plane and in the sym- 
metry plane. 

There is no weak ferromagnetism in the first 
case, but it should be observed in the two remain- 
ing cases. 

Neutron-diffraction procedures, unlike other 
methods of investigation of magnetism, make it 
possible to determine directly which of the mag- 
netic structures occurs in a given crystal. 


EXPERIMENT 


Crystalline carbonates of manganese and iron 
are difficult to obtain; therefore these substances 
were investigated by the powder method in a mon- 
ochromatic neutron beam. 

To obtain a monochromatic beam, a white neu- 
tron beam from the reactor* was aimed at a lead 


*The work was carried out in the heavy-water reactor of the 
Institute of Theoretical and Experimental Physics, Academy 
of Sciences, U.S.S.R.3 
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single crystal (see Appendix). The monoener- 
getic neutrons with A} =1.37A, reflected ata 
given angle, were scattered by a polycrystalline 
specimen, placed in a low-temperature cryostat. 
The latter was the metallic hydrogen-filled Dewar 
of Kapitza,* in which thin-wall cylindrical alumi- 
num shells, surrounding the specimen, were her- 
metically connected to the lower portions of the 
vacuum jacket and of the nitrogen shield. The 
specimen was placed in an inner aluminum cup, 
the upper end of which was soldered directly to 
the vessel with the cooling agent, and the bottom 
of which was fastened to a carbon resistor* for 
measuring the temperature. 

The instrument, first evacuated to 2 x 107° mm 
mercury, maintained the specimen at helium tem- 
perature for two days. The total amount of helium 
necessary for this purpose, including the cooling 
of the instrument, amounted to 7.5 liters. 

The neutron-scattering pattern was registered 
with a spectrometer constructed by Abov® and 
adapted for operation with a monochromatic beam. 


RESULTS AND THEIR DISCUSSION 


MnCO3. Neutron diffraction patterns of MnCOs, 
obtained with MnCO; powder at room and hydrogen 
temperatures, are shown in Fig. 1. As can be seen 
from this diagram, the diffraction pattern changes 
as the temperature is decreased. At hydrogen tem- 
perature, in addition to a reduction in the diffuse 
thermal scattering, new reflections are produced 
at small Bragg angles. Figure 1 shows the reflec- 
tion indices calculated from the relation for a quad- 
ratic form of rhombohedral subsyngony. The lat- 


*We express our gratitude to Yu. V. Sharvin for supplying - 
us with an experimental model of the thermometer. 
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FIG. 1. Neutron diffraction patterns of MnCO,. 


tice constants used were® a=5.84A and a= 

47°15’. To verify the overall pattern of nuclear 

reflections, and for indexing purposes, we calcu- 

lated the relative intensities of the nuclear peaks. 
The coherent-scattering intensity P is given 

by! 

BRS ea Aye 


A 


pla 
ig sin @ sin 29 
where I) is the number of incident-beam neutrons 
per minute per square centimeter, B a constant 
for the given experiment, Apkj the absorption 
factor, e-?“ the thermal coefficient, j the num- 
ber of equivalent planes, and F the structure fac- 
tor. The last two quantities vary with scattering 
angle. The absorption factor Ap;7 depends ina 
complicated manner on the coefficient of linear 
absorption and on the radius of the specimen, 
which are constant for any given experiment. The 
thermal coefficient is connected with the charac- 
teristic temperature of the substance. The de- 
pendence of Appz and e~*~ on @ is very weak 
and remains practically unchanged for the angle 
interval under consideration.’ 

Thus, to calculate the relative intensity of 
nuclear reflections it is necessary to calculate 
the structure factor. In the general form, the 
nuclear structure factor is written 
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Fouc= © O exp {2ni (Ax/dy + ky/by + lz/co)}, 


where b is the amplitude of nuclear scattering. 
According to the data gathered in reference 7, 

bmn = — 0,37-10° em, bo = 0,58- 107% cm, 

bc = 0,66-10722 cm 

respectively for manganese, oxygen, and carbon; 
xX, y, and z are the nuclear coordinates given 
in reference 6, while ag, bp, and cy are the 
dimensions of the elementary crystallographic 
cell, in this case equal to each other. 

After inserting the coordinates of the atoms 
and after making several transformations, the 
square of the structural factor for even and odd 


sums of the Miller indices can be written in the 
following manner 


lhtktl=2n+1 (@=031,2,...): 
Fier = 468 [sin {2n-0.27 (h — k)} + sin {2n-0.27 (1 — h)} 
Pasian QrnO.2m(k— yi ies (1) 
2)h+tk+l=2n: 
a) (Ak 1/2 = on: 
Fhe = 4 {0c + bn + bo [cos {2x 0.27 (kh — 8)} 
+ cos {27 -0.27 (f —h)} + cos {2n-0.27 (k —1)}]}?. 
b) (A+R+21)/2 = 2n-+1, (2) 


Fat = 4 {0c — bmn + bo [cos {2n-0.27 (h — k)} 
+ cos {27-0.27 (/ — h)} + cos {27-0.27 (k — 1)}]}?.. (8) 


The calculated intensities are listed in Table I, 
with accuracy to within a constant factor as com- 
pared with the observed intensity at hydrogen tem- 
perature. The constant factor is obtained by com- 
parison with the two most intense reflections (110), 
(222), 


TABLE I 
Relative 
8 intensity 
ee calcu- ob- : calcu-| ob- 
lated | served | / | lated | served 
144 ay OE 4 0 300 
100 OO iP Ore y 0) 290 
110 ALES || tah a ay 6 | 1040 ; 1050 
Pye SPANO | MASTS Y 6 165 200 
222 alysis Ul Alea? 2{| 690 670 
224 162274 — 6 O | background 
110 Ae allel Os, 3 36 220 
210 1O2 94 AS OO el, O20 690 
TI BO aoa = 6 0 |background 
9200 PAD AGRI \h PADS Te 6 65 200 
aa 
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An important result is the forbiddenness of 
nuclear reflections (111) and (100), which follow 
from formula (1). As can be seen from Fig. 1, 
these reflections are actually missing at room 
temperature. However, they do arise as the tem- 
perature is reduced to that of hydrogen. It is nat- 
ural to assume that they are due to magnetic or- 
dering. For the same reason, an increase is seen 
in the intensity of nuclear reflections (110), (210), 
(200), which are neighbors to the magnetic reflec- 
tions (221) and (111). Certain discrepancies be- 
tween the compared values for the reflection (211) 
may be due to insufficient purity of the specimen. 

Analysis of magnetic reflections. As shown by 
Halpern and Johnson,’ the square of the summary 
structure factor in both nuclear and magnetic co- 
herent reflection, for unpolarized neutrons, is 


[ET ee Cia 


where q is the sine of the angle between the mag- 
netization and scattering vectors. 

For rhombohedral MnCO 3 and FeCOs, in the 
case of purely antiferromagnetic spin distribution 
in the elementary cell, the magnetic portion of the 
square of the structural factor can be represented 
as 


GPE ss == fo Sine 8 | | — eré(htk+) 2, (4) 


where p = (e*y/mc?) Sf is the magnetic scattering 
amplitude. The ion form factor f depends on the 
scattering angle. 

When h+k+1= 2n, 


Mm = Wi 1h, Ago oo 4 WAS) lee 


Q?Fm = 0. (5) 


It follows from this that reflections with an even 
number of indices have no magnetic component. 
For h+k+l=2n+1 


QF m = 4 (ey/mce?)?S2f? sin? B. (6) 


Thus, the scattering picture in the presence of 
antiferromagnetic ordering should contain, for a 
given lattice, only magnetic reflections with an 
odd index sum. However, even in this case Fen 
may vanish if the scattering vector is aligned with 
the magnetization vector. Such a case is possible 
in scattering from the (111) plane and antiferro- 
magnetic arrangement of the spins along the rhom- 
bohedral axis. 

The new reflections on the neutron-diffraction 
pattern for MnCO, which occur at hydrogen tem- 
perature, are induced precisely by the indices with 
odd sum (111) and (100). Those following — 
(221), (210) and (111) — are not resolved be- 
cause of the low intensity. Their presence makes 
itself felt in a certain change in the bases of the 
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nuclear peaks (222), (110), and (200) and in 
an increase in the intensity of (210). 

Since the reflection (111) is present in MnCOs, 
the first of the three possible antiferromagnetic 
spin orientation, mentioned at the beginning of this 
article, namely along the rhombohedral axis, drops 
out. To choose between the two remaining orienta- 
tions, it is necessary to compare, in both cases, 
the calculated and observed ratios of reflection 
intensities P 499)/P 11). In accordance with the 
formula for the intensity, this ratio is 


a H 2 2 
1 sin 9 (433) Sin 284411) f Goo) COS? 0/499) 


Sin 28 (499) hay COS* (443) 


(00) ae i100) 
Pau) 


a 
jay Si2 8199) (7) 


where p is the angle between the spin directions 
[uvw] and the plane (hkl)(p = 7/2-8). 

The experimental ratio of the intensities of 
magnetic reflections is P 499)/P11) = 0-82 (in 
the calculations we used the data of Shull, Strauser, 
and Wollan® for the form factor of Mn**). On the 
other hand, the expected values for the spins along 
the two-fold axis or in the symmetry plane are 1.29 
and 0.81 respectively. Thus, the antiferromagnetic 
spins in MnCOs lie in the symmetry plane normal 
to the three-fold axis. 

FeCO3. The structure of FeCO3 was studied 
with a specimen of siderite from the Bokal 
(U.S.S.R.) deposit. Figure 2 shows the neutron dif- 
fraction pattern, taken at hydrogen temperature. 
The amplitude of nuclear scattering of Fe** is 
more than double that of Mn**, so that it became 
possible to record the neutron-scattering pattern 
with an automatic recording instrument. Table II 
lists. the calculated and measured relative in- 
tensities for the first group of peaks. 

As in the case of MnCOs, the appearance of the 
(100) reflection at hydrogen temperature is evi- 
dence of the establishment of an antiferromagnetic 
structure. The absence of the (111) reflection, 
in accordance with the foregoing, means that the 
spins in FeCO are directed along the rhombo- 
hedral axis. This result confirms the conclusions 
of Bizette'! concerning the antiferromagnetic struc- 
ture of iron carbonate. It is interesting to follow 
also the temperature dependence of the magnetic 
reflection (100.). Figure 3 shows this dependence, 
plotted as the instrument was heated after evapo- 
ration of the hydrogen. As follows from the graph, 
this specimen of FeCO, goes into the antiferro- 
magnetic state in the region of 35°K. 

I express my deep gratitude to Academician 
P. L. Kapitza for continuous interest in the work, 
and also to A. S. Borovik-Romanov for useful ad- 
vice. I also thank I. E. Dzyaloshinskii for valuable 


discussion and Yu. G. Abov, for much useful coun-° 
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FIG. 3. Temperature dependence of magnetic reflection for 
FeCO, (from the Bakal deposit). 


sel on the neutronoscopic portion of the investiga- 
tion. 


APPENDIX 


1. The crystal area necessary to obtain a mon- 
ochromatic beam amounts to 100 cm”. In connec- 
tion with this, we constructed a special setup to 
grow, by the Kapitza method,'” crystals of large 
area with specified orientation. When success- 
fully grown, the crystal is obtained directly in 
final form and serves as a monochromator.* The 


*The author expresses his gratitude to N. N. Mikhailov for 
his continuous assistance in growing crystals. 


FIG. 4 


Located in the narrow channel 5 of the forward 
cold portion of the mold is a primer, slightly buoyed 
up by the slowly advancing liquid phase of the lead. 
The boundary of two phases — the solid and the 
liquid — moves towards the cold portion which is 
heated by the small furnaces 6. At the instant 
when the primer starts floating, the temperature 
gradient increases rapidly as a result of the.pas- 
sage of compressed air through the cooling coil 7. 
Dependable single-crystal growth was attained 
after selecting: a) the shape of the cold portion 
of the mold, b) the growth rate, and c) the magni- 
tude of the sliding temperature gradient. 

The cold portion in final form resembles most 
closely the projection of a bird’s head on a hori- 
zontal plane. The growing time did not exceed 
ten minutes, and the temperature gradient was 
200° over the entire length of the crystal (16 cm). 

For most effective reflection of the neutrons it 
is necessary to use the crystal plane with the max- 
imum of atoms. This was the (111) plane, which, 
when placed in the plane of the plate or close to it, 
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could be observed during the time of growth by its 
characteristic light reflection, close to specular. 
Thus it became possible to control the growing 
process during the very growth of the crystal. 

2. X-ray analysis of the crystals was made by 
plotting “epigrams.” The reflection spots on the 
epigrams had a unique structure, indicating a con- 
siderable mosaic structure in the resultant crys- 
tals. 

3. Using one such single-crystal plate we ob- 
tained a monochromatic beam of neutrons, the re- 
flection curve of which is shown in Fig. 5. The 
intensity of the beam can be increased above 12 xX 
108 per minute by greatly narrowing the beam. 

An analysis of the monochromatic beam for 
higher-order reflections is shown in Fig. 6. 
Worthy of attention is the considerable intensity 
of reflection (222). The admixture of second- 
order reflections does not exceed 0.1%. 

The properties of grown single crystals will 
be considered in greater detail in the future. 
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Experimental results are compared with the hydrodynamical theory of multiple meson pro- 
duction. It is shown that, for showers with energy 2 10 Bev per nucleon, the results of an 
analysis of the parameters of observed stars do not contradict the concept of an interaction 
between the incident a particle and nucleons filling a tunnel in the target nucleus. 


In the collisions of high-energy nucleons (2 10!2 
ev) with atomic nuclei, it is assumed that the nu- 
cleons interact with the contents of a tunnel punched 
by the nucleon in the target nucleus and filled with 
solid matter; the diameter of the tunnel equals the 
diameter of the nucleon,* and its length depends on 
the atomic number of the target nucleus and on the 
impact parameter. On the basis of such a model of 
the interaction between the nucleon and the nucleus, 
one can explain some experimental results for high- 
energy showers (jets; 4/, = 10°).?4 

In the present article, analogous calculations 
are used for describing the interaction of high- 

energy a-particles (210! ev/nucleon) with 
atomic nuclei. In this case, the idea of a nuclear 
tunnel as consisting of solid matter will be more 
correct, since the cross section of the tunnel 
punched out in the nucleus by the a particle is 
proportional to AA, and the number of nucleons 
introduced into the tunnel equals Aq. 

In view of that fact, the nucleon density in the 
interaction volume increases, and the assumption 
that the time between consecutive collisions of 
nucleons is smaller than the duration of the inter- 
action is, in that case, more correct. 

Showers produced by a@ particles in a stack 
of stripped Ilford G-5 emulsions exposed in 1955 
in Italy at the altitude of 30 km were selected for 
the study. In addition, a part of the showers were 
taken from the published articles by various au- 
thors.® !*, The total number of showers studied 
equals 67. 


1. SHOWER STARS 


1. According to the hydrodynamical theory of 
Landau -Belen’kil, !9>!4, the number of particles 


*One should distinguish between a tunnel in solid nuclear 
matter from one in the structure of a nucleus;! the diameter of 
the latter is slightly greater than the diameter of the nucleon. 


produced in an interaction of an a -particle with 
a nucieus is 


N= Wela-l)/2 for 13:7, 

N =0.92.N. (n—Z)* for n> 3.7, 

Na = RAS (Eo/2Mc2)"", (1) 
where N is the sum of produced particles and nu- 
cleons involved in the collision, Nq is the same 
for a collision of two @ particles, and n= Mt/Mg 
is the ratio of the mass of the tunnel punched out 
in the nucleus by the a particle to the mass of 
the latter. The relation between the total number 
of particles N and the number of charged par- 
ticles ng is given by the relation 


N= one Sn Ie (2) 


The energy of the primary a particle is equal 
to 
Fo. = 27M, c*/ tan? 0;/>. (3) 


From Eq. (1), using Eqs. (2) and (3), we obtain 


tan 91. = Ax(n+ 1)n¥2(1.5n;+n+1)? for n<3.7, 
tan 9. = 3.39 Ae (n — 0.25)92 nt2 (1.50; + n+ 1)? 
for 7 > 3.7. (4) 
In the case where the impact parameter is bigger 
than the difference between the radii of the target 
nucleus and the a particle, not the entire mass 
of the a particle takes part in the interaction but 
only part of it, M%(b) (where b is the impact 
parameter). The first equation of (4) can then be 
written in the form 


tan 945 = Ag? (n* + 1) n¥2 (1.5 ng + M; [Me + A*/4)?, 
nt= My /M,<3.7. (4’) 
A*, Mf, M% are calculated as the corresponding 
fractions of the spherical volumes for their partial 
overlapping; the density of the nuclear matter is 


assumed to be constant. Formulae (4) and (4’) 
give the relation between the angle 4,/,, from 
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which the energy of the @ particle is determined, 
and ng. 

The dependence of 4;/, on ng for different 
lengths of tunnels is given in Fig. 1. The smallest 
possible multiplicity corresponds to the case of 
a collision between an qa particle and a periph- 
erical nucleon of the nucleus, or to a collision of 
an a particle with a hydrogen nucleus; in both 
cases the tunnel is punched out by the nucleon in 
the incident a particle. Averaging over the di- 
ameter of the a particle, we obtain Mt / Mg =1:6; 
where Mt is the mass of the tunnel punched out 
by the nucleon in the helium nucleus. The depend- 
ence of 4/2 on ng for that case is given by 
curve 1. Curve 2 corresponds to the average 
value of the tunnel length produced by the q@ par- 
ticle in a mean light nucleus of emulsion (A = 14); 
n* = 1.35. Curve 3 gives the dependence of O1/ 
on ng for the maximum tunnel length produced 
by an a particle in an average light nucleus of 
the emulsion; n= 2. Curve 4 gives this depend- 
ence for n* = 2.77, which corresponds to the 
value of the average tunnel length produced by a 
particles in medium-heavy nuclei of the emulsion 
(A = 94). Curves 5 and 6 correspond to a central 
collision of an a particle with a silver nucleus 
(n = 4.41) and a nucleus of iodine (n = 4.57; this 
corresponds to the maximum tunnel length in pho- 
tographic emulsion). It should be noted that, for 
the above selection of tunnel lengths, the experi- 
mental points should be grouped in the region be- 
tween curves 1 and 6. It can be seen from Fig. 1 
that this is actually the case. 

The errors shown take into account the possible 
forward-backward asymmetry in the distribution 
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of particles in c.m.s.!° The errors due to meas-_ 
urement inaccuracy are not given, since the fluc- 
tuations are much larger and include these. 

2. In heavy nuclei of the emulsion, the maxi- 
mum tunnel length punched out by the a particle 
in a nucleus equals 4.57; the maximum length of 
the tunnel in light elements equals 2.00. It is 
clear that, for peripheral collisions with a heavy 
nucleus, the length of the tunnel may be the same 
as in collisions involving light nuclei of the emul- 
sion. We shall find the ratio N, of the number 
of cases of interaction of a particles with the 
nuclear matter in a tunnel, the length of which 
varies from 2.0 to 4.57, to the number of cases 
of interactions N, with tunnels smaller than the 
maximum tunnel length in light elements. 

Assuming the cross section of interaction of 
@ -particles with nuclei being equal to’® 


Cre nt (R; == Ra — 2AR), (5) 


where Rj is the radius of the target nucleus and 
Rg the radius of the @ particle (R; = 1.4 x 103 
AY3) AR = 0.85 x 1078 cm), and taking into ac- 
count the composition of the emulsion, we find that 
N,/N, = 0.6. The experimental value of this ratio 
for various energies of the primary a particle, 
is given in Table I. The data of the table are in 
good agreement with the calculations. 


TABLE I 
E, 
Bev/ N,/Ng 
nucleon 
E>10 | 0.4649-49 


E> 50a Omens 
E> 100|-0.795 543 


It is interesting to compare the results obtained 
with an analogous calculation carried out for show- 
ers produced by nucleons. For this case 
(Ni /Nz)nucleon = 1.45 and the experimental ratio 
equals 5.39 + 0.30 for energies larger than 50 Bev, 
and 2.92 + 0.31 for energies > 100 Bev. The ob- 
served discrepancy cannot be explained by fluctua- 
tions of multiplicity and of the angle 94/2. The ex- 
perimental results for showers produced by a 
particles are therefore in much better agreement 
with the calculation than for showers produced by 
nucleons. It should be noted that the conclusion 
about a purely multiple character of meson pro- 
duction for a given shower cannot be made only 
on the basis of the fact that a point corresponding 
to the shower falls into the region of 06, /2 pre- 
dicted by the hydrodynamical theory. Thus, for 
instance, the R-star of Kaplon et al.° falls on 
curve 4 (Fig. 1), although, according to the au- 
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thors, it is produced not in a purely multiple 
process. 

The above analysis points rather towards the 
meson production being not purely multiple, though 
predominantly so. A certain contribution of a 
plural process cannot be excluded. In order to 
establish the purely multiple character of meson 
production, it is necessary to carry out additional 
detailed study of showers. 


2. HEAVILY IONIZING STARS 


1. Experimental distribution of showers with 
respect to the number of grey-black tracks Nh 
is given in Fig. 2 (histogram 1). The distribu- 
tion has a maximum in the region 3 < Np <5 
and gives one or two cases per interval for Np 
>6. The maximum value of Ny, observed ex- 
perimentally equals 26. 


Number of events 


For total disintegration of light nuclei, the 
greatest value of Np, equals 8. The ratio of the 
number of cases with Np > 8 to those with Np 
= 8 equals ny, (Ny >8)/n2 (Ny = 8) = 0.64. 

It should be noted that Rao et al.'” found that 
the mean energy of qa particles producing show- 
ers equals 10 Bev per nucleon. An analogous 
ratio found from their data equals 0.6. 

Taking the cross section for the interaction 
of q@ particles and nuclei according to Eq. (5), 
we obtain the ratio of the number of interactions 
with heavy nuclei ny to the number of interac- 
tions with light nuclei of the emulsion ny,, equal 
to 1.87, which is as expected since the cases with 
Np <= 8 include the disintegration of both heavy 
and light nuclei. In the explanation of heavy ion- 
izing stars produced by high-energy a particles, 
as well as in the explanation of relativistic show- 
ers, there is consequently no contradiction between 
experiment and the idea of the interaction of a 
particles with a part of the nucleus or with a tun- 
nel punched by the particle in it. The shape of the 
tunnel is of no importance, the main feature being 
the fact that the residual nucleus carries away a 


small fraction of the energy of the primary particle. 


1211 


2. We shall find the ratio of the number of events 
Np > 8 to the number of events Ny <8 for various 
values of the primary a particles. The results of 
such operations are given in Table II. 


TABLE II 
Bev/ | 1(Np>8)/n2(Np_<8) | m (Np>8)/ ny 
nucleon 
E =10 0.6 0.58 
E> 10 0.64+0.01 0.60-40.01 
Bi 0.04 0.08 
E> 50 0.500 tg On 51 ania 
‘ A4 ais 0 
E> 100 OLAS ne 0.46070 


It can be seen that, with increasing energy, the 
fraction of events with Np > 8 decreases and the 
maximum value of the ratio n; (Np, >8)/n, (Np <8) 
is about 0.6. This means that the tunnel model is 
the more correct the larger the energy of the pri- 
mary a particle. In the interaction of q@ par- 
ticles with light nuclei of the emulsion, Np =< 8; 
for peripheral collisions of @ particles with heavy 
nuclei where a tunnel of roughly the same length as 
in light elements is punched in the nucleus, we also 
find Ny < 8.18 Consequently, the value Np >8 is 
left for the fraction of central and close to central 
collisions of the q@ particle with heavy nuclei 
where the tunnel has maximum length.!" In other 
words, the ratio n; (Np > 8)/n) (Np <8) should 
not be of greater order of magnitude than 0.6, the 
value of N,/N». The data of Table II fully confirm 
this conclusion. 

With increasing energy of the a particle, the 
energy transfer to the residual nucleus (accord- 
ing to the tunnel-effect model) decreases. In 
consequence, the fraction of cases with Nh > 8 
will decrease. This conclusion is also confirmed 
by the results of Table II (column 3), where the 
ratio of the number of cases with Np > 8 to the 
number ny of expected events of collision of a 
particles with heavy emulsion nuclei is calculated, 
assuming the validity of Eq. (5). 

3. Aside from the general distribution of all 
showers with respect to Np, the distribution of 
showers in which the tunnel length is smaller and 
larger than the maximum tunnel length in light 
nuclei is given in Fig. 2, histograms 2 and 3 re- 
spectively. It can be seen that histogram 3 begins 
with Np > 13, and histogram 2 has a maximum for 
Nh = 3 and is practically cut off at Np = 12. 

We shall calculate the average value Np asa 
function of the tunnel length and the energy of the 
primary a particle. The result is given in 
Table III. It can be seen that, according to all 
that was said above, the average value of Np for 
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TABLE II. Dependence of the 
number of grey and black 
tracks on tunnel length and the 
energy of the primary 


a particle 
me Ny (n <.2) Np (n > 2) 
Bev/nucleon [Phd A 
E> 10 6.12.9 14.3+4.3 
E>50 5.3+2.4 12.7+3.8 
E> 100 | Ve Aoacikesy, 1 18.44-1.1 


showers with large tunnel length is larger by more 
than a factor of 2 than the value of Nj}, for show- 
ers with small tunnel length; with increasing en- 
ergy of the primary a particle, this relation 
becomes more pronounced. 

4. Calculating Nj}, in the same manner as was 
done for showers produced by nucleons,! we obtain, 
for the case of a central collision of the q@ par- 
ticle with the average heavy nucleus of the emul- 
sion, Np =4.5, which is considerably smaller 
than the experimental value. Consequently, the 
assumption that, in the case of interaction of a 
high energy particle with heavy nuclei, Np is de- 
termined only by the change of the surface energy 
of the nucleus and the friction in the tunnel is not 
correct. In that case, in fact, only about 20% of 
the nucleons contained in the tunnel are emitted. 
The redistribution of the residual nucleons in the 
new nucleus is accompanied by more far-reaching 
changes than those which are taken into account 
by the variation of the surface and friction in the 
tunnel. 


CONCLUSIONS 


An analysis of the number of particles in show- 
ers produced by helium nuclei with energies > 10 
Bev per nucleon is in agreement with the tunnel- 
effect model of the interaction between the inci- 
dent a particle and continuous nuclear matter. 

The energy threshold of the application of such 
a model of interaction between high-energy a 
particles and nuclei which in the limiting case is 
not bigger than 50 Bev/nucleon, is markedly lower 
than that in the interactions between a nucleon and 
the nucleus. This can be explained by the fact that, 
in the case where the primary particle is an atomic 
nucleus with atomic weight A, A'/3 times more 
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nucleons are introduced into the tunnel as com- y 
pared with the events in which the primary particle | 
is a nucleon. One should therefore expect a better 
agreement between the theory of multiple meson 

production and the experiment for showers produced |} 
by nuclei heavier than the helium nucleus. 
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A theory for large-radius excitons is proposed, which takes into account Coulomb as well 
as resonance interaction. A transition to continuum, made under certain assumptions, 
leads to an integro-differential equation that contains a nonrelativistic contact term. 


JR are two limiting mechanisms for the travel 
of an exciton through a crystal. The first, indicated 
by Frenkel! is due to the presence of resonance in- 
teraction, and consists of the vanishing of the ex- 
citation at one point of the crystal and its occur- 
rence at a different point, while the width of the 
exciton zone, and consequently also the group ve- 
locity of the exciton motion, remain finite as the 
overlap integrals tend to zero. The second mech- 
anism enters into the Wannier-Mott theory of large- 
radius excitons”? and consists of the displacement 
of an electron and a hole through the crystal; the 
electron and hole are considered as quasi-particles 
with a specified dispersion law, which describes 
the structure of a definite electron and a definite 
hole zone (or a definite group of electron and 

hole zones). Therefore the width of the exciton 
zone tends to zero, when the exchange integrals 
that determine the width of the electron and hole 
zones become annihilated. The first mechanism 

of exciton displacement will be called “resonant,” 
and the second “exchange.” 

In the Wannier-Mott theory no account is taken 
of the ability of the electron-hole pairs of becom- 
ing annihilated or created. Consequently, the de- 
pendence of the structure of the exciton zone on 
the strength of the transition oscillator becomes 
lost, as do other features, and a contradiction with 
general theory’ arises as regards the structure of 
the exciton band in the vicinity of the point k= 0. 

In the present communication we introduce anni- 
hilation terms in the large-radius exciton theory 
and consider the results therefrom. 

We consider a dielectric, and build up its elec- 
tron wave function in accordance with the orthog- 
onalized system of the Wannier quasi-atomic func- 
tions. Let gpg and Ype be the Wannier functions 
corresponding to g-th and e-th orbits of the p-th 
elementary cell. Henceforth the functions Ypg 


will pertain to states which are completely filled 

in the unexcited crystal, and @ne will pertain to 
states which are completely free. The elementary 
cell may have a complicated structure; for example, 
it may consist of a series of atoms and ions. We 

do not take spin interactions into account and con- 
sider singlet states. Then the matrix element of 
the Hamiltonian H of the electron system will be 


“pg, ne | H | pg’, n’e’> = <pg | Ay | p’g’> One, n’e? 
+ 85g, pg’ <ne| H1 | ne") + Moe. pe’ =F Kage: (1) 
Moe. p's’ = 2 (ppg (1) Pne (Te) | €?/ 12 |Ppg (Te) Pre’ (13)>, (La) 


Knee, = — Cprge (Po) Pre (£1) | €7/ a2 | Ppg (2) Pure (11)>- (1b) 


Here the symbol |pg, ne> denotes the anti-sym- 
metrized wave function of the crystal, in which the 
electron has been removed from the orbit pg and 
transferred to the orbit ne, while the symbols 
|ne> and |pg> are the wave function of a crystal 
in which the orbit ne has an excess electron or 
the orbit pg lacks an electron; <ne|H!|n’e’> 
and <pg|H,|p’g’> are the matrix elements of 
the Hamiltonian of a crystal containing a zone 
electron or a zone hole, respectively. Integrals 
of the type like K’’’ and M__° will be called 
integrals of the Coulomb type or of the resonant 
type. 

In the quantum state, determined by the set of 
normalized excitation amplitudes { aps }, the 
crystal energy is 


E(fasy)= Si Sy atedpg, ne|H|p'g’, n’e'p ay. (2) 
nepg n’e’p’g’ 

The contribution to the first two terms of rela- 
tion (1) to the sum in the right half of (2) can be 
readily obtained by going over from the quasi- 
atomic functions to the zone functions: 
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key = N—* Stein ney, | kgy = N~*YNeH*Plpgy (3) 
n Pp 


(N is the number of elementary cells in the prin- 
cipal region). Then, if we introduce the notation 
= <kg|H,|kg’>, (4) 


the sum of the two considered terms will be 


DD aH (4 Vn) 209 + DD Oe Hee’ (Vp) ae (5) 


pg nee’ ne pge’ 


H (k) = <ke | H!|ke’> H gy (k) 


the differentiation of a function of discrete argu- 
ment aps is understood in the sense of differen- 
tiation of its representation in the form of a Four- 
ier polynomial. 

As can be seen from (1), the quantities Macey D’ 2 
are large only when n and n’ arecloseto p and 
p’, and diminish exponentially with increasing 
ln—p| and |n’—p’|; when n=p and n’ =p’ 
they go into the ordinary integrals of resonant 
interaction, which determine the structure of the 
exciton zones in molecular crystals.!*> On the 
other hand, these quantities decrease slowly with 
increasing |p-—p’| and the character of their 
asymptotic behavior at large |p—p’| determines 
many effects that are connected with far interac- 
tions. We shall therefore restrict ourselves* here 
to the expansion Mbps me, in non-orthogonality in- 
tegrals, which lead to the relation 


Mpe. p's" = Upp’ Cae ty ae Us valor | pes roy one Uf 5) (6) 
where 
ne ay il 
xpe,2 = V2\ pe (t) (x2 — P) Guo (F) de, 
xpe’ i = V2\ gpe (F) (x, — P,) 
X(x,— p,) Pne(r) dz ete. (7) 


where Pp = (Pj, Py, p3) is the position of the p-th 
elementary cell and Upp’(...|...) is the energy 
of the electrostatic interaction between a system 

of multipoles (dipole, quadrupole, etc.) located 

at the point p, with components Xpo,i i Xp i ij etc., 
and a system of multipoles having components 


f=) , 


xy", ry yee jj etc. at the point p’. Using (6), and 
also the fact that the translational symmetry allows 
us a choice of the amplitudes a®§ in the form 

aps = N-¥? a8 (np, k) exp (ikp), we find the 

third term of the right half of (2): 


Ur (Xi la], Xx (al, --.| Xilal, 
z 
Xj [a], ...)exp {ik (p’ — p)}, (8) 


*The effect of resonance type integrals with n=n’, p=p’ 
on the arrangement of the energy levels of the exciton was 
investigated by Moskalenko and Tolpygo.°® 
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where | 


X;{a] = (1 —p, k) xpe,i © | 
n—p eg | 

These last quantities determine the matrix ele- | 
ments of the coordinates and of their products for | 
a transition from the ground state into the exciton | 
state with k = 0. For large-radius excitons they are» 
considerably smaller than the analogous matrix ele-} 
ments in isolated atoms, and a simple estimate | 
shows that in this case expression (8) has a smaller’ 
order of magnitude than expression (5), which is 
on the order of an electron volt. Therefore, in the 
greater part of the Brillouin zone, allowance for 
(8) leads only to small numerical corrections. 

The situation is quite different in the vicinity 
of the point k=0, where, owing to the slow con- 
vergence of the series, expression (8) becomes a 
non-analytic and even a discontinuous function of 
k. In this region the presence of integrals of the 
resonance type changes the dispersion law quali- 
tatively. The singular portion of (8), which is of 
principal interest to us, can be segregated by 
going over to the macroscopic field;’ the regular 
portion will be disregarded henceforth. In this 
approximation, (8) has the form, accurate to terms 
of order k?, 


4ne2?( 14 = 
ae are Xela) Xj al be ky — 


111 fa (X: [a] Xj [a] 


— X; fa) Xjs al) kikjks + [apo Xx Lal Xv lal 


— ayy (Xela Xj + Xz lal Xpeelal)| Riki +...}. (9) 


Here v is the volume of the elementary cell of the 
crystal; repeated coordinate indices imply summa- 
tion. The first term in (9) is in full agreement with | 
the general result of Pekar.‘ It can also be readily 
compared with the formula obtained in models that | 
are essentially close to that of Frenkel.®%* 

The matrix elements K___ decrease exponen- | 
tially with increasing |p—p’| and |n—n’|, while | 
the diagonal elements are the ordinary integrals of | 
Coulomb interaction. Since we plan to consider 
large-radius states, in which the average distance 
between the electron and the hole exceeds consid- 
erably the lattice constant, we expand K, x in 
non-orthogonality integrals and retain only the 
first term 

e2 
apie 
corresponding to the Coulomb attraction between 


ne, n’e’ 
Kg, pg ~ — Sne, n’/e’ Ones p’g’ 


*An error in writing down the system of equations ,analagous 
to (1) has crept into the paper by Wannier,? and led to a loss of 
the resonance-type integrals and of all the singularities due to 
the far-interaction effect. 
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EFFECT OF RESONANCE EXCITATION TRANSFER 


the point charges, omitting higher terms that lead 
to the appearance of nondiagonal matrix elements 
and tensor forces. 

Inserting the resultant expressions into (2) and 
varying over the excitation amplitudes, we obtain 
an infinite system of equations, from which it is 
possible to determine in principle the wave func- 
tions and the energy spectrum. In practice, how- 
ever, it is more convenient to carry out a certain 
transformation, which facilitates further transi- 
tion to continuum and to the effective-mass ap- 
proximation. 

We use the representations |ne> and |pg>, 
and denote by a®@(knv) and apg(Kp7) linear 
combinations of the wave functions of the zone 
electrons and holes, chosen to form an orthonor- 
mal system and to depend analytically on ky and 


Kp; in ail other respects the choice of these func- 


tions is thus far arbitrary. We expand the wave 
function of the exciton in a series 


pg = > Cite a (Kn Y) Apg (Kp =) (10) 


Knkp vie 
and construct the functions 


nv 4 v : 
ox = 7 > Ce. exp {i (nk, + pk,)}. (11) 


knky 
We can then show that (2) is transformed into 
nv ZTnv wf 4 nv’ 
E [{Opn}] a yy Dor A (+ Vn) box 
npvv’ tt 
Znv 1 v 
4- Ye Don Neh (+ >) bon’ 


npvrr’ 


— Bw > DeGv 


1 
ae v) ag (=Vo, ) Ob 
vawn’ eg 


xa" (7Va, ¥)de( Ve ae 
i >» > Upp’ {x2 al 


npn’p’ vrv'r’ 


4 ny 
Vn, FP Vp) Don »° 


H on’y” Vaal 4 n’v’ } 

: ed es Wats a Vor) p/n’, ++ ‘fs (12) 
where 
H™ (kn) = S\a° (kav) H (Kn) a (ka ¥’), (13) 
Axx (Kp) = >; Ag (kp t) A ge (kp) @g (kp =’), (14) 

ge 
Xp, ¢(Kn ky) = Dd X52, @° (Kn) @g (kpt) etc, (15) 
eg 

a? (ky v) = V Na™ (kn v) ema, 
ag (ky =) = VN apg (kp 2) Pe (16) 
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the differentiation opetatars that enter as argu- 
ments into the functions a°, ag, xpos, etc. act 
only on the function bpe- 

Relation (12) is the principal formula, from 
which the transition to the macroscopic theory 
should be carried out in the various cases. 

Let us consider one example. It follows from 
(9) that the greatest interest, from the point of 
view of the influence of the resonance mechanism, 
attaches to the investigation of the structure of the 
exciton zone near the point k= 0; on the other 
hand, in the effective-mass approximation, which 
we use here, we can describe only the states near 
the bottom of the exciton zone. We shall therefore 
assume that as we neglect the resonance interac- 
tions the minimum of the exciton zone is located 
at the point k = 0. 

Let us denote by ke and kp the position of 
the bottom of the lowest electron zone E°, and 
the top of the highest hole zone Ey. At the points 
kp and kp, generally speaking, contact between 
several zones can take place. The functions 
aN€(k,v) are conveniently chosen such that some 
(the functions of the first group) belong to the 
linear envelope of the wave functions of the elec- 
tron bands that make contact at the point of abso- 
lute minimum, and the others (functions of the 
second group) belong to its orthogonal comple- 
ment. Analogously, we choose and break up into 
two groups the functions apg(Kp7). If the radius 
of the exciton is sufficiently large, the predomi- 
nant role in the expansion (10) is assumed by the 
functions of the first group, and the functions of 
the second group can be neglected. Henceforth 
the sums that extend only over the functions of 
the first group will be designated by primes. 

The bottom of the exciton zone is located at 
the point k=0, only if the vectors k= kh + ky 
and k=0 are equivalent. This can occur actu- 
ally only when the bottom of the electron zone and 
the ceiling of the hole zone (or of an entire group 
of zones) are located at the center of the Brillouin 
zone (Kp = (Ve ky = 0), or at one of the symmetry 
points on its surface (ky = ko, k}). In the latter 
case we shall assume for simplicity that this point 
of the extremum is unique, i.e., that all the points 
to which it goes under the operation of the factor 
group and the operation of time reversals are 
equivalent to it. 

Introducing the smoothed functions 

Bz(n, p) =e exp (— iky (n+ p)}, 
assuming that the zone-zone transitions at the 
point ky) are allowed, and confining ourselves in 
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the resonance terms to terms of zero order in k, 
we obtain, after varying over BY (n,p) in the 
usual effective-mass approximation 


— J) Di Vni Vay Bx (n, p)— >) Dan’, Vee Vos Br'({n, P) 


|n—p| 


— Spy Bem, p) + DY J dn’ dp’ 3 (n—p) 


x [(F Ko), Vo) (02 (ho), Ye) or] 


x 8(n’ — p’) BY: (n’, p’) = eBx(n, p), (17) 


where 


x (Ko) = or (ko ko) exp {iko(n —p)}, © = E—(E°—E,). 


The first three terms of the left half coincide 
with the Hamiltonian considered in reference 10. 
The coefficients pty and Dyq’,jj determine the 
structure of the electron and hole zones near the 
extrema. The connection between the various co- 
efficients, which follows from the symmetry of 
the crystal, can be found by group-theoretical 
methods.!!*!2 The last term is due to resonance 
interactions. Thus, introducing resonant inter- 
actions into the theory in the approximation con- 
sidered here leads to the appearance of a charac- 
teristic contact term and to the transformation of 
the differential equation into an integro-differential 
one. 

To solve the equations of (17), which have the 
form of plane waves with quasi-momentum k, we 
have BY(p, p) = BZ(0, 0) exp (ikp) and the con- 
tact term assumes the form 


4ne? 


“eS (Fe (Ko), K) (t% (ko), k) BY (n, p)8(n—p). (18) 


Although the mean value of the contact term is 
proportional to (ro/r Brees where rpg and rexz 
are respectively quantities on the order of the di- 
mensions of the elementary cell and of the radius 
of the exciton state, this term should be retained, 
since it is connected directly with the macroscopic 
characteristic (the oscillator strength for a tran- 
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sition into the exciton state), and leads to a quali- 
tative change in the law of dispersion near the 
point k= 0. In addition, the resonance term may 
split the degenerate levels. 

An investigation of the higher terms of the ex- 
pansion in powers of k in resonance terms and 
the formulation of a law of dispersion in crystals 
with a different symmetry are outside the scope 
of this communication. 

For triplet states in a system of equations 
analogous to (1), there are no terms of the reso- 
nance type,!*»* and consequently the usual form of 
this theory still applies to them. 

The author is grateful to S. I. Pekar for an 
evaluation of this work. 
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Two models of the F center are used, the de Boer and the Hilsch-Pohl models. The wave 
function of the ground state is derived for both models, using the molecular orbital approxi- 
mation. The hyperfine interaction of the F-center electron with the magnetic moments of 
the nuclei in the first and second coordination spheres is considered. The coupling con- 
stants in the corresponding spin Hamiltonian are calculated. The paramagnetic resonance 
absorption of radio-frequencies by F centers is examined. The shape and width of the 
absorption band are obtained. For the KCl crystal, comparison with the experimental data 


shows agreement of theory and experiment. 
INTRODUCTION 


ine paramagnetic absorption of radio frequen- 
cies by F centers was experimentally discovered 
by Hutchison.!»* The results were interpreted the- 
oretically by Kip et al.,° using the de Boer model, 
according to which the F center is a negative ion 
vacancy at which an electron is located. The quan- 
tum-mechanical description of the F center in ref- 
erence 3 was made on the basis of the molecular 
orbital approximation, developed in reference 4. 
Kip et al. did not take into account the overlap of 
the eigenfunctions of adjacent ions, as a conse- 
quence of which the variation of absorption fre- 
quency with crystal orientation relative to the ex- 
ternal static magnetic field (the paramagnetic ab- 
sorption anisotrphy effect) is left out. The ex- 
istence of such a variation was emphasised by 
Defgen and the author.°»® The variation was ex- 
perimentally discovered by Feher,’ and a detailed 
theoretical interpretation of the results was ob- 
tained by Defgen and Zevin.® 

Kip et al.* introduced into the coupling constant 
of the spin Hamiltonian a parameter that was de- 
termined by a comparison of the theoretical and 
experimental values of the absorption bandwidth. 
In references 5, 6, and 9 a method is proposed 
for calculating, in the macroscopic approxima- 
tion!” for the F center, the coupling constants 
in the spin-Hamiltonian which describes the in- 
teraction of the F-center electron (de Boer 
model) with the magnetic moments of the nuclei 
in the first and second coordination spheres sur- 
rounding the halide vacancy. Glinchuk and Deigen!! 


considered the F-center in the macroscopic ap- 
proximation using the Hilsch-Pohl model, accord- 
ing to which the F center is a surplus metallic 
ion at which an electron is located. 

The coupling constants in the spin-Hamiltonian 
are calculated for the F center below (Sec. 2), 
taking into account the overlapping of the adjacent 
ion eigenfunctions in the molecular orbital approx- 
imation. The theory is parameterless and permits 
a comparison of the calculated values with experi- 
ment.” In Sec. 3 the theory of radio wave absorp- 
tion by F centers is developed for the Hilsch-Pohl 
model (molecular orbital approximation). The 
character of the resonance spectrum is qualitatively 
different for the two models, a fact already re- 
marked on by other authors.!!+!2, The possibility 
therefore exists of deciding from the absorption 
band shape on the model for F centers in crys- 
tals; this is of great importance for silver halides, 
for example. 


1. GROUND STATE OF THE F CENTER 


De Boer Model. The wave equation of an elec- 
tron located at a halide vacancy can be written in 
the form 


[-aV+ Ve (r — Re) + >)Vi(r— Rd) —=)¥= EY. 
we ee (1) 


The adiabatic approximation has already been used 
in this. Equation (1) is the electronic part of the 
general Schrédinger equation. The nuclei surround- 
ting the vacancy are assumed fixed. Here r is the 
distance from electron to vacancy, Rx is the dis- 
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tance from the vacancy to the k-th positive ion, 
R; is the analogous distance for the J-th negative 
ion, V;,(r—R,,) is the potential energy of inter- 
action with the k-th positive ion, Vjz(r—Ry7) is 
the potential energy of interaction with the /-th 
negative ion, and — e*/r is the potential energy 
of interaction with the positive vacancy. Polari- 
zation of the dielectric by the electron is not taken 
into account. 

To find the approximate solution of Eq. (1) we 
use the variational method. We consider only the 
electron interaction with the six positive and 
twelve negative ions nearest to the vacancy. 

The energy of the ground state of the system E 
is determined from the minimum of the function 


\ waa: ta SV + Ss = 
; 2m ip 
k=1 1=1 
and we use the approximation function customarily 
employed in the molecular-orbital method, 


P= N (Side t1 Sey], (2) 


l=1 
Vidiac (3) 


where N is anormalizing factor, ~, are the 
normalized eigenfunctions of the isolated atoms 
in the first coordination sphere, wy are the nor- 
malized eigenfunctions of the ions in the second 
coordination sphere, and y is the approximation 
parameter. 

We substitute (2) in the variational integral, de- 
termine N from (3) and find the parameter y 
from the equation 9E/8y = 0. In calculating the 
coefficients entering into the latter equation, we 
neglect “three-center” integrals (for example, 
foKVirbidr, k #k’) and also omit terms with 
L#l' by virtue of the rapid fall-off of ~j. The 
calculations on the Hilsch-Pohl model are car- 
ried through in the same approximation. The 
evaluation of the variational integral is simplified 
if the functions %, and yj, and the potentials 


Vk and V7 are represented by sums of Gaussian 
exponentials. 


de (Pr) = aa ay exp {— B,p2}, 
1 (P,) = >) Om exp {— Bin p3}, 


Ve (0x) = >) Cp exp {— 6, 62}, Vy (p,) = SS dq exp {— &4 3}, 


p 9 


Cpa tT Ree Py 1 R,. (4) 


For numerical calculation we use V, for the 
K* ion from reference 13, and V7 for the Cl7 
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ion from reference 14; for %, we use the Har- 
tree function with exchange for the 4s electron 
in the K atom, and for % the function obtained 
in reference 14. The error involved in approxi- 
mation (4) does not exceed 3 or 4% for %, and 
Vz, and 5 or 6% for # and Vj. Calculations for 
the KCl crystal lead to the value of the coefficient 
y = — 0.08932, which corresponds to the lowest 
value of the energy. 

Hilsch-Pohl Model. We write the wave function 
of the electron captured by the additional positive 
ion in the crystal in the form 


re ep : ad 
[a Var Maa ia (5) 


V, is the interaction potential energy of the elec- 
tron with the additional positive ion; V_ and VJ] 
have the same meanings as before. We neglect 
the displacement of the ions by the interstitial 
atom. 

The energy of the ground state of the system E 
is determined by minimizing the variational inte- 
gral. 

‘ A #2 e Z 
Neg Hd, whereni=== ae > Ve, -- He: Be Woe 

k=1 l=] 

i.e., we consider only the interaction of the elec- 
tron with the interstitial ion and with the four pos- 
itive and four negative ions of the lattice nearest 
to it. As the approximate wave function we take 
the following: 


Y= N[Yo+9 5) det 5 dy] (1 leis aanat) 
’ Rt aoe 


wo is the wave function of the interstitial atom; 
Yk and yy have the same meaning as previously; 
6, and 6, are the parameters of the approxima- 
tion. Substituting (6) in the variational integral 
and determining N from the normalization con- 
ditions we find 6, and 6, from the equations 
0E/06; =0 (i=1,2). The integrals were evalu- 
ated using the previous approximations (4). For 
the KCl crystal with interstitial K* ion we find 
6, = —0.3048 and 6, = —0.02639. These param- 
eters correspond to the lowest value of the energy. 


2. ELECTRON SPIN RESONANCE OF THE F 
CENTER. DE BOER MODEL 


Following references 5, 6, 8, and 16, the spin- 
Hamiltonian describing the interaction of the lo- 
calized electron with the magnetic moments of the 
six nuclei of the first coordination sphere can lead 
to the form 


: 
Hy = Sj (As (les) + Be Ie Re) (SRx)], (7) 


k=l 


ELECTRON SPIN RESONANCE OF F-CENTERS IN CRYSTALS 


where 


Ap = Ap + Asor; BrR = Assn — Aor; 


PPR. 
oPeuek ae Lt Pe = YL, 


PPR 6 Xpp | |? 
Appe = ~ap \ a [ee 


dt, 
sly ef OXnp 


(8) 
HM, Me, S, and I, are the magnetic moments and 
spins of the electron and the k-th nucleus, respec- 
tively; px = |r-R,|; the index p=1,2,3 enu- 
merates the axes of the Cartesian system of co- 
ordinates (the origin of coordinates is at the k-th 
site, and the x3, axis is directed along Ry); 
is the wave function of the electron. 

Similarly, the spin-Hamiltonian describing the 
interaction of the localized electron with the mag- 
netic moments of the twelve nuclei of the second 
coordination sphere can be written:*»® 


A 


rapes 


Me 


MA, (Tis) + By (IeRz) (SRz) + Cr Lix,Sx,], (9) 


= 
i 


Aj =a;+ Agoi , BR; = As3i— Agor , Cy, = Ayi— Agar, 


pe > pe Y 
ap = An |E (0 =0)P, App = | de, (10) 


sl; 03 0x, 

HJ, Iz are the magnetic moment and spin of the 
l-th nucleus, and py =|r-—Ry,|. Here the Carte- 
sian coordinate system is associated with the /-th 
site. We bear in mind the following relationships:® 


2Azor + Agse = — Qk; Ayre = Aspe, 
Ayyt + Asot + Azgi = — a1. (11) 


For the wave function we will use (2) with the 
known parameter y. We remark that, by ignoring 
the overlapping of the eigenfunctions of neighbor- 
ing atoms, we arrive at the results of Kip et al.? 
In fact, in this approximation: 


9 4 re 
Asse = Aor, BR, = 0, Ax = — > al (ex = =F 0), 
8x YL : 
Ap =F al E (ee = OP, 


which agrees exactly with the result of reference 
3. When the overlap of eigenfunctions is taken 
into account, the constants By, #0. 

Substituting (2) in (8) and omitting small “three- 
center” integrals we obtain 


(Pipa) dt 


0 ae ee, yee 
Appe= = N? [> yee dn de £2 \ae we OXpe 
n=1 


n#k 
+213) (78 ar ato de +7 ee ide]. (12) 


Similarly, substituting (2) in (10) and neglecting 
“three-center” integrals, we obtain 
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bey Stara ut a Sar, Lee ty 
Aye UNL SY (ek ge 1 oy) CRE 
ppl sl, \2 i °° Oxy) be T + 24 a 0 Ox) (detbz) dt 


of 9 *pl aa 
: eos oe “pl (ed ; 
12ers OTe 
+e Vite de]. (13) 


To perform the integrations in (12) and (13), 
approximations (4) oe convenient, ae well as the 
approximations for Ue pk) and ¥5(p1) used pre- 
viously;*”? thus the coefficients in the spin Hamil- 
tonian of the first and second coordination spheres 
can be calculated. 

We take the external static field along the z 
axis; then, as in reference 5, we have for the ei- 
genvalues 


6 12 
Hs = s.| >) Aska + Dy Arti], 
kR=1 f=1 


An = [Ag+ BeRi ph (2An + Br R2))”, 
A, = (A? -+ B,Rimj (2A; + B)R4) + Cin} (2A; + C)y*. (14) 


Here H is the magnitude of the static magnetic 
field; pk, mj, nz are the cosines of the angles 
between H and Rx, Rj, xj, respectively. The 
positions of the individual lines in the absorption 
band are determined by the equation 


6 12 
1 SS Apc ) Aly (Ale Al, = 0) spears 
k=1 1=1 (15) 


From (14) and (15) we can see the dependence of 
absorption frequency on crystal orientation rela- 
tive to the external magnetic field. 

In crystals of MgO the interaction of the F - 
center electron with only one magnetic moment, 
Mg”, has been observed;!" the other nuclear mag- 
netic moments in the first coordination sphere 
were zero. In this case the angular dependence 
of the line position has the form 


nAQ. = [Az + BeRipi (24x + BeRi))”, (16) 


where AQ is the separation between two adjacent 
lines. In reference 17 an empirical dependence of 
this separation on angle is given: 


AAO = a+ 5 (8p? — 1). (17) 


By comparing (16) and gh) from a and b we de- 
termine A, and BERi- From (16), using ue val- 
ues found for the coefficients A, and B,Ri we 
are satisfied that within the limits of experimental 
error the empirical angular dependence agrees 
with our formula (16). 
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In references 5 and 6, it was emphasized that 
the absorption band shape differs somewhat from 
Gaussian, since I, and Ij in (15) have different 
weighting factors. The calculations show that for 
the crystals considered, the constants BRi, 
BR} and C7 are several times smaller than the 
corresponding A constants. Therefore, we can 
write approximately 
6 12 
nO = Agl YT + % Se], x = A,/ Ap. (18) 

j=1 i=1 

The intensities of the lines are proportional to 
the statistical weights of the energy states. We 
calculated the statistical weights using formula 
(18) for a ee For KCl the line shape cal- 
culated using (18) is shown in Fig. 1 (only the 
most intense lines, corresponding to the largest 
statistical weights, are shown in the given range 
of magnetic field). The envelope of these most 
intense lines is almost Gaussian. The half-width 
of the absorption band, as is known, is determined 
by the formula 


n2A A 
iy, 2\/ 248 3.97 ee 
a p v: 


where a is the parameter of the Gaussian approx- 
imation to the absorption band. The maximum 
width, taking into account the contribution of the 
second coordination sphere, in unit magnetic 

field is 


(19) 


Mim = (9Ax/u) {1 + 2x]. (20) 


Here the constants B,Ri B)Rj, and C7 have 
been left out. 
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FIG. 1. Shape of the absorption band in 
KCl crystal (de Boer’s model of the F cen- 
ter). The component lines are shown in 
only one half of the peak. 
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By way of example, the coefficients of the spin- 
Hamiltonian were calculated for the first and sec- 
ond coordination spheres for the KCl crystal. The 
half-width and maximum width of the absorption 
for this crystal were determined from (19) and 
(20) respectively. These values are given in the 
table, where the following notation is introduced: 


Such Soe ela soothe se erga 
Gp eee Te deals pa ORY 
= fate. wae 
A a y+2+3’ 
x= B,Re/ An, Y= BiRi/A, 2=Ci/ Ar. 


It appears from the table that agreement with 
experiment is better for the molecular-orbital 
approximation than for the macroscopic approxi- 
mation (see references 6, 8, and 9). Somewhat 
poorer agreement with experiment exists for the 
constants of the second coordination sphere than 
for the first, which can be explained by the too 
rapid decrease of the W-function for Cl-~ used 
by us.!4 There is satisfactory agreement with 
experimental data for the ratio of the constants. 
If we take for Wi 0 ), instead of the low Hartree 
value, the value obtained from radio-spectroscopic 
data, then Ah, /2 = 33 oersteds, which is already 
significantly closer to the experimental value. 


3. ELECTRON SPIN RESONANCE OF THE F 
CENTER. HILSCH-POHL MODEL 


The spin Hamiltonian describing the interaction 
of the electron located at the additional positive 
ion with the ions closest to it has the form 


| Theory Experiment* 
A,/h Mcs 8,134 20.65 
A,/h Mcs 2.176 6.66 
x 0.2675 0.323 
Ahy,, Oc 49.60 04 


| The ory Experiment* 
Ah, Oe 80.30 218.4 
8 —0.3344 —0.363 
Y1 —0.3433 —0.387 
Y2 —0.3410 Se eaTa 


*Ah,, from reference 3, all other data from references 7 and 8. 
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Aj = 4n (21) 


TIE (= 0)P, §=0, bb; 
My and I) are the magnetic moment and spin of 
the interstitial atom. 

We use (6) as the wave function. From consid- 
erations of symmetry Apgj =9 for p =q. We 
take the x3) axis along a crystallographic axis, 

X99 along a [110] direction and x;) along another 
similar direction; then Apqgo = 9 (p #q) by vir- 
tue of the fact that | &|* and pp are even with 
respect to Xj) and X99. Directing x3, to the 
interstitial ion, x;, along the [110] direction, 
and X»; perpendicular to both these axes, it is 
easy to show that Apgk =9 (Pp # q), Ajok = Aatk 
= Asik = Aigk = 0 by virtue of the fact that | v|? 
and pk are even with respect to x4. Ag3~ = Agok 
= 0, which is easily shown by rotating the coordi- 
nate system about the x3; axis by an angle of 120°. 
In the same way it can be shown also that A pq] = 


0(p#q). 


FIG. 2. Shape of the absorption band 
in KCl crystal (Hilsch-Pohl model of the 
F center), Only two maxima are shown, 
in each of which only the lines in one 
half are indicated. Two maxima omitted 
are disposed symmetrically relative to 
the origin of coordinates. 


0 0 


ima, corresponding to the interaction of the elec- 
tron with the nuclear magnetic moment of the in- 
terstitial atom. Within the limits of each maxi- 
mum the shape is close to Gaussian. The effective 
magnetic field, corresponding to the distance be- 
tween two adjacent maxima, Ah = A) /2u. The max- 
imum width of the band (distance between the ex- 
treme lines in the spectrum) is 


Mim = 5 Ao [I BEA (xt, <2), 06. 


By way of example we calculated that for KCl 
with an additional K* ion, Ahm = 156 oersteds, 
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We proceed with our consideration, ignoring 
the overlap of the eigenfunctions of neighboring 
ions. Then (21) takes the form 


A, = Ag (Ips) ++ At ey (les) + Ap 3 (lis), 


R=1 l=1 


(22) 
where 


2 | Que, 
Ay = 3a, N*45(0), Ar = gay? N*0i0% (0), 


8 
A, = > oy, N* 8307 (0). 


In the approximation considered N = (1+ 463 
+ 465). 

Aligning the z axis with the direction of the 
static magnetic field and taking into account the 
selection rules (Al, = Aljz = Alyz = 0, Asz =+1) 
in complete analogy with (14) and (15), we obtain 
the position of the individual lines in the absorp- 
tion band: 


4 4 
AQ = Ag| Tos + % D> Lee +2 Slee], 
k=1 l=1 
% =A; / Ao, %2 = Az/ Ap. (23) 


The intensities of the lines are proportional to 
the statistical weights of the corresponding states 
calculated in reference 11. The shape of the band 
is shown in Fig. 2. In the band there are four max- 


dh 


AN THI 


| | 
i | hcl UTIL | i 
JO 40 


50 &0 70 


Ah = 36.4 oersteds, kK, =0.09290, and ky = 0.01461. 
Since the distance between maxima is largeand their 
overlap small, these four bands should be resolved 
experimentally. By the shape of the absorption band 
it should be possible to distinguish de Boer F cen- 
ters from Hilsch-Pohl F centers. 

In conclusion I express my sincere gratitude to 
M. F. Deigen for the suggestion of and constant in- 
terest in the work. 
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The properties of the one-meson approximation to elastic nucleon-nucleon scattering are 

_ considered in detail, and the scattering phase shifts are calculated. A new method of 
phase-shift analysis is proposed, which should lessen the ambiguity of the solution and 
make it possible to get more accurate values of the experimental phase shifts. 


Oxin and Pomeranchuk! have shown that, since 
peripheral interactions of a particle involve effec- 
tively the minimum possible number of 7 mesons, 
processes involving large orbital angular momenta 
can be calculated on the basis of the present meson 
theory. 

Let us examine nucleon-nucleon scattering in 
greater detail. For the part of the amplitude that 
corresponds to sufficiently large orbital angular 
momenta 7 there are contributions only from dia- 
grams in which a single 7 meson is exchanged.* 
In the one-meson approximation with the symmet- 
ric pseudoscalar meson-nucleon interaction the 
nucleon-nucleon scattering is described in the 
center-of-mass system by the amplitude (h = c = 1) 


<k’, Si, Sy, a a IM | k, Si, So, TQ, T.) 


g? (<A’, 2" | (trT2) (19g) (Faq) | 1, 2> 
~ Amy qt 


<2", 1" |(trT2) (Sip) (F2P) | ==} 


p+ we 
qg=k—k', g=2ksin8/2, p=k-+k’, 
P= Ze COs0 / 2, Y= Vr +k?/m, (1) 


The absolute square of this amplitude gives the 
differential cross-section for the transition be- 
tween states prescribed by the momentum of one 
of the nucleons, the components of the ~pins of 
both nucleons along the initial momentum, and 
the isotopic spin components of both nucleons. 


*A calculation of the contribution from diagrams with two 
mesons exchanged, made by Galanin, Grashin, Ioffe, and 
Pomeranchuk, provides an estimate of the accuracy of the one- 
meson approximation for various values of l. It turns out that 
for nonrelativistic energies (up to 100 — 300 Mev) the one-meson 
approximation makes the main contribution even for the rela- 
tively small values / = 3, 4, The results of an analysis of the 
experimental data? for 90 and 150 Mev agree with these esti- 


mates. 


Here the notations are: g is the the renormal- 
ized meson-nucleon interaction constant (g* © 15), 
m the mass of the nucleon, yw the mass of the 
meson, 7; and o,; the Pauli matrices in the iso- 
topic and spin spaces, respectively, of the first 
nucleon, T, and g, the analogous matrices for 
the second nucleon, and @ the scattering angle. 
Strictly speaking, the amplitude (1), is only the 
main part of the exact one-meson amplitude, since 
the only one of the effects caused by the use of the 
exact vertex part and the exact Green’s function 
that has been taken into account is the renormali- 
zation of the interaction constant. Besides this 
the exact one-meson amplitude contains a contri- 
bution of the same type as is given by many-meson 
diagrams, which need not be used (this is proved 
in reference 1). In nonrelativistic approximation 
the amplitude (1) corresponds to the well known 
one-meson interaction of nucleons, which is ob- 
tained in the lowest order of perturbation theory 
(cf. e.g., references 3* and 4). The part of the 
exact one-meson amplitude that has been omitted 
corresponds to an interaction that vanishes at in- 
finity like exp (-3yr). 

To make the change to the representation of 
the total spin and total isotopic spin (k, S, Sz, 
T, T3) we must reconstruct the scattering oper- 
ator M, for which the amplitude (1) is the matrix 
element in the representation k, sj, 59, T, To. 
It is not hard to verify that the scattering operator 
has the form 


where n= [k Xk’ ]/k?, 1 =p/p, m=q/q. We note 


*We take occasion to point out that Eqs. (47.10) and (47.13) 
of reference 3 contain a superfluous factor 3 in the central part 


of the potential. 
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the following fact. In the amplitude (1) the second 
(exchange) term exists only for identical particles. 
For different particles, keeping the former inter- 
action of the two particles with the meson, we 
should have simply 


ae ge 
4my ( 


172) D « ae (o,m) (¢2111). 
Comparison with Eq. (2) shows that inclusion of 
the symmetry changes the interaction. This is in- 
deed not surprising, since inclusion of the sym- 
metry in fact means the introduction of a new 
(exchange ) interaction, to describe which addi- 
tional terms in the scattering operator are re- 
quired. 


Ay. UE. SGRAS HEN 


The scattering operator is diagonal in the total 
spin and the total isotopic spin, and therefore we 
shall denote its matrix elements by the symbol 
M(S, B, @, T), where @ and 8 are the initial 
and final components of the total spin along the 
initial momentum. Calculation gives the follow- 
ing scattering amplitudes: 


premarin het 

M (0, 0,0, 1) = M (0) + M (x — 8) : 

M (1,8, 4,0) =—3[Mg, (8,9) + My, 8,0 ae 

M (0, 0, 0, 0) =—3[M (0) — M (x —9)] : 
(3a) 


where the matrices Mgal®, g) and M(@), com- 
bined into a single four-row matrix, have the form 


4 ,cos@—1 gp Sat eel foment 
Mea (9,9) =—M(8)Loa(8,¢) (%8=1,0,—1,0; M@=—G2—, G=#£R, x=1+5(%); 
(1 —cos 6) /2 —sinOe? | V2 (1 + cos 6) e*/ 2 0 
Dine (6, o) =| — sin 0c? / V2 cos 0 sin 067? / V2 0 
(1+cos6)e%*/2 sin be’? ; V2 (4 — cos 6) / 2 0 
0 0 0 aot (3b) 
Here g is the azimuthal angle of the scattering, Shortley.* This relation enables us to express the 


and the fourth value of @ and B corresponds to 
the singlet. 

Since for our purpose it is important to sepa- 
rate the large orbital angular momenta 7, which 
are well described by the one-meson amplitude, 
from the small angular momenta, for which many- 
meson diagrams must be included, we shall go 
over to the representation J, mj; pgs ae heed i 
(J and my are the total angular momentum and 
its component along the initial momentum ). In 
the representation of the total angular momentum 
the scattering is described by a matrix sf, di- 
agonalin J, mg, S, T, T 3 and independent of 
my and T3 (cf., e.g., reference 5). The index 
for the total spin is omitted, since the singlet is 
distinguished from the triplet by the use of the 
notation s}. The scattering amplitude in the rep- 
resentation k, S, S,, T, T3 is connected with 
the matrix sft, by the following general relation:* 


pac Sete aa Z 
M(S, 8, #, T) == SV 4n (Al + i" VE ™ (8, 9) 
LS 
tls 0, atl, S, J, a) 
Pao 8 | Sods) (Sie Oya), (4) 


where (J, S, mj, mg|J, S, J, mj) are Clebsch- 
Gordan coefficients in the notation of Condon and 


*We call attention to the fact that the right member of Eq. 
(4) is doubled as compared with the analogous expression for 


nonidentical particles. The right side of Eq. (5) is also doubled. 


scattering matrix and the scattering phase shifts 

in terms of the coefficients of the expansion of the 
amplitudes M(S, £, a, T) in associated Legendre 
polynomials: 


M(S, 8, a, T) = 


EAD) > (Oia. LP 


l=|a—8 | 
X (cos 9) a; (S, 8, a, T). (5) 


Let us introduce the following notations for the non- 
vanishing elements of the scattering matrix: 


Se | cama: es Qiny” 

; for the triplet, 
Shas, f= Sha, Fa = Di; : 
S] —1 = Qinj 

For T=1 only the matrix elements with odd 1 
in the triplet and even 7 in the singlet are differ- 
ent from zero, and the reverse is the case for 
T=0; therefore the index for the total isotopic 
spin can be omitted (in the triplet coefficients of 
the expansion of the amplitudes we shall also omit 
the index for the total spin, and in the singlet co- 
efficients, all spin indices). In the case in which 

| nf |, lézl, Inz| «1, i-e., for large orbital an- 
gular momenta, the real parts of these quantities 
are respectively the same as the matrix phases 

6 LJ? €s 67 (bar phase shifts) introduced by 
Stapp and others.’ If we parametrize the scatter- 
ing matrix by means of the proper phase shifts® 
OJ, €z, 67, then for large orbital angular mo- 
menta 


for the singlet. 
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— —s 3 ft — 
Rey, = 6,=5, Re yj = J ==3, ,, 
Jo 25. 
Re yy COS’ 85-8) Sins, SOF aGs 


— 1 j 
Ref, = = sin2e, (6J_,— of): 


We note that the mixing parameters ¢ j are usu- 
ally large, so that the quantities eee can be de- 


cidedly different from the corresponding proper 
phase shifts éFa4 : 


Solving Eqs. (4) and (5) for 7» and £&, we get 
for the quantities different from zero 
Ql )y == Nally V 20+ 1) a2 (1, 0) 
r (/—1)(2+ 1) (2 + 2) a,;(— 1, 1) + ta; (0, 0) 
(= 1) + 1) fa; (1,.0) + 27 (0,11 V2; 
ny =a, (1, 1) —V 2a, (1,0) —(U— 1) (1 + 2) a,(— 1, 1) 
+ far (1,0) + a1 (0, 1)1V 2, 
(20 -+ 3) nit? = (1 + 2)a;(1, 1) 
+ Y 2 la; (1, 0) + (0 — 1) 1 (t + 2) a; (— 1, 1) 
+ (+ 1).a1(0, 0) —L(1 + 2) {az (1, 0) + a7 (0, 1I)IV'2, 


t _ VIUF4), 
v! 2-41 


en 1) 


a,_,(1,1)—2V2(J—1)a,_, (1, 0) 


Aye a, (0,0) 


“- Cle 1) [a ah 0) ots Q,_y (0, 1)) V 2} 
= VIED (ay, (1 1) + 2V EU + 2)ayy, (1, 0) 


—(J +2) (J +3)a,,,(—1, 1) +a,,, (0, 0) 


ey (J ait 2) [a,,,(, 0) sim Qy44 (0, 1)] V2), 
NF a) (6) 


We emphasize that the relations (6) are of a gen- 
eral character, i.e., are valid in any approxima- 
tion as to the number of mesons, since no specific 
properties of the scattering amplitude were used 
in deriving them. In the one-meson approximation 
aj(1,0) + az(0, 1) =0, which is equivalent to the 
equation e AVM (1. 0;0ljeT) = elfM (1, 1, 0, T); 
this leads to some simplification in the equations 
(6) (the last terms vanish), and also to a linear 
relation between the triplet elements with the same 
Z but different J: 


(0-41) 21) af 
4 (241) af — 1 (20 + 8) aft = 0. (7) 


Substituting in Eq. (6) the expansion coefficients 
of the amplitudes (3) 


1 k 
ai(1, 1) = 5G (2—2) io — 5811+ (x— 1) QE, 


Gk / vp. 
V2. +1) 


Rae es Gk/p 
ah) = ape + ery ll 


x Qi+ 2xQ;-1} Er. 


a;(1,0)= {e811 + L(x — 1) Q:— Ql Er, 


i) @?— 1) 31 


k 4 
ai(010) = G = le Dei 1 1) Qh Er, 
k 
== GM = Qn ore) Es, (8) 
where the projection function 
E,=E, (S,T) = — ++ 2T + (1 — 28) ?/,—T)(— 1) 


takes the values 1, 0, —3, depending on the spin 
and parity, we get 


Gk 
hee 5] aa {Qi-1 — Qi} Ex, 
Gk/p. 
= — TLE U@—V-NGU+Qa} E, for 1>2; 
Gk | 
ny = 5 ae {Q;— Qrayes 


Gk/p nea 
SYS {1 


k 
my =O = (x= 1) Q 


(2J — 1) («— 1))0; —Qi} Baar 


870} Ey. (9) 
For the 38 and ?P states we have 


fh =G =[1—(x—1) Ql], 


4 Rk 


Wt Sy GI a1) (Qo Olin! forsee 
1 = 0.1G= [1 —(e— 1) (Qo + 3Q)1; 
m= —G=[1—(x—1)Q@) for T=0. (10) 


In Eqs. (8) — (10) the following notations have been 
used: 67) and 67, are Kronecker symbols, and 
Q] = Qj(x) is the Legendre function of the second 
kind. For small energies (k/p «1, which corre- 
sponds to laboratory energies E « 40 Mev) 


Orth Pega 7) qr] (Ripe: 


In determining the accuracy of the one-meson 
approximation for the various quantities we must 
take into account the following properties of these 
quantities. The off-diagonal element éj can be 
expressed in terms of the (J+ 1)st coefficients 
of the expansion of the amplitudes [cf. Eq. (6)]. 
These same coefficients occur in the expressions 
for the diagonal elements corresponding to the 
orbital angular momentum /=J+1, and thus, 
generally speaking, the errors incurred in all 
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TABLE I. Values of 7], ny» éy for T=1 (the usual spectro- 


scopic notations are used for the diagonal elements 77, nf) 
ee ee eee 


E, Mev 10 17 40 160 200 300 400 670 
x 3 2.165 1,5 42 in 1.0675 1.05 1.03 
t 1 
| 
189 —4.8 —8 6 —19 —37 | —d57 —70 —82 —100 
1D 0.47 0,38 0.99 AO Sen 2.9 2.6 259 
1G, 0.004 0,018 O.14 OA Oo 0,94 il 2 
AR 4.8 8.6 alg) 37 o7 70 82 100 
SPy —3.0 —5,3 —l1 —21 —3l —37 —43, —d4 
SP, eau 0,28 0.89 2.4 4.3 ead 6.9 9,2 
Es —0.23 | —0,53 | —1.5 —3.5 —5.4 —6.7 —T.7 —9.5 
53Fo 0.015 0.052 0,27 1.0 24 3.0 3,8 9.3 
3F3 —0,037 | —0.13 | —0,58 | —1.9 —3,6 —4,9 —5.9 —7.9 
Ph 0.004 0,006 0.048 0,25 0,62 0.94 1.2 1.9 
Ea —0.004 | —0.024 | —0,14 | —0,59 | —1.2 awl —2\4 —2.7 
54 2-10-4 0,001 0,016 0,42 0,35 0,57 0.78 ile) 
8H, |—8-10-5 | —0.005 | —0.056 | —0.35 | —0.88 | —1.4 =. Oe —2.6 
3H 6 2-10-= PON ee 0.004 0.039 0.14 0.23 0.35 0.60 


these quantities (&Jy, nji1, ag41) Owing to the 
use of the one-meson approximation are of the 
same order of magnitude. For small energies 
léz| > |njz,11; evidently a similar relation will 
also hold in this range of energies for the corre- 
sponding corrections to the one-meson approxi- 
mation. Furthermore, for a very wide range of 


energies in the one-meson approximation | nf | 
«K oe fe 5 (we note that for small energies 
We nj ~ alot and nut ~w 2l+3 ) and therefore 
the fractional accuracy of the quantity ny must 
be much lower than those of nt! and nj BOK 


small energies (k/u< 1) the one-meson approx- 
imation can be quite useless for the determination 
of re This must be particularly noticeable for 
small Les, DY. On going over to the proper 


phases we get Ores and «yj in the one-meson 
approximation with the errors characteristic of 
the (J —1)st coefficients, since these phases de- 
pend on ee . In order not to introduce these 
artificial errors into the calculation it is better 
to use the Stapp parametrization or to use the co- 
efficients (8) directly. 

These remarks show that the accuracy of cal- 
culations in the one-meson approximation of the 
various measurable quantities corresponding to 
a given orbital angular momentum / is deter- 
mined by the accuracy of the elements nyt, nh, 
€j-1, NJ, except in those special cases in which 
through cancellations a measurable quantity will 
actually depend only on lt, In principle other 
types of cancellations are possible, for example 
if the triplet elements occur only in the form of 
the linear combination (7), which vanishes in the 
one-meson approximation. In these cases there 
is a corresponding decrease in the accuracy of 
the calculations. Besides this, in the one-meson 


approximation all the quantities are real, and 
therefore they cannot be used in cases in which 
the imaginary part of the scattering amplitude 
cannot be neglected. 

Table I shows the values in degrees of 7 and 
€ for T=1, as calculated from Eqs. (9), (10) 
with G=0.55/y for a number of energies E 
(in the laboratory system), and Table II shows 
the values of » and &é for T=0. The tables 
begin with 2=0, although it is obvious that for 
small values of 2 the one-meson approximation 
can be quite useless. 

An estimate of the accuracy of the one-meson 
approximation found by calculation of the two- 
meson phase shifts shows that with good accuracy 
(of the order of 20 percent) one can use the one- 
meson F and G phase shifts for EX 200 Mev; 
their accuracy improves with decrease of the en- 
ergy. For a fixed energy the accuracy of the vari- 
ous phase shifts increases exponentially with in- ~ 
crease of 1. The D phase shifts are given with 
good accuracy by the one-meson approximation 
for E < 50 Mev. To determine the goodness of 
the one-meson S and P phase shifts one would 
have to study many-meson diagrams,* and this 
has not been done so far. There is evidently no 
region of applicability of the one-meson S phase 
shifts, since for small energies these phases are 
6; = 6) ~ k® and cannot provide the main contri- 
bution. An analogous situation exists for the °P, 
phase shifts. 

For a comparison of the one-meson phase 
shifts with the experimental values one needs a 
rather precise phase-shift analysis of the experi- 


*We emphasize that it is necessary to study the exact many- 
meson diagrams; calculations in low orders of perturbation 
theory (cf., e.g., reference 4) cannot serve as a reliable basis 
for estimating the corrections to the one-meson phase shifts. 
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TABLE II. Values of nN) ny. éy for T=0 


E, Mev 10 17 40 400 200 300 400 670 

x 3 2.165 1.5 4.2 4.4 1.0675 1.05 1.03 

eter ale 20" a9. | 13 —t4 —43 =13 12 
| sFa | 0808" | 0.24 0,08 | 2.6 | =8.9) | <-4,6)| S49) 5.4 
| Fey 000220. 012 4) = 01250160. | 41.3 “|b 1.8.) 2.4 | = 2.6 
| SS ato, 8) ole 8.464. (019 237 =57 SE (ots Minees.) —100 
| fa 6.0 10 20 35 50 59 67 81 
SDy | —0,54 |—1.4 | —4,5 | 12 23) —29 234 —46 

“Da 0.88 2.4 6.5 16 26 33 40 54 

Dee We Os Ose ih HOr57 Mofile 5 Reg re eceee Oath watt 

aes | 0.093 | 0.34 1,3 4.4 73 9.4 14 14 
Gomen| =O005 41 0.0240) 0,18. 0.96) | 20.4) Maratg Sh eed gue eCa7ER 

8Gy 0,016 | 0.075 | 0.53 2.3 5.2 Tks 9.3 13 
°G5 ad 410-4 0.003%, —05039.| 0:28: |, 0.85 |. 14,4 | =4.99, 34 


mental data, including phase shifts for high angu- 
lar momenta. The usual procedure in phase-shift 
analysis is as foliows: all the measured quantities 
are written as functions of the phase shifts with 

Z = lax, and all the phase shifts for 1 > lax 
are assumed to be zero. The nonvanishing phase 
shifts are then varied to get the best agreement 
with the experimental data. The main shortcom- 
ing of such a procedure as applied to the existing 
data is the ambiguity of the solution, caused by 

the large number of variable parameters and the ont ‘ 
incompleteness of the set of measurements. Thus eae ae oa ho 
in the analysis of the data on p-p scattering at c 

310 Mev with Imax =5 (14 parameters)! eight 
acceptable solutions are obtained, more precisely 
eight more or less broad many-dimensional re- 


ent method of phase-shift analysis, which would 
take into account our knowledge of the phases with 
large Il: to use the phase shifts for 1 <1, as un- 
known parameters and take for all the others (with 
1 >1,) the values in the one-meson approximation. 
The simplest way to do this is to write the meas- 
ured quantities as functions of the “corrected” 
amplitudes 


AIT Soo de tpg Oy Fe= Ia) 4s (Soe time (oe 


U 
(21 + 1) PY" (cos 8) az (S, B, @, T) 
ty, 41 %4,+2 


+2 SVEN ory $0, 9) 


=0 J=0 J=0 


gions (of ellipsoidal type) centered on the solu- 
tions. In analyzing the data for 150 Mev Ohnuma 
and Feldman® obtained 11 such regions, some of 
them connecting continuously with each other. The 
analysis for 40 Mev’ leaves so much arbitrariness 
in the allowed solutions that it is practically im- 
possible to get any sort of quantitative estimate 

of the phase shifts. 

Besides this difficulty, which in principle can 
be removed by an increase of the amount of ex- 
perimental data, there remains the problem of 
the stability of the solutions with respect to the 
inclusion of the phases that have been dropped 
(with 1 > lpax). It is obvious that the least stable 
values (we are speaking in terms of fractional 
stability ) will be the last of the included phase 
shifts with 1 ~ ly9x, which are those of interest 
to us here. Therefore, for example, for a com- 
parison of the phase shifts with 1=4 we need an 
analysis with at least lyax = 5, and to test the 
stability of these phase shifts it is desirable to 
continue the analysis to lmax =6. It is obvious 
that the analysis then becomes cumbersome and 
practically not feasible. 

It seems reasonable to us to propose a differ- 


XS, Ol Side) LS) c= BNE Sai 


x (S771 — by, 0), (11) 


where M(S, 8, a, T) and. 4a7(S;- 6, a.) Wimare 
respectively the amplitudes (3) and their expansion 
coefficients (8), and the rest of the right member 
is the usual expression for the matrix elements* 
in terms of a finite number of phase shifts (Imax 
=1,). The off-diagonal elements of the scattering 
matrix, corresponding to J =1,, which will be 
involved in this part, must be included in the one- 
meson approximation. For example one can begin 
the analysis for 310 Mev with 1,"= 2, in view of 
the satisfactory accuracy of the F phase shifts. 
There are then in all 5 variable parameters (in- 
stead of the 14 parameters of reference 7); the 
analysis is much easier and, what is more impor- 
tant, the number of solutions must be smaller. To 
test the stability of the solutions with respect to 
errors in the phase shifts with 1 >, which have 
been included in the one-meson approximation, 


*Expressions for the various measurable quantities in terms 
of the amplitudes M’, and the parts of the amplitudes (11) re- 
quired for the “correction,” with effects of the Coulomb inter- 
action included, can be found in reference 7. 


1228 


and to improve the solution, one must repeat the 
analysis with 1; =3 (9 parameters) and examine 
the displacement of the solutions found previously. 
If new solutions (isolated from the former ones ) 
appear, they must be rejected. It may turn out 
that the value J, = 2 is too low for the case in 
question, and that the solution found in the first 
step is not accurate enough. Nevertheless suc- 
cessive stages of the analysis with 1, =3 and 
l, = 4 must give better results than those obtained 
by Stapp and others’ by the usual method. Further- 
more the analysis is less cumbersome and is a 
natural physical scheme for breaking up the anal- 
ysis into several stages and thus reducing the vol- 
ume of the calculations. Even from the experi- 
mental data available at present the proposed 
procedure of phase-shift analysis should give 
more definite and accurate information about the 
phase shifts.* 

In conclusion I express my gratitude to L. B. 


*From the example of the phase-shift analysis for E < 40 
Mev with lax = 2 carried out by MacGregor19 we can see how 
an inspection of the one-meson approximation to the higher 
phase shifts (in this case *P,, °P,, *D,) can reduce the number 
of solutions. On the other hand, the analysis? for 40 Mev shows 
what a large effect can come from the neglect of the phase 
shifts with / > /,,,, and what difficulties arise from the inclu- 
sion of additional phase shifts as arbitrary parameters. 
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The (dt) reaction is considered as a special case of a stripping reaction involving two 
complex systems. The reduced widths derived from the (dt) and (dp) reactions by 
choosing various triton wave functions are compared. The neutron wave function rela- 
tive to the deuteron in the triton, which yields the best agreement with experiment is 
found. A value of ~0.40 is derived for the probability of finding the triton in the 


(deuteron + neutron) state. 


Tue analysis of the angular distribution of the 
triton in the reaction (dt) shows that the mech- 
anism of the reaction at deuteron energies of the 
order of several Mev is similar to the mechanism 
of the (dp) reaction, i.e., a stripping reaction is 
encountered. In connection with this, two interre- 
lated problems arise: a) the comparison of the 
“reduced widths” y* obtained for the reactions 
(dp) and (dt), and b) the determination of that 
part of the wave function of the triton which corre- 
sponds to the state (deuteron + neutron). Below, 
we consider both problems, and a part of the re- 
sults is compared with results of other authors.!? 

As the analysis of the experimental data ob- 
tained in recent years shows (Belyaev, Zakhar’ev, 
and Neudachin, to be published), the “reduced 
width” y* in the formulae of Butler does not rep- 
resent the “square of the amplitude of the wave 
function of a nucleon on the surface of the nucleus” 
since it is not constant for varying energy of the 
deuteron but varies very rapidly. It is possible 
that this is due to the influence of the exchange 
effect in the stripping reaction.? The comparison 
of y* from the (dp) and (dt) reactions is inter- 
esting as a check on the analogy between the two 
mechanisms, complementing the comparison of 
the angular distributions. 

In contrast to the deuteron, the triton and He? 
are compound particles, on the wave functions of 
which one has to impose, apart from the vector 
coupling of the moments, the requirements of 
antisymmetry. The calculation was carried out 
by means of the Born approximation using plane 
waves which, for the ratio of the reduced widths, 
gives about the same results as the calculation 
with distorted waves. 


The general expression for a stripping reaction | 
between two coupled systems applied to the reaction 
(dt) is of the form (see also reference 1) 
dg. N vars Fy (2S, + 1) 
dQ = Amp kg (2S4y +1) (2S, + 1) 


x Ny | (8° | s?o9> |? | G (p) 2 2? 
X [j, (Za) — gi (xa) Ir (Za))° (Qn / h*) 12, (1) 


where | <s*a|s*a,) >|? =% is the parentage co- 
efficient of the transition from the state s? of the 
deuteron with quantum numbers a to the state 

s*? of the triton with quantum numbers a; nt is 
the number of nucleons in the triton; St, Sq, Sn — 
are the spin of the triton, deuteron, and neutron 
respectively; ve, is the reduced width; 


ta = MaMi/(Mi+ Ma),  ve= MiM;/(My + Mb), 
tn = MnM;z/ (Mj + Mn), 


Mj; and Mg are the masses of the initial and final 
nuclei; kj, kg are the wave numbers, 


2M 4 Mg \/2 
Ra ( #2 (M;+ Mi)? Eatab ) ? 


= Kyo —ki/2, .Z =k; kaM;/(M) + M,), 


X= (2pn| Ep |)'2/A, 


and Ep is the binding energy of the neutron in the 
initial nucleus. The interaction radius qa is chosen 
for the best fit of the theoretical angular distribu- 
tion with the experimental one. The function j7(x) 
can be expressed by a Bessel function of half-inte- 
gral order: 


ju(x) = V 2% /2 Srpip (X) = XIic (*), 
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where j7cq(x) is the spherical Bessel function; 

j7 (x) is the derivate with respect to the radius: 

jj (Za) = Zdjz(x)/dx -for x = Za;' and g7(xa) 

are logarithmic derivatives on the boundary of 

the nucleus. These are given for /=0, 1, and 2 

by Yoshida.* The reduced widths can be expressed 

in units of the sum re over all reaction chan- 
Cc 


nels, and one can obtain the non-dimensional quan- 
tity 0: 
62 = (a2u,/dh") 72. 


Furthermore, (27) -¥2G (p) is the Fourier 
transform of a function whose square expresses 
the probability of finding a triton in the state 
(deuteron + neutron). We shall denote the neutron 
contained in the deuteron by ny, the captured neu- 
tron by ny, and the distances in the triton as 
(np) =X, (pny) = y, and (n,no) = z. We then 
have 


G (p) = lexp {ip (2y —¥)} Ye (P, Mo» 1) ba (Pst) de 


(the integration is carried out over all internal 
coordinates of the triton). For the deuteron, we 
assume the Hulthen wave function 


Oa(p, Mo) = Na (e—* — e—**)/x, 
N@ = [4m (1/2a — 2/(a +8) + 1/28))3, 
a = 0.23-10% em=!, 8 = 1.63-102% em-!. 


The problem of the triton has been studied to 
a much lesser extent than that of the deuteron. 
Therefore, there is still no acceptable wave func- 
tion for the triton. We assume a function which is 
in good agreement with experimental values of the 
binding energies of H? and He?®, and with the 
difference of the binding energies of H®? and He?® 
for a certain choice of potential parameters. These 
are the Gaussian function 


de (Ds toy y) = Nyon (— 8 + +2), 
Ni, = 24V3 098, 7 = 0.25-10% em! [5] 


and the wave function of Irving® 


$1 (P, Mor Mm) = Ni, exp {— M(x? + y? + 2*Y*} (x? + P+ 2), 
n=, =0.759-10% cm-!, Mi =4)V3 0 rs, 


It is shown in several papers that the angular dis- 
tribution of the reaction (dt) is well described by 
this function for a suitable choice of the interaction 
radius. In the present work, we have studied the 
applicability of the Gaussian and Irving wave func- 
tions to a calculation of the reduced width and of 
the angular distribution. For this purpose, it is 
necessary to know, apart from the dependence on 
p, the absolute value of G(p). 


We shall give the results of the calculation of 
G(p): 1) for the triton, we assumed the Gaussian 
wave function 


G (p) = 42.5-10°*° exp {— p*/24*}; 
2) for the triton we used the Irving function 
G (p) = NaN, (822/38) T (7/a)x~" U (@) —1 B)I/P 


where 


1 


(oie \(@ + B*)—“. sin (ftan* =) u du, 


Cc 


Di ion 
Bee ey A=14 3 = u 


(see also reference 7). 


FIG. 1. |G(p)|? for two cases: 
Solid curve represents the triton 
function according to Irving; 
dotted curve -- the Gaussian 
wave function. 


Qi 2 a3 04 08 
2% om? 


The final results are given in Fig. 1. It can be 
seen from the figure that the value of the differen- 
tial cross section depends very slightly on the choice 
(between variants 1 and 2) of the triton wave func- 
tion. Therefore, in Table I, where the values of 62 
calculated from the reaction (dt) according to for- 
mula (1) are compared with the reduced widths cal- 
culated from the reactions (dp), (pd), and (nd), 
the Irving function was used to calculate Ont for 
the corresponding levels. (Formulae for the cross 
sections are given, e.g., in reference 8.) 

We have assumed that, for the choice of a good 
triton wave function, the interaction radius chosen 
to describe the angular distribution of the (dt) re- 
action should coincide with the interaction radius 
for the corresponding (pd) reaction! and the re- 
duced widths obtained from the (dt) reaction 
should be approximately equal to Oba. Since the 
accuracy of the ratio 6? for identical targets and 
for different states of the final nucleus is greater 
than the accuracy of the absolute values, then the 
ratio 6? for two levels of Li from reactions (dt ) 
and (pd) should coincide even better. It can be 
seen from Table I that all these requirements are 


pole PERENTIAL CROSS*SECTIONS FOR THE (dp)s AND! (dt) REACTIONS 
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TABLE I 
a 
: ,M 

Reaction mdad a a, f 02 | Error, % Reference 
Li? (pd) Lié el 5.5 0.052 20 9 

Li? (pd) Lis* 6.07 5 5 0.036 20 | 

C2 (dp) C38 5.87 Bad 0.060 40 [2°] 

f 2.02 ONS 0.030 3 [3] 
Li8 (nd) He® 6.48 45 0.090 5 (3) 
Be? (pd) Be8 12.3 3 0.025 20 [°] 

Li? (dé) Lis Sal 6 0.067 20 [22] 

EE Cohay) 87 G5) 0.038 20 [2] 

C33 (dé) C2 2.47 6.25 0.050 3 [23] 

Lié (dt) Lié lies 5.0 0.140 20 [24] 
Be? (dt) Bes 13.4 4.0 0.064 20 [24] 


state. 


fulfilled for wave functions of a triton in both Irving 
and Gaussian forms. Besides, the functions do not 
give the correct asymptotic behavior of the wave 
function f) of the neutron in the triton with respect 
to a deuteron described by thefunction exp (—AR)/R, 
where A =0.45 as calculated from the binding 
energy of the neutron in the triton. 

One can try to determine the function fy which 
best satisfies the condition given above directly 
from experimental data. 

Making use of the series expansion (see refer- 
ence 15). 


d: (FRS:Ms,) = 


i, 


Dd Aim, ms, ba; (tSaMsq) Cif: (RSnMs,) 
Me Tes. ; 


(where r is the vector between the particles in the 
deuteron, R is the distance from the middle of r 
to the second neutron in the triton, Cjfj is the 
wave function of this neutron with a normalization 
factor, and i denotes the different states of the 
deuteron in the triton), we can substitute in the 
formula for the cross section of the (dt) reaction: 


(2) 


where k= 2p is the momentum of the neutron in 
the triton with respect to the deuteron, ®(k) is 
the Fourier transform of the function f)(R), 
chosen to be equal to one for k=0, and A}? is 
the probability of finding a triton in the state (deu- 
teron + neutron). 

Vlasov and Oglobin'4 give the variation of ?(k) 
for k= (0.3 —0.55) X 1018 em“, and mention that 
6? (k) describes the angular distribution of the 
reaction Li’ (dt) Li® and Li’ (dt) Li®* with the 
same interaction radius. For k ~ 0 to 0.34, ac- 
cording to data of Holmgren et al.,/® ©(k) 

SA (ke + r*) and A = 0.45, which gives the correct 
asymptotic exponential behavior of f)(R) (see 
also reference 1). It was also found that % (k) 

for small and large k join smoothly (see Fig. 2, 


G? (p) 8az = (22)°ASCIM? (k) Ow. 


*Transition to the 2.187-Mev level; in all other cases, transition to the ground 


06 4,10%c mi? 


a a 42 Qs aq as 


FIG. 2. Fourier transform ©? (k) determined from experi- 
mental data (solid curve). Dotted curve — transform (k? + d?)~? 
of the asymptote of f,. 


where, for large k, an average @(k) is taken 
for Li’ (dt) Li® at Eq =20 Mev and Eg = 14.4 
Mev). 

Choosing in a rather arbitrary way the asym- 
ptotic behavior of og (k) for large momenta 
(which, however, does not introduce a large error), 
we find the distribution Rf)(R), Fig. 3. It has a 
maximum for R= 3f, and, beginning with R= 
4.5f, gives the asymptotic dependence exp (—A R). 
Thus, f)(R) satisfies the physical requirements 


FIG. 3. The function 
R7f2 (R) (solid curve) 
and the function propor- 
tional to exp(— 2AR) 
(dotted curve). Arbitrary 
units. 
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of the proper asymptotic behavior at large dis- 
tances and has a maximum for R of the order of 
the deuteron radius. These properties of functions 
f)(R) are mentioned by Werner,! who calculated 
fy) by solving the Schrédinger equation for the sec- 
ond neutron in the triton with a Gaussian potential. 
The normalizing coefficient of the function fy is 
given by the equation 


C2 = (4m f8(R) RAR) = 4-10- om. 
0 

We can now find A? from different experiments. 
The interaction radius and the reduced width for the 
(dt) reaction were taken from the corresponding 
(dp), (pd), and (nd) reactions (see Table II). 
The low accuracy of the experimental data obtained 
from the (pd) reactions involving Be and from 
the reactions of low-energy deuterons with carbon 
should be noted. The average value A? = 0.37 
(20% error) is greater than the upper limit 0.11 
given by Werner. 


TABLE II 

CQ eo} Z Refer- 
Reaction a,f 0, — 0, | AG aad 
Li? (dé) Li® | 5.5 | 0.052 10.360 | [% 12 
Li? (dé) Li*| 5.5 | 0.036 |0.377 | [% 22] 
Li® (dt) Lis | 4.5 | 0.090 |0.372 | [2% 14 
Be? (dé) Be® | 3.0 | 0.025 | 0.390 | [% 14] 
C8 (dt)C | 5.8 | 0.030 | 0.330] — [23] 


*See footnote for Table I. 


We note that Werner has compared the (dt) 
and (pd) reactions for different energies; if the 
comparison is made at the same energy using the 
data of Holmgren et al.'* the value 0.11 should be 
increased by a factor of two. 

The deviation from our value of 0.4 can be ex- 
plained by the fact that the function fj, and con- 
sequently the normalizing coefficient for it, have 
been obtained from experimental data and are dif- 
ferent from fy) and C? calculated by Werner for 
a definite choice of the interaction. 

Recently El Nadi and Hadid’ estimated Ag: 
using the calculations of Werner, from the reac- 
tion Li’ (dt) Li® (reference 12) and Li! (pd) Li® 
(reference 9) from F!® (dt) F4® (reference 16), 
and from F! (pd) F® (reference 9) for the ground 
states of the final nuclei. The estimate A? < 0.06 
obtained from the reactions with Li is doubtful, 
since the authors maintain that, for a choice of 
@(k) similar to that of Werner, the value a= 
6@ describes the angular distribution of the (dt) 
reaction, while, in references 12 and 17, a=6 


is assumed for ©®(k) calculated from the wave 
function of the triton according to Irving. From 
the reactions involving fluorine a still smaller 
value A? < 0.02 has been obtained in reference 2. 
From the same experimental data, we obtain AR 
~ 0.06. This value is in disagreement with five 
values of A%, two of which are in agreement be- 
tween themselves, obtained from data of three ex- 
periments!?~!4 (see Table IL). 

To obtain a correct formula for the experimental 
angular distribution of the (dt) reaction with the 
same interaction radii as in the corresponding 
(pd) reaction, and to calculate the reduced width 
Oats it is necessary to substitute Eq. (2) into Eq. 
(1) and to substitute the above-given values of A? 
andi Ge) 

The authors thank N. A. Vlasov and A. A. Oglo 
blin for their helpful discussion. 

Note added in proof (April 29, 1959): The an- 
gular distribution of the reaction C!8(dp)C' for 
the ground state of c' (reference 18), and the 
reaction C!4(dt)C!? (reference 19) for the ground 


| 


state of C!® and the 3.08-Mev and 3.68-Mev excited | 


states are satisfactorily described by the choice 
a=5.4o. The value of A? is 0.3 (100% error). 
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We have generalized the method developed in references 1 and 2, which is based upon Gibbs’ 
method, to the case of diffusion in phase space. Starting only from the general rules of 
statistical mechanics and an assumption about the form of the averaged nonlinear macro- 
scopic equation of motion for the system, we derive a general space-velocity equation of 
motion for the probability density. In the particular case of a linear law of friction this 
equation is the same as the well-known Einstein-Fokker-Planck space-velocity equation. 
For a system with a non-linear frictional force which does not depend on the coordinates 
in a uniform external field we obtain the general solution of the diffusion equation ob- 


tained here. 


INTRODUCTION 


W:z have shown in previous papers!” that one can 
derive by Gibbs’ method not only the exact formulae 


of the theory of Brownian motion for fluctuations 
and correlations,?*4 but also a general expression 


for the transition probability density in configura- 


tion space, and also equations for this probability 
density in the case of essentially nonlinear sys- 
tems. 


We shall show below that the general statistical 


method developed by us can also be applied to de- 


rive a general equation of motion for the probabil- 


ity density in the phase space of the coordinates 
and momenta (or velocities) for arbitrary non- 
linear systems. 

To obtain such a diffusion equation it is suffi- 
cient to make only an assumption about the form 
of the averaged macroscopic equation of motion 
for the coordinate and momentum of the particle 


and there is no necessity to introduce any assump- 


tion about the correlations of the random forces 
or about the character of the stochastic process. 


TRANSITION PROBABILITY DENSITY IN PHASE 
SPACE 


Let Q(X) and P(X) be the generalized co- 
ordinate and its conjugate generalized momentum 
of interest to us, where X is the totality of all 
canonical variables of the microsystem. We de- 
note by W(Q, P, t; Qo, Po, ty) the probability 
density for a transition of the system from the 
state Q(X) =, P(X) =P) at the initial mo- 
ment ty tothe state Q(X) =Q, P(X)=P at 


1234 


time t. The probability density for the equilib- 
rium values of Q and P ina Gibbs ensemble 


w (X) = exp {{¥ — H (X)]/0} 


will be denoted by Wy) (Q, P). We have then, in 
accordance with reference 5 


WV (Q, EQ; is Qo; Po, to) 
6{Q — Q(X")} 0{P — BO) 


(X°) 


x 8 {Qo — Q(X)} 6 {Po — P (X°)} dX, 


exp {[' — H (X°)] / 8} 
W 0 (Qo,Po) 


(1) 


where X! and X° are the canonical variables of 
the system at times t and ty, which are con- 
nected through the relations xt=x (Es x? to) 
which are solutions of the dynamical equations 
with a Hamiltonian H(X). From (1) we have 
clearly, for t = to, 


We(Q7 Po toe Oo, ee, to) = 8(Q— Q))$(P — Pp). 


If initially, at t=t), Q and P are given not 
exactly, but corresponding to some probability 
density p(Q, P) the probability density at an 
arbitrary moment t will be defined as 


Wile Pet) 


) WOR. oth. On, ee to) 9 (Qo, Po) dQ dPo 
(Qo) (Po) i 


| §(Q—Q(X4} 3 (P — P(X4)} 


(x) 


Ap 2 (Q(X), P (X°)} 
x exp {5 [Y— HA (xe)y} WoO), Ph dX°, (2) 


Expression (1) is obtained from (2) for p(Q, P) 


DIFFUSION IN PHASE SPACE 


= 6(Q-Q))6(P-P,). Similarly to what was done 
in reference 1, Eq. (2) can be written in the form 
W (Q, P; ft) 
“20 
= (2n)? \{ exp [iQ + mP)le(& af) dédn, 


—o 


(3) 
where ¢ is the characteristic function: 


P(— 4; t)= \ 
(X°) 


R (Q(X), P(X} exp |— i EQ (X*) 


(4) 
(5) 


+ 9P (X9] + (PH (X9]} dX, 
R(Q, P) =p(Q, P)/Wo(Q P). 


It is obvious that the moments of the distribution 
(3) can be expressed in terms of y as follows 


Qmpn — jmtn gmtng / OE" On? I ae (6) 


One can also give the funtions g a different 
physical meaning. Let us introduce the quantity 


Z(a, b; ty = \ R{Q(X%), P(X} 


(X°) 


x exp {—g LH (X®)+ @Q (X")+- bP (Idx. (7) 


It is clear that for a=i&®, b=in® 


oa er o7, 


(8) 


In the integrand of Eq. (7) we can replace H (xe) 
by H(X7) because of the conservation of energy, 
and dX° by dX” by virtue of Liouville’s theorem. 
We can then consider the expression 


w (X*,t) = FR (Q(X), P(X} 


x exp \-= [H (X*) + aQ (X*) + oP (x4)}} 


i (9) 


where we take into account that Xt =x(t; X7, T) 
and X° =x(to; X7, T), as the microscopic proba- 
bility density for some non-equilibrium process sat- 
isfying the equation of motion for a phase ensemble: 


ow =H, wh. (10) 
Ot 
The moments taken over the ensemble (9) are 


obviously defined by the relations 


a,b 3 ss gym +n gntrng 


m n f Wik 
ome Z da™ ab" om) 
For a, b=0 Eg. (11) is the same as (6). 
Differentiating Z with respect to t we get 
also the relation 
SSO a,b Q AZ 
GOme DP) EF aR (12) 


We can thus evaluated y and consequently also 
W if we know the moments (11) evaluated with re- 


FOR NONLINEAR SYSTEMS 1235 


spect to the non-equilibrium ensemble (9). Any 
information about these moments can only be ob- 
tained from a macroscopic experiment. A macro- 
scopic experiment cannot give us, however, all 
moments, but only information about the change 
of the average values of Q and P in well de- 
fined non-equilibrium processes or the averaged 
equations of motion for these quantities. The 
problem thus arises of determining the equations 
of motion for Z and then also for W from the 
macroscopic equations of motion for Q and P. 


THE EQUATION OF MOTION FOR THE PROB- 
ABILITY DENSITY 


We shall write Eq. (9) for the microscopic 
probability density at time t=t in the form 


w (Xt, t) = 4 


= RiQ (X%), P(X} 


x exp {—-g LH (X4) + aQ(X!) + 6P(XDI}, (13) 
where X° =x (to; xt, t). This expression can be 
considered to be the non-equilibrium probability 
for a phase ensemble which is formed from an 
equilibrium ensemble with a Hamiltonian H (xt) 
+aQ (Xt) +bP (xt) through a well defined fixing 
of the canonical variables Xt at time t by a ’ 
given function R{x(t); X®, t)}. 

If we take into account that the momentum P 
enters into the Hamiltonian H only in the form 
of aterm P?2/2M, as usual, we can consider an 
equilibrium system with a Hamiltonian H + aQ 
+ bP as being under the action of an additional force 
—a+Mb, since 


H-+aQ + 6P = H, + P?/2M + bP + aQ 


= H, + (P + Mo)? /2M — Mb? 2 + aQ, (14) 
and hence 
Q PIM = 6. P= =0H 00a. 
or 
MO =— 0H, /0Q—a+'Mb. (15) 


If p=W), i.e., R=1, the ensemble (13) with 
the Hamiltonian (14) is an equilibrium one and the 
average values of Q and P, determined from 
(15) are therefore equal to zero. If however, 

p ~ Wo, the averages Q@%b and B® are, 
clearly, different from zero since such an en- 
semble is not an equilibrium one. We shall de- 
termine these averages from a macroscopic ex- 
periment. 

Let the macroscopic equations of motion for the 
particle be of the form 


Pik (QO)\=- 0; (= PUR ae. (16) 


1235 Nis 


where F is the sum of an external force of the 
potential type and a dissipative force, which de- 

pends in some arbitrary way on both Q and on 
Q. We shall assume that the motion averaged 
over the ensemble (13) is described by the Eqs. 
(16), i.e., 


al > ab = a,b 
P’ =F(Q,Q) —a, ,Q 

This is a natural physical assumption which is 
common to all theories developed so far, in any 
case for systems which are not too far from an 
equilibrium situation. 

Combining (11), (12), and (17), using a trans- 
formation similar to the one used in reference 2, 
and introducing the velocity V = P/M instead 
of the momentum we get for W the equation 


aD} 
=P {Mat be (10) 


ow Ow 
caged Go 


BML a ae | Maye OV). » 08) 
n=0 

We have thus obtained a more general equation 
for the diffusion in coordinate-velocity space for 
a system with an arbitrary form of the macro- 
scopic dissipative and potential forces. 

It is evident that the expression for the transi- 
tion probability density W(Q, P, t; Qo, Po, to) 
can be obtained as a solution of Eq. (18) with the 


initial condition W(Q, P; ty) =6(Q-—Q))6(P—P9). 


If 
F(Q,V) = K(Q) + 7(Q)V, (19) 
Eq. (18) goes over into the usual Einstein-Fokker- 


Planck space-velocity equation of the form (see, 
e.g., reference 6) 


ow 
ot 


be ag OU 
PaO” Mov 


v8 PW 
M® av? ° 


(VW) + (20) 
In contradistinction to all known methods of de- 
riving equations for the probability density, Eqs. 
(18) and (20) have been obtained by using only the 
general rules of statistical mechanics and a single 
assumption (17) about the averaged equations of 
motion. We have not made any assumptions about 
the Markov character of the random process or 
about the character of the correlations of the ran- 
dom collisional forces. We have thus obtained 
Kq. (18) starting from the most general assump- 
tions. 


THE GENERAL SOLUTION OF EQ. (18) FOR ONE 
PARTICULAR CASE 


If the external force and the frictional foree do 
not depend on the coordinates, i.e., F(Q, V) = 


B. MAGALINSKIT and2Ya. =P TERLETSKII 


K+G(V), then Eq. (18), like Eq. (9) in reference 
2, can be integrated by quadratures. The corre- 
sponding formula for the source function is of the 


form 
W (4, U,73 Yor Vor To) 
-+-loo 


== (271)4 \\ expr (Pp — VU)? — 2 (s —v)? 


—ico 


+3[q—a0 +\ Gi(z)+ 6—K |] eee 
Dp 


Q@ = = | e&-0'2 (0) do, (21) 


V 20 


where we have introduced the notation 


t=t/V MO, 
g=Q/98, 


the function s(p, 0; T) is determined by the sec- 
ond of Eqs. (21). 

Following the method given here one can easily 
obtain equations similar to Eq. (18) also for other, 
non-mechanical, physical systems by suitably 
choosing in each concrete case the generalized 
coordinates, velocities and forces. 


v=VVM/8®, 
G,(v) =G(vV8/ M); 


ie Wel Magalinskii and Ya. P. Terletskii, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 729 (1958), 
Soviet Phys. JETP 7, 501 (1958). 

yee Magalinskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 1942 (1959), Soviet Phys. JETP 9, 
1381 (1959), this issue. 

3V. V. Vladimirskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 12, 199 (1942). 

‘Ya. P. Terletskii, Nuovo cimento 7, 308 (1958). 

5 va. P, Terletskil, Annamuueckne u cratrucruyeckue 
3aKOHbI PusMKU, (Dynamical and Statistical Laws of 
Physics), Moscow State Univ. Press, 1949. 

®S. Chandrasekhar, Revs. Modern Phys. 15, 1 
(1943) (Russ. Transl. “Stochastic Problems in 
Physics and Astronomy,” IIL 1949). 
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We consider the interaction produced between conduction electrons and lattice vibrations 
by the polarization due to these vibrations. The possibility of existence of polaron states 
is investigated. The electron mobility is evaluated. 


Te interaction of an electron with the lattice 
vibrations of an ionic crystal can be considered 
by taking into account the polarization caused by 
the vibrations even in the approximation of point- 
like ions. In the case of homeopolar crystals, 
there is no polarization in this approximation. 
This forces us to use either the Bloch potential, 
which does not completely represent the interac- 
tion,! or, as is commonly done lately, to use the 
deformation potential.? 3 But, as shown in refer- 
ence 4 (henceforth referred to as II,) consider- 
ation of the dipole moment of the atoms leads to 
a polarization due to lattice vibrations. This po- 
larization should cause an interaction between the 
electron and the lattice vibrations. In this paper 
we develop on this basis a quantitative theory of 
the interactions. This theory is used to investi- 
gate the existence of polarons in the homeopolar 
crystals and to evaluate the mobility of the con- 
duction electrons. 

To simplify the calculation we do not take into 
the consideration the complexity of the isoener- 
getic surfaces in the conduction band,° but adopt 
a simple model of spherically symmetric surfaces 
with the center at k=0. This simplification is 
not a principal one, and can be got rid of by known 
methods. ° 


1. INERTIAL POLARIZATION OF THE CRYSTAL 


We consider forced lattice vibrations at zero 
frequency, i.e., atomic displacement and dipole 
moments due to a constant external field. Let 
D’(r) be the intensity of the external electric 
field, Dg(K) and D’(K) the Fourier coefficients 
in the expansion of p’(r4) in terms of reduced 
and free wave vectors: 


D’ (rs) = » D; (K) exp (iKr3), 
Kk 


(1) 
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D, (K) = >)D’ (K + 2zb) exp (i2nbr;), (2) 
b 

where rf are the coordinates of the s-th atom in 

the J-th cell, b the vector of the reciprocal lattice. 

Introducing the dimensionless Fourier coefficients 


D; = (d?/e)D;, D = (d?/e)D’ 


(d is the lattice constant and e is the electron 
charge) we get the equations of vibrations, which 
we are interested in, from (4,1), in which we use 
a frequency =0 and subtract D, from the left 
hand side of the second equation: 


L (v1 — va) + F (Wi —wa) = ite [(D/ 2) (St v2) 
+ (C/2) (S£ wa)] — 2x29 (vo; we); 
Aw, + F (v, — v2) — (1627/3) w + 162 (w, s)s — D, = iux 
x [(C/2)(S% Ve) + S(s¥ We)] +H? F(vo; Wi; We), (3) 


where Vg, Wg are the dimensionless amplitudes 
of the displacements and of the dipole moments; 
L, F, D, C, and A are the parameters of the 
theory; 4 ~ 10° is the small parameter of the 
expansion; «x is the modulus of the dimensionless 
wave vector and s is the unit vector in its direc- 
tion; g and f linear functions of the amplitudes; 
W=W;,+ Wo; S=20 and 11. We can get two other 
equations by permuting the indices 1, Fe and by in- 
terchanging i and —i. The symbol x denotes 

as in the previous articles of this series, 


(Sy) 1's) 0s SU) 


To investigate the polaron states we must (see 
references 7 and 8) find the inertial part of the 
crystal polarization. To find the amplitudes wo) 
of the dipole moments of the inertial polarization, 
we must solve Eq. (3) for Vg, and holding these 
values constant, we put Dg = 0. This gives us 


equations for Was from which we can find 


1238 Woe IS 
we) § = 2n22(A + 64/3) [1a (Vv 
+(Y2— S?/ A) (wy? £ s) £ $+ f(v,9; 0; O)} s, 
ta (vo € 8) % $+ va (wa? X 8) £ St ge (v9 wi") = 0, 
w = {D, + D, — [32 /(A + 64n/3)] (D, +Ds, s) s) 
x [2(A — 32r/3)]7, (4) 


Px S)Xs 


with the yj (i=1, 2, 3,4) expressed in terms of 
the parameters of the theory. 


2. THE QUESTION OF THE EXISTENCE OF THE 
POLARON OF LARGE RADIUS 


To investigate the polaron states we must vary 
the functional (see references 7 and 8) 


Jb] = (42 /2m’)§ | yo Pde —L D)PLD’ (FS) = T+, 
Is 


Pi = ed >) w® exp (iKry), (5) 
K 


where m* is the effective mass of the electron, 
and D’ (r) is the induction produced by the elec- 
tron in the state with wave function wv. 

Inserting (1) into (5) and summing over Jl, we 
St, 

Oye —> Ned Sw (K K) D’; (— K), 
sK 

where N is the number of cells in the basic do- 
main. In the case of states of large radius, D’(r) 
is a smooth function of the coordinates. In this 
case the Fourier coefficients are small for large 
values of the wave vector and we can discard in 
Eq. (2) the terms with b #0, thus getting 


U = —*= Ned >) w (K) D’(— K). 
K 


We set, following Pekar, ! 


b(r) = 7 (1 + ar) e-*. 
This leads to 


J =Toa?—Uga®, Ty = 3n?/ 14m’, 
437 etd? (| nyo—1 
Uy = (1792 x2 E ne )  n(vy s) fs 
i(v; 0; 0) + (72 — S?/ A) (sx s) $ s] sdQ, (6) 


where dQ is the element of solid angle in K- 
space, v is determined from the equation 


ta(VX 8) 8 --ta(8X 8)X 8+ 9(v; 8) =0, 
and ng is the index of refraction for waves of the 
largest wavelengths. 
The results from above fit qualitatively with 
the results of Delgen and Pekar? and this indicates 
stability (or metastability ) of the band state of 
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the electron and also shows the absence of a po- 
laron of large radius: J[y~] has a minimum at 
a=0. 


3. INTERACTION OF THE ELECTRON WITH 
LATTICE VIBRATIONS AS A PERTURBATION 


The mobility of the electrons, in the crystal 
under investigation, is large. This shows that the 
interaction of the electrons with the lattice vibra- 
tions is rather weak. This fact together with the 
absence of polarons permits one to consider the 
band electrons as the carriers and to consider 
their interaction with the lattice vibrations by 
perturbation-theory methods. The operator of 
this interaction is 


V =— >) Ps D’ (rs), (7) 


where D’ is the intensity of the electric field of 
the electron. We introduce normal coordinates 
q?(K): 


) Wea (K) exp (iKré), (8) 


Ps = ed Dy q%(K 
ak 


where a is the number of the branch of the spec- 
trum of vibration. Inserting (8) and (1) into (7) and 
summing over l, we get 


V =—edN 2 q* (K) Wea (K) Ds (—K), (9) 


Diary K 4 2b 
or (Kia ; exp (— iKr) QIK + Bef [K —2npP 


x exp [i 2xb(r, —— r)], (10) 


where r are the coordinates of the electron and 
V_ is the volume of the basic domain. 

The probability of transition per unit time due 
to perturbation (9) is 


Park: [p, Na (K)] 


= F | (P, na (K)|V | p°, n° (K)) 28 (E— EB), (11) 


where p® and p are the quasi-momenta of the 
electron in the initial and final state; while n%(K), 
Nq(K) are the corresponding numbers of phonons, 
with 


Na (K) = na (K) =b bax, wk’ ; 
E’ and E are the energies of the initial and final 


state. The reciprocal of the lifetime of the initial 
state is 


Parke (pra (K)] 
> Ng, 2’, K’ 
9 ; ale 
ni 2 2 Fa(—1)K, p, p°) ? | (2% ((—1)K) 
pak /j 


+= 1) 4.4" ((— 1 K) na (1) K)) P8(E — EB), (12) 


where the prime means that the summation is to 
be taken over the half-space K, and 


Fa (K, p, p?) = —ed >) Wsa (K) 


x \ D’(— K )exp(s™ Pr) Up Upo dt, (13) 
and up is the Bloch function normalized to unity 
for the elementary cell A. 


The integral in (13) differs from zero only if 
= (p° 


The transitions for which b # 0 are the Peierls 
“Umklapp” processes. In the simple band model,°® 
in the case of semiconductors with not very high 
temperatures, these processes can be ignored. 

In this case, inserting (10) into (13), we get 


—p)/h = 2zb. 


4nie*d K + 2xb 
i ‘ (27DFs 
F. (K,.p, p°) 7 2 Wsa (K) Nis oa exp( —é2abr,) 
x Ox, (p—poy/h \ exp (i 2xbr) Up Upo dt. 
(A) 
For most electrons the difference p—p” is small, 


therefore we can expand up in powers of this dif- 
ference and retain only the linear factor. For 

b # 0 the integral can be ignored, as it contains 

a rapidly oscillating term. When b=0 the term 
linear in p—p° vanishes because of the central 
symmetry of the crystals under investigation,’ 
therefore the integral equals unity. So, 


4nietd Wa (K) s 


BD) ee ep) (14) 


If we normalize the amplitude according to Iqq = 
md’, (see reference 9, henceforth denoted by III), 
we get for the matrix elements in (12) 


| (ta | Q*| ta +- 1)| = | (ta + 1 9% | Ma) | 

= e [Rh (ng + 1)/Nmd? wa)", (15) 
where m is the atomic mass and wq is the fre- 
quency of vibration of the qa branch. Inserting 
(15) and (14) into (12), summing up over K, and 
passing from summation over p to integration, 
we get 


1 e* 
eee ee rer 


x 8 {E (p) — E (p") — hia (K) (128, )] p?dpdQ, 
K == (p—p°)/h, E(p) = p?/ 2m’. (16) 


- Ny (— K) +- 26a] 


é=1,2 
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4. MOBILITY OF ELECTRON 


According to II, the frequency of light oscilla- 
tions is a rapidly growing function of the wave 
vector, therefore the scattering of electrons by 
these vibrations is practically insignificant. 

In the case of acoustic vibrations the phonon 
energy can be ignored over a wide range of tem- 
peratures.!? We can also ignore unity as com- 
pared with n’, and put 


no (K) = kT / hw, (K). 


Using all these simplifications and integrating in 
(16) over p, we get for the reciprocal of the time 
of free path in the state pg, due to the scattering 
by the acoustical vibrations, 


LO Ree fo 3 a dO. 


aoe EB mAne @ (ac) * Kos, (K) 
Ki (pp) 7h Pp (17) 
From II, we get for the acoustical vibrations 
l =en-fd—-* 


@a (K) =Tux€..(S); 
where fq = Q,/k is the solution of the charac- 
teristic equation of the system (12,II), 

Wz (K)s = p?x?P (s; Ves 
W (s;v) = 2 vi(v Xs) XS + f(v; 0; 0)] s/(A + 64/8). 
Inserting these results into (17) and averaging 
over the initial states of the electron, we get 


{ V3 e? a* (m* k)i2 T? 
ip Une mht 
ac 
x J} Ptr? (s)] ¥ (8; vie) [? dOdon. (18) 


a (ac) 


The integration is performed here over all direc- 
tions p’ (element of solid angle dQ®) and over 
all directions p. 

Since the limiting frequency of the optical vi- 
brations Wj]jm in the crystals under investigation 
is large, we can consider only the range T < 
hwWlim/k in calculating the scattering of the elec- 
trons on the optical vibrations. In this case the 
creation of phonons is practically impossible and 
the second term in the brackets of Eq. (16) van- 
ishes. For all three optical branches we can put 


Ma (K) = [exp (hesim/ kT) — 1])?. 


Inserting this into (16) and integrating over p, 
we get 
yl 2etm* [(p2)? + 2m* hoy, |’? (| we (S)iss2 d 


3 SS “5 = aot i) es a _. ae ; 
a mAh ew liml€XP (hq im/ kT) 4] x (opt) Ke 


Wa (K) = Wlim> 


K=(p—p)/h, pp? =(p)? + 2m" horim- (19) 


From II we get for optical vibrations 
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Wa (K) S = iux [Ry/x6 (16 — 1)) (Via & S)S,  % = NoW1im/T, 


where R, is a combination of theory parameters, 
which appears in (30a,II). Inserting this result 
into (19) and averaging over py we get approxi- 
mately 


4 etr (m* yve V 2h yt BH 


Topt 16 2x4 n? mdh®wyim [EXP (ROY{m/ RT) — 1] 


xD) Vi (vie Xs) s PdQaor, (20) 
(opt) 

where r is expressed in terms of the parameters 

of the theory according to (16,III). 


The mobility of the electron is 


w=cefm*, 1/t=1ftac + 1/topt. (21) 


According to (18), if we consider the scattering by 
acoustic vibrations only, we get for the tempera- 
ture dependence of mobility the well known *% law. 
But the scattering by optical vibration gives, ac- 
cording to (20), a deviation from this law. 


5. NUMERICAL RESULTS. COMPARISON OF 
THEORY WITH EXPERIMENT. 
We represent u from (21), (18), and (20) in 


the form 
u = (m°/m*)*2 (e/ Nym°)(T% + Nof (T)}>, 
0 


(22) 


where m’ is the electron mass, 


f(T) = (Qhoim - 3kT)” [exp (Rotim / RT) — 117, 


and the coefficients N,; and N», are expressed in 
terms of a sum of integrals which appear in (18) 
and (20). These sums are calculated approximately 
in reference 11; the numerical values of the other 
parameters which enter in N, and N, are found 
in II]. The numerical values of N;, and N, are 
given in Table I. 


TABLE I 
Diamond Si | Ge 
| 
Ny 1 0.5-109 | 0.5-109 |0.5 -409 
No | 3.6-10% | 4.3-102 | 0.93-1010 


The presence of the term N»f(T) in (22) 
causes a deviation from the 7, law. For room 
temperatures and below, this deviation is most 
remarkable for germanium, because although N, 
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increases in the direction from germanium to 
diamond, w]jm also increases in this direction, 
and the latter is much more important. In the 
ease of diamond and silicon, there was no devia- 
tion in the experiment from the Wh law.'??!3 Accord- 
ing to (22) these deviations should be insignificant 
for temperatures below 300°K. For germanium, 
according to the experimental data,'* we can con- 
sider u~ T!-® in the temperature range 20 to 
300°K. Table II lists the values of the ratio 
T!-65/R(T) [where F(T) = T3/2+ Nof(T)] for 
germanium in the range of 25 to 300°K. This 
ratio remains practically constant in the range 
75 to 300°K (the experimental data are accurate 
to two significant figures; at this accuracy the 
ratio in the foregoing range is 1.9). For T < 50°K 
the ratio slightly decreases with decreasing tem- 
perature. This is caused by the fact that for such 
low temperatures the optical vibrations play no 
role. For comparison, Table II lists also the 
values of the ratio T//F(T), [which reduce to 
T!:%/F(T) at 150°K]. It can be seen that 
i/ 2/ B(T) changes in the temperature range under 
investigation even in the second significant figure. 
In Table III the experimental values!??!4>!5 of 
the mobility at 300°K are given together with the 
values of m*/m? calculated from the values of 
mobility, using (22). The results lie in the range 
of values which, according to the experimental 
data, m*/m° takes on for different directions in 
the crystal. 


TABLE III. Computed values 
of effective mass 


| Diamond 


Si | Ge 


| | 
u, (cm*/v sec)} 1800 | 1900 | 4000 
m*/m0 0,69 «|. 0°65. | 0.44 


Therefore, the value of the mobility, calculated 
from the polarization that accompanies the lattice 
vibrations, is quite satisfactory. This opposes 
Shockley’s point of view,!° according to which the 
electric fields connected with the lattice vibrations 
are insignificant, as far as the interaction of the 
electron with lattice vibration is concerned. Ac- 
cording to the results obtained above, the effect 
caused by these fields (which is the same as that 
caused by polarization) is almost the dominating one. 


TABLE II. Temperature dependence of mobility in germanium 


i rons 3% | 300 | 250 200 150 | 400 i) | 50 | iD 
| 
7)-65/F (T) | 4.92 | 4.93 | 1.94 1.94 | 1.94 1.89 | 4.80 | 4.62 
THF (Py 246 2.40 2.04 1.94 | 4.84 1.76 | 4.65 |. 4.49 
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5. CONC LUSIONS 


1. The interaction between the conduction elec- 
trons and lattice vibrations of a homeopolar crystal 
can be investigated on the basis of the polarization 
due to these vibrations. 

2. In homeopolar crystals the band state of elec- 
trons is stable (or metastable), and polarons of 
large radius should be missing. 

3. The method developed in this paper to calcu- 
late the interaction gives correct results for the 
values of mobility and its temperature dependence. 

This gives grounds for believing that the inter- 
action between the electron and the electric fields 
due to the lattice vibrations plays a significant 
role. 

The author thanks K. B. Tolpygo for a discussion 
of the results of this paper. 
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A theoretical discussion is given of relaxation in systems containing two types of interacting 
spins with very different values of their lattice relaxation times. The correlation function 
method is applied to the fast relaxing spin variables of the system. 


1. INTRODUCTION 


‘Tae lattice relaxation of nuclear spins in diamag- 
netic crystals and liquids is the result of the mod- 
ulation by heat motion of the magnetic dipole-dipole 
interactions between spins or of the interaction of 
the nuclear quadrupole moment with the non-uni- 
form field of the charges surrounding the nucleus. 
Waller! constructed a theory of relaxation based 
on the magnetic interaction of particles for cubic 
crystals. Bloembergen et al. were the first to 
give a theoretical consideration of relaxation 
through dipole interactions between particles in 
liquids. It was later shown that Bloembergen’s 
theory also describes satisfactorily relaxation 
processes for spins in molecular diamagnetic 
crystals, for instance, in solid hydrogen.? 

It is very characteristic for lattice relaxation 
in liquids that the changes in the coordinates which 
describe the heat motion of the system are fluctu- 
ating in time. If one considers the relaxation 
through the dipole interactions between particles, 
such randomly changing coordinates are the dis- 
tances between the particles and the angles which 
the radius vector makes with the axes of the labo- 
ratory system of coordinates. In the paper‘ by 
Al’tshuler and the author devoted to the longitudi- 
nal relaxation of electron spins of paramagnetic 
ions which in a solution form octahedral complexes 
of the form XY, (X is the paramagnetic ion; Y is 
a molecule of the solvent or an anion) we consid- 
ered as such randomly changing functions of the 
time the normal coordinates for the vibrations of 
the complex. The theoretical discussion of the 
relaxation process is facilitated by the fact that 
only a small number from the vast number of lat- 
tice coordinates will interact with each particular 
spin. Thus, with the spin of the X ion in the XY, 
complex only the coordinates of the normal vibra- 
tions of the complex will interact. The influence 
of the other “thermal” degrees of freedom of the 


system is manifest in producing the random char- 
acter of the changes in all the other coordinates. 
The period of correlation for consecutive values 
for different coordinates must be determined sep- 
arately and in each case individually. 

In this paper we consider the relaxation process 
for spins of one kind which are connected through 
exchange of magnetic dipole forces with spins of 
another kind; the latter are assumed to relax in- 
dependently of the former and very rapidly. Such 
a situation is realized in the following cases. The 
lattice relaxation of nuclei with a quadrupole mo- 
ment takes place in molecular liquids through the 
interaction of the quadrupole moment with the elec- 
trical field of the surrounding charges, is fast, and 
is independent of the interaction with the spins of 
the other nuclei. At the same time, the relaxation 
of spins of nuclei without a quadrupole moment 
(protons) goes slowly and may depend strongly 
on the interaction with the spin of a nucleus with 
a quadrupole moment. This is confirmed by ex- 
periments studying the highly resolved nuclear 
magnetic resonance spectra: those lines in the 
spectrum which are caused by the protons which 
are chemically connected with the N! nitrogen 
atoms are appreciably wider than the lines due 
to the other protons.’ Another interesting example 
is the relaxation of the spins of the nuclei of para- 
magnetic atoms which takes place through the hy- 
perfine interaction with the spins of the electron 
shells of the same atom. The lattice relaxation 
of the electron spin takes place independently of 
its interaction with the nuclear spins and with an 
appreciably larger speed than the relaxation of 
the nuclear spin. The situation is similar to the 
one discussed both in paramagnetic crystals and 
in liquids: the relaxation of the nuclear spins of 
diamagnetic atoms in such media takes place due 
to their coupling with the spins of the paramag- 
netic atoms, as is found out in the study of proton 
relaxation.® 
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We consider the fast relaxing spin variables 

of the system as randomly changing quantities, 

- which can take on a number of discrete values, 
and treat them in the same way as fluctuating 
lattice coordinates that interact with relaxing 
spins. Such a representation of a part of the 

spin variables of the system simplifies the theo- 
retical study of the relaxation process very greatly 
by making it very clear. From a thermodynamical 
point of view such a representation is completely 
permissible: it simply means assigning to the lat- 
tice structure those spins which interact strongly 
with it and separating into the “spin system” 
structure the spins that are weakly coupled to the 
lattice. It is clear that one must consider the lat- 
tice relaxation times of those spins which are as- 
signed to the lattice as their correlation times. 
Since these spin variables are random functions 

of the time, we apply to them the method of cor- 
relation functions — both in the case of liquids 

and in the case of crystals. 

Rivkind® and slightly later Bloembergen’ have 
stated some of the methods used in our paper for 
the nuclear relaxation process to explain the ex- 
perimental results on proton relaxation in liquid 
solutions of paramagnetic salts. Rivkind assumed 
that in a certain volume around the paramagnetic 
ion (in the solvate atmosphere of the ion) the 
mobility of the molecules of the solvent is limited 
and that in that volume the “change in quantization 
of the electron spin relative to an external static 
magnetic field” is a very fast process. Rivkind 
succeeded in explaining qualitatively his own ex- 
perimental results by substituting in the formulae 
of Bloembergen et al.” for the electron spin re- 
laxation time Tg the correlation time for the 
thermal motion of the particles in the liquid Te. 
Bloembergen’ assumed the existence of an ex- 
change interaction of the form A(I°S) between 
the spin of a proton in the first hydrate shell of 
the ion and the spin of the paramagnetic ion; such 
an assumption makes it possible to explain the 
difference between the times T, and T, for pro- 
tons in solutions of Mn?*, Gd°*, and Fe®* ions. 


2. PROTON-RESONANCE QUADRUPOLE LINE 
BROADENING IN LIQUIDS 


The indirect interaction between spins Ij and 
Ij belonging to nuclei in the structure of one mol- 
ecule arises from taking into account the exchange 
overlap of the electron shells of atoms i and j. 
The energy of the resulting spin-spin interaction 
can be written in the form 
4 =h dy Ayhl; (1) 


i<j 


| 
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The Hamiltonian (1) is invariant under rotations 
of the system of coordinates since a rotation of the 
molecule does not change its energy and therefore 
does not produce relaxation. We pick out from 
among all the nuclear spins in one separate mole- 
cule the spin Ik of the nucleus k which relaxes 
through quadrupole interaction with an appreciably 
greater speed than the spins of the other nuclei of 
the molecule. In accordance with what we have 
said a moment ago we can assume the spin Ix to 
be a variable which varies randomly with time; we 
can then take from (1) the part which depends on 
time and which leads to the relaxation of the spins 
Ij: 


HE (t) =H Dy Ai Us Lon (t) + Dac Lam (t) + La Tye (O)- (2) 


The correlation times of the quantities I,, and 
Ixk, lyk will be equal to the longitudinal (rz) 
and transverse (Tx, Ty) relaxation times of the 
spin I,, respectively. For a liquid Tx = Rie 
Tz = Tk because of the fast thermal motion of the 
particles. 

We shall denote the wave functions of the pro- 
ton spin in a strong magnetic field by yj(Iz = 3)= 
[+> and 9;j(Iz=-—3) =|->; the wave functions 
of Ixj corresponding to the eigenvalues Ixj = 3 
and —% can then be written in the I, representa- 
tion in the form of linear combinations 


g(a) = (14+->+1—))/V2, 


GP =( > 1) AV 2 (3) 


The probability that the system makes during 1 
sec a transition from the state 1 toa state k 
under the action of the perturbation %’(t) can 
then be evaluated from the equation® 

t 2 

\ <4 Ht’ (t’)|k> e-teut dt"). (4) 


10 


r it 
W ip —— Tie 


The matrix elements corresponding to a transition 
between states of the spins Ij and Ik are equal to 


g4+ | ee (t’) | —>= 7 HANNO (pace (t') —1 Tpy (t') mp ,mop-+ 2» 
Ore, = WO; — Wr; (5) 
<a! F(t’) B> = 2 AB Ice (t’), Om = 0. (6) 


The matrix element (5) corresponds to a simulta- 
neous change in orientation of the proton spin and 
the spin of the nucleus k; the generalized kinetic 
moment of the system is then conserved. 

The lifetime of the proton spin in a state char- 
acterized by a well determined value of I, is 
commonly called the longitudinal relaxation time 
T;, and the life time in a state with a well defined 
value of I,—the transverse relaxation time T). 
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Using the well known relation between transition 
probabilities and relaxation times? we get from 
(4), (5), and (6): 


27, as 
re \t 5 
= a \ ex (t’) — il py (£’ Ving, mp pve ee Oo dt’|, (7) 
6 
ao le : 
4 At ; : 
Be 4t al T(t’) )dt ( ) 


We shall perform the further evaluations of the 
integrals by taking an exponential law for the 
change of the correlation functions of the quantities 
Izk, Ixk, lyk with the same correlation time T,: 


Tee (t') Len (t’ + 1)> = S1e (Ue + 1) exp (— t/t); (9) 


legs (t’) lee (t’ a t) +. Tie (t’) ie (ce a t)> 


= 2 Jy (In + 1) exp(—t/t). (10) 
The relaxation times T; and T, obtained in this 
way are quantities which are averaged over all the 
protons in the specimen: 


Ty) = 2 AP Ia (le +1) %/ UL + (O — on) te]; (11) 
Ty) = API (Ie + 1) te/3. ue) 
If the condition At, & 1 is fulfilled Eqs. (11) 


and (12) are applicable. This condition is similar 
to inequality (6.24) from the paper by Kubo and 
Tomita’ and is the criterion that one broad line 
exists instead of a spectrum of discrete lines; if 
the inequality is strengthened to At, «1, a “nar- 
rowing of the line by motion” arises. Such a change 
occurs, for instance, in the spectrum of the hyper- 
fine structure lines of electron resonance under 
the action of a fast exchange motion in the spin 
system,!" and a narrowing of the nuclear resonance 
lines due to a fast molecular motion in liquids has 
been theoretically established already in reference 
2. Equations (11) and (12) demonstrate a new ex- 
ample of similar changes in a spectrum produced 
by the fast relaxation of one of the interacting 
spins. If A>,‘ the proton line will be split 
into 2], + 1 components; if A < Tie the compo- 
nents merge together, forming one line; and if 

A<« gee the proton lines narrow because of the 
fast relaxation of the spin Ik. 

Let us now make a numerical estimate of the 
relaxation times T, and Ty. The relaxation time 
T;, of the spins which are coupled with the thermal 
motion through the nuclear quadrupole moment is 
in liquids ~1074 sec, |wj-wx|=10' eps. The 
value of the spin-spin coupling constant depends 
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on the number of chemical bonds which separate 
the nuclei and is of the order of 200, 50, and 10 
cps if the proton and the nucleus k are separated 
by one, two, and three chemical bonds, respec- 
ively.!! If the proton is directly joined to an atom, 
the nucleus of which possesses a quadrupole mo- 
ment, the values calculated with Eq. (11) are T; = 
10° sec and T, = 0.3 sec. The contribution from 
the spin-spin coupling of the protons and the other 
nuclei to the longitudinal relaxation is thus ex- 
tremely small compared to the contribution to this 
relaxation from the dipole-dipole interaction of the 
nuclei. It is clear that the broadening of the ) 
“spread out” proton lines is caused by the strength- | 
ening of the transverse relaxation of the proton 
spins, i.e., by the occurrence of an unresolved 
structure due to the spins of nuclei which possess 
a quadrupole moment; this broadening is of the 
order 1/T, © 10 cps which agrees well with the 
observed line width. Since the longitudinal relaxa- 
tion of the protons which give a broad line takes 
place through magnetic dipole interactions, the 
ratio T,/T, for them must differ considerably 
from unity. 

Equation (12) makes it possible to determine 
the value of the spin-spin coupling constant Aj, 
from the broadening of the proton lines produced 
by this coupling. This method is possibly unique 
since the spin-spin coupling with a fast relaxing 
spin does not produce a splitting of the lines. We 
must note that the produced broadening depends 
essentially on the relaxation time of the spins I,. 


3. RESONANCE PHENOMENA IN SPIN-LATTICE 
RELAXATION 


The systems considered by us contain two kinds 
of spins: the spins of the first kind have a long lat- 
tice relaxation time, and the spins of the second 
kind have an appreciably shorter time. In such 
systems the relaxation time of the first spins is 
shortened when the energy intervals between the 
sublevels of these and of the other spins are the 
same. This experimental fact can be explained 
using Eq. (11). We shall put wj = w,; we have then: 


Ty =— A lee + 1). (18) 


The quantity A characterizes the interaction en- 
ergy of spins with different relaxation times. In 

this way we get for the case of a coupling between 
protons and nuclei with a quadrupole moment, 

which we considered above, for the same values 

of the parameters, T; ~ 0.1 sec. The value of Ty 
which characterizes the relaxation of protons 
through dipole interactions is in molecular liquids 
about 10 sec. The time T, can thus be decreased 
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by a factor 100 in the case of “relaxation reso- 
nance” for a proton and a nucleus relaxing through 
a quadrupole moment. 

From this example the nature of relaxation res- 
onance is clear although it is apparently not possi- 
ble to realize it, because in liquids the quadru- 
pole interaction of a nucleus does not lead to a 
constant contribution in the splitting of the spin 
levels and the intervals between those are deter- 
mined by the Zeeman energy of the spins. The 
intervals AE (mj, mj+1) and AE (mx, mr+1) 
between pairs of levels of two spins Ij and Ix 
belonging to nuclei of the foregoing two kinds, 
which are unequal for one value of the field, may 
become equal for another value of the field only 
if there is already a splitting of the levels: the 
quadrupole splitting of nuclear spin levels in 
diamagnetic crystals or the electrical splitting 
of electron spin levels in paramagnetic crystals. 
It is clear that the strongest interaction between 
the nuclear spins in diamagnetic crystals will be 
the magnetic dipole interactions. The latter, and 
also an exchange interaction of the form (1), can 
provide a transfer of energy absorbed by one kind 
of spins to spins of the other kind which are 
strongly coupled to the thermal motion in the lat- 
tice. The absorbed energy goes over from the 
latter into the thermal motion of the particles in 
the system. 

If such a mechanism is present resonance phe- 
nomena can arise in relaxation processes. Such 
an occurrence was observed experimentally in 
crystals of paradichlorobenzene.** In these crys- 
tals the proton lattice relaxation time Tip was 
greatly decreased at the moment when the proton 
resonance frequency vp) became the same as the 
interval VQ between a pair of nuclear spin levels 
of chlorine. We can estimate the proton relaxa- 
tion time Tp when there is relaxation resonance 
with the chlorine nucleus: vp = vQ. The matrix 
element corresponding to the transition (Mp = 2 
Mk; Mp = —3, m,+1) which is produced by the 
dipole interaction is equal to? 


1 9; Sn 82,173 (1 — 3 cos? Vx) 


. , Mr Vip a oa ; Mp! Ib= 4 UN ik 
(19) 


«x V Ue — me) Tat me 1) - 


Here gj and gk arethe g-factors of the nuclei 

i and k, while $y is the nuclear magneton. The 

angle 6j; and the distance rj_k between the nuclei 
are constant quantities since the crystal retains 


its orientation in a static magnetic field. If wj = 
w, we get instead of Eq. (18) the equation 


W ——— i (Qik che ea) (1 == 6) cos? O;p)? Ip (Lp = 1) / [2 (20) 


Gs 
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The energy of the dipole interaction between two 
nuclear spins is of the order of 107" erg and the 
lattice relaxation time of Cl nuclei at room tem- 
perature is of the order 107? sec. Substituting 
these quantities into (20) we get Tip =!10 ise 
for the proton relaxation time under the conditions 
of relaxation resonance, while Tip would be of 
the order of a minute if there were no resonance. 
The relaxation resonance observed in crystals con- 
taining two kinds of paramagnetic ions with differ- 
ent lattice relaxation times is apparently caused 
also by the dipole-dipole interaction between them 
(the effect is observed in crystals containing the 
ions’? Co2* and Fe** and the ions!4 Gd3* and 
Ce**). The matrix element of the energy of the 
dipole interaction between two particles is in that 
case | Vij| ~ 10°" erg; we can take Te = 1071! 
sec for the lattice relaxation time of spins tightly 
coupled to the lattice. We then get for relaxation 
times of spins, which under normal conditions 
have a long time T,;, under resonance conditions, 


Tires ~ |Vij 2 22x, ~ 10° see? (20a) 


it is clear that one can estimate using Eq. (20a) 
very short relaxation times Tg which cannot be 
measured by other methods; to do this it is nec- 
essary to determine the very long time T;reg and 
to estimate the magnitude of the matrix element 
(19). We note that the applicability of Eqs. (20) 
and (20a) is determined by criteria which are sim- 
ilar to those.stated when we discuss Eqs. (11) 

and (12). 


4, LATTICE RELAXATION OF NUCLEI CON- 
NECTED WITH PARAMAGNETIC ATOMS 


One can study also the lattice relaxation of 
spins of nuclei of paramagnetic atoms in a way 
similar to the one above. This problem was con- 
sidered by perturbation theory methods in the 
papers by the author! and Bashkirov.!® The elec- 
tron spin of paramagnetic ions in condensed media 
relaxes with a velocity APs which is appreciably 
larger than the velocity of the relaxation of the 
nuclear spin of the paramagnetic ion. The relaxa- 
tion of the latter takes place through a hyperfine 
interaction with electron spins. The components 
of the electron spin entering into the hyperfine in- 
teraction energy can be considered to be quantities 
which change rapidly and in a random fashion: 


Hi (O)= AlSe 0) + BIULSa OE 1, Sy @)aemam 


The probability for a relaxation transition between 
the sublevels of the nuclear spin energy can be ex- 
pressed through a formula analogous to (7): 
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0 


2 


% B 
W mn, m—] — Ah2t 


x (I+ m)(I—m+ 1). (22) 


If we consider a medium with a small concen- 
tration of magnetic particles we can neglect the 
dipole-dipole and exchange effects and assume 
the correlation times of the quantities Sx, Sy, 
and Sz to be the spin-lattice relaxation time of 
the electron spin Te. We get then from (22), 
similar to (11): 


W m,m— = B’ (I = m)(I—m + }) 


x S(S-+ 1) 12/38? (1+ (on — Os)? 2). (23) 


In the practically important case ws = gefHy /h > 


Ton, ws > wn we have 


W im, m—1 — B? CU =f Mm) i — m—-++ 1) 


*S(S + 1) / 3h (ge8 Ho)” tes (24) 


which agrees with the result of the calculation by 
the perturbation-theory method.!*»!4 We can also 
use Eqs. (23) and (24) to evaluate the relaxation of 
the nuclei of paramagnetic atoms in liquids. The 
evaluation of te for that case was given in refer- 
ence 4. 

In paramagnetic media at high temperatures 
the condition we < Te! is also often realized, when 
it becomes impossible to observe magnetic reso- 
nance. Under those conditions 


Win,m— = BPI + m)(l—m-+1) 


posse 1172/3107 secs, (25) 


(B= 3x LO; vem= eee sec). Sucha 
fast nuclear relaxation can show up when one stud- 
ies angular correlations of the radioactivity from 
nuclei: the angular correlation between the direc- 
tions of two consecutive processes of emission by 
the nucleus will occur within a time interval? 
ire Wri-1,m- 

The transverse relaxation time of the spins of 
the nuclei of paramagnetic ions is determined by 
a formula similar to (12): 


Tt = 4K 2S (S +I) +1) %/9. (26) 


One can interpret this quantity as follows. The 
nuclear resonance line for paramagnetic atoms 
has a fine structure of 21(2S+1) components 

in accordance with the fact that for each of the 
2S+1 electron spinlevels of each atom there are 
21 energy intervals AEn m-; between which nu- 
clear magnetic dipole transitions are allowed. Due 
to the fast relaxation of the electron spin in this 
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spectrum there occurs a change which is similar, 
for instance, to the change in the hyperfine struc- 
ture of the electron resonance lines caused by the 
fast exchange motion of the spins: if A/ii > Te 
all lines will be observed to be separate (the con- 
ditions for Eq. (26) are then, generally speaking, 
not fulfilled); if m7!A < ese , the components 

of the line merge together giving a line of width 
Av ~ Tyh + Tin; finally, if A/a « Ta’, a strong 
narrowing of the nuclear resonance line sets in, 
owing to the fast lattice relaxation of the electron 
spin. It would be very interesting to carry out an 
experiment on nuclear resonance in paramagnetic 
atoms under the conditions of a strong relaxation 
narrowing. Such experiments, in our opinion, are 
most easily carried out on impurity paramagnetic 
atoms in crystalline silicon. It is clear that the 
experiments can be successful if the relaxation 
times of the nuclear spins T;n and T2n are not 
shorter than 10~° sec. For a Li atom in silicon?’ 
A/h = B/fi = 0.85 Mes. We then get from Eqs. (24) 
and (26) the values Tyy =2 x 10°? sec and T,y = 


1.4x107> sec, if wg =10! cps and te =1078 sec-] 


(the time Te can be decreased by increasing the 
temperature of the crystal). 

We can similarly establish the conditions for 
a strong narrowing of the magnetic resonance line 
for nuclei of paramagnetic atoms (ions) of the 
iron group and of the rare earths in crystals of 
salts. 

In conclusion the author expresses his deep 
gratitude to Professor S. A. Al’tshuler and Pro- 
fessor B. M. Kozyrev for discussing his results. 
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The “asymptotic Born approximation” is formulated from the scattering amplitude for a 
potential that coincides with the true potential at sufficiently large radii. The order of 
magnitude of the relative error in the determination of the scattering potential at a point 


no . * 
1s fu (r’) r’dr’. The case where the scattering amplitude is given in a finite energy 


r 
interval is considered. 


INTRODUCTION 


Tue methods presented in the literature for solv- 
ing the problem of potential reconstruction use, as 
data on scattering, the phase corresponding to one 
of the values of the orbital momentum.!~* An ex- 
ception is the work of Moses,‘ who uses the am- 
plitude of the backward scattering. The use of the 
scattering amplitude instead of the phase is more 
logical, first because it may, in principle, be de- 
termined from the scattering cross section with- 
out a phase analysis,° and second because the use 
of the scattering amplitude makes it possible to 
consider arbitrary and not only spherically sym- 
metric potentials. 

In the case of an arbitrary potential, the scat- 
tering amplitude depends on five values: the en- 
ergy and the components of two unit vectors, in 
the directions of the initial and final momenta. 
The potential depends only on three components 
of the radius vector. The resulting indetermi- 
nacy of the inverse problem is easiest to elimi- 
nate for weak potentials: in that case, the scatter- 
ing amplitude depends, in first approximation, 
only on the vector of momentum transfer, i.e., 
on three parameters. A simple Fourier trans- 
formation is then sufficient to reconstruct the 
potential simultaneously in the whole space. For 
strong potentials, the first Born approximation 
for the scattering amplitude is correct only for 
large energies and for not very small vectors 
of momentum transfer. This means that, in the 
case of strong potentials, the first Born approxi- 
mation for the potential is meaningless. 

In the present paper we shall construct an 
“asymptotic Born approximation” for a potential 
having the following properties: in the case of 


weak potentials, it coincides with the usual first 
approximation and yields the real potential simul- 
taneously in the whole space. As the potential in- 
creases, the accuracy of the approximation de- 
creases, but not uniformly; it decreases faster 
near the central regions and slower near the po- 
tential boundary. (Only potentials lying wholly 

in a certain finite region of the space are con- 
sidered.) Thus, the “asymptotic approximation” 
for a potential of any value will correctly recon- 
struct its behavior in a certain layer near the 
boundary; the thickness of the layer is determined 
by the value of the potential. 

The simplicity of constructing the “asymptotic 
approximation” makes it easily possible to assess 
errors introduced by the finiteness of the energy 
interval in which the scattering amplitude is given. 
Thus, in the framework of this approximation, one 
can disregard the academic problem of determin- 
ing the potential from data at all energies from 
zero to infinity, and approach the solution of the 
practical problem formulated by Smorodinskii,® 
that of reconstructing the potential from a scatter- 
ing amplitude given in a finite energy interval. The 
over -determination of the problem is also removed 
in this approximation. It is found that, in order to 
construct the “asymptotic approximation,” only the 
dependence of the scattering amplitude on the mo- 
mentum transfer vector is essential. 

All proofs use the representation of the scatter- 
ing amplitude by a Born approximation series (the 
derivation of which can be seen for instance, in the 
paper by Moses,‘ Sec. 5). The one-dimensional 
Fourier transformation of this series for fixed 
directions of the incident and scattering particle 
was used by Wong’ to obtain the dispersion rela- 
tions in the nonrelativistic case. In the same 
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paper, a method of determining the potential boun- 
dary from the scattering amplitude is given. 

Strictly speaking, all assumptions of the pres- 
ent paper are correct only for potentials for which 
the Born approximation series converges uniformly 
for all energies. However, the character of the re- 
sults makes it possible to assume that the use of 
these series is only a subsidiary means, which 
makes the proof simpler, but the basic result is 
correct also for potentials for which the Born 
approximation series for the scattering amplitude 
is divergent. 


1. FOURIER TRANSFORMATION 


The scattering amplitude is a function of the 
wave number k and the two unit vectors n, and 
n, in the direction of the initial and final momen- 
tum of the particle, defined only for positive values 
of k. It will be convenient, however, to consider a 
definition extended to the negative values of k by 


means of the equation 
pipe, je 7 (is; fei, np,’ Rk <0: (1) 
We shall introduce new variables n and N: 
n=n,—n,, CZ, (2) 
N (ig my)'/ ae Net, (3) 


and the momentum transfer vector q: 


Geis RN Fk 0; Go = 9/9, (4) 


The vectors n and N are orthogonal and their 
absolute values are determined by the polar scat- 
tering angle ?: 


cos + = (mon,), n= 2sin(2/ 2), N = cos (9/2). (5) 


The scattering amplitude can also be considered 
as a function of the new variables q, q), and N 
where, according to Eq. (1), the value q takes all 
possible values —~<q<o. 

We shall fix the direction of the initial and final 
momenta or, which is the same, of the vectors qj 


and N, and we shall perform the following Fourier 


transformation: 
F (0 dos N) =2 \ F(a, doy N) exp (ige) dg 


==2 | f(mz, &, m) exp(iknp) d (kn). (6) 


—0oo 
The function F may be written as a series 


F (0, Go, N)= (4%) > dy (—1)’Ur(e, Go, N), (7) 


the terms of which are determined by the scatter- 
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ing potential U(r), and which represent the 
Fourier transformations of the terms of the Born 
approximation series 


co 


Ui(p, qo, N) = 2 \ Bi (ms, k, ny) exp (iknp) ndk. (8) 


=—0O: 


Because of the exponential dependence of Bj on k, 
after integrating over dk in the expression for Uj, 
the one-dimensional 6 -function appears under the 
sign of integration over the coordinates: 


Us (6, Go) =\ U(r) (— gor +) dr, (9) 


Ui(P, do, N) = (4m)~41 


U (x) U (21) 3.80 (zZ, 3) Uy) 
\ i = rile teresa 6(— mx + |x—Z,!+... 
~-.+]Z-2—y|+my +np)ndk...dy. (10) 


Setting the arguments of the 6 -function equal to 
zero, we obtain equations that determine the range 
of integration over the coordinates. 

The first term is especially simple 


Ux (0, qo) = \ U(r) dS, (11) 
TQ=e 
and reduces to a double integral of the potential in 
the plane determined by the following equation: 


Ido = P- (12) 


This plane is perpendicular to the vector Q», and 
its distance from the point of origin of the coordi- 
nates is equal to p if we consider the direction of 
Qo as positive. 

The remaining terms are analyzed in detail in 
the Appendix, where it is shown that the integration 
over all variables is carried out only in that part 
of the space where 


Tqo > P- (13) 


The first conclusion we can draw is that if the 
plane (12) lies beyond the potential boundaries 
(see figure, straight line 1), then the transforma- 
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tion (6) of the scattering amplitude equals zero: 
p > R (qo): 


The radius of the potential in the direction q)R (q) 
is equal to that value of p for which the plane (12) 
is tangent to the potential boundary (straight line 2 
in the figure). Equation (13) was first obtained by 
Wong.! 

In the Appendix it is also shown that, for p< 
R(qo), the value of the first term in the series (7) 
and the sum of the other terms can be estimated 
in the following way: 


F (0, doy N)=0, (14) 


| U1 (0, do) | = Ur’ (15) 
>) Ui| = (OP) UA”): (16) 
f=r 


where Yr represents the mean linear dimensions 
of the area cut in the region U #0 by the plane 
(12). These estimates are basically correct only 
for small values of the difference A: 


A = R (qo) — p. 


The value of A in Eq. (16) is equal to the smallest 
of the numbers r, A 


(17) 


A = min{r, A}. (18) 


From the estimates (15) and (16), it follows that in 
the equation 


F (p, qo, N) a U, (p, qo) [1 irs &(p, qo, N)] (19) 


the value of ¢« for sufficiently small A is deter- 
mined by the following approximate relations 


le(p, qo, N)| 2 UA’ <Ur°* 


= |U,(0, qo) | =| F (p, do, N)|- 


We summarize the results of this section: Let 
the scattering amplitude be given in such a way 
that the vector q) assumes all possible directions 
and the length of the momentum-transfer vector 
goes through all possible values from zero to in- 
finity for each direction of Q). In such a case, the 
scattering amplitude permits us to construct a 
function F (p,q), N) for all values of p and 
directions q). According to Eq. (14), this function 
is identically equal to zero for sufficiently large 
values of p. The largest value of p for which F 
is different from zero determines the potential 
boundary in the direction q), namely the value 
R(q)). It is evident that the envelope of all tan- 
gential planes obtained in such a way determines 
the exact potential boundary. For values of 
smaller than R(q)) but sufficiently close to it, 
and where the vajue of A is small, the following 
approximate equation is correct: 


(20) 


A. (G.) CAT Tika 


o (0; qo; N) =U, (2 Qo), (21) 


which determines the integral of the potential in 
the plane (12). The relative error of Eq. (21) is 
equal to the absolute value of the function F, i.e., 
the integrals of the potential in planes cutting its 
external layers are determinated very accurately, 
but only rather roughly in planes which encompass 
the central regions. 

We shall note that, for a centrally symmetric 
potential, the value U;(p, 4)) is given by the 
integral 

ona ae UE )rdr, (22) 
which determines the accuracy of Eq. (21). 

It is interesting to obtain equations which deter- 
mine the potential of U(r) itself rather than in- 
tegrals of it. It will be shown below that Eq. (21) 
makes it possible to construct a certain approxi- 
mate potential F which has the same boundary as 
the true scattering potential and coincides with the 
boundary with an accuracy given by Eq. (20). 


2. THE ASYMPTOTIC BORN APPROXIMATION 


We shall make use of the approximate expres- 
sion (21) for the inverse transition from the func- 
tion U, to the potential U(r). If the function 
U;(p, 49) were known accurately, then, for a 
single-valued reconstruction of the potential, it 
would be sufficient to perform two Fourier trans- 
formations on it: 


U (a) = \ Ur (0, qo) exp (—igp)de, g>0 — (28) 


and 


(r) = (2ny* \U (q)exp (ar) da. (24) 


It can easily be seen that the function F (p, qd, N) 
is not a transformation of the type U;,(p, q)) of 
any fictitious potential and, consequently, it is im- 
possible to apply transformations (23) and (24) to 
it directly. In fact, were such a fictitious potential 
to exist, the function F would have the form of a 
double integral 


F (e, qo, N)== | F(r)as, (25) 
Ta,.=0 
and would therefore satisfy the condition 
FE (Os dos N) =F (Gy ae Ns (26) 


As can be seen from Eq. (13), which determines 

the region of integration, F (p, G, N) depends on 
the behavior of the potential in the region rq» = p, 
and F(—p, —qo, N) depends on the behavior of the po-- 
tential when rq) = p, so that condition (26) cannot be 
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_ satisfied. However, it is clear from these consid- 
erations how to circumvent this difficulty. To this 
end, we introduce a new function F by means of 
the two equations 


Ossi 


 <<0) (27) 


A certain approximate potential F(r, N) corre- 
sponds to the new function. To obtain a three- 
dimensional Fourier component of this potential, 
we substitute Eq. (27) in Eq. (23) and make use of 
the definition (6) of the function F. We have 


j* (a, N) =| F (@, qu, N) exp (— igo) dp = VF @’, aos N) 


x 6..(q¢' —q) +f (9', — qo. N) 8, (¢— q’)] dq’. (28) 


The final result can be formulated in the follow- 
ing manner: If the scattering amplitude is trans- 
formed according to Eq. (28), and we then use the 
transformed amplitude for constructing the first 
Born approximation for the potential, then the ap- 
proximation obtained will have exactly the same 
boundary as the true potential and will coincide 
with it near the boundary with an accuracy of order 
of magnitude equal to the product 


We) A? (r), 


where A is the shortest distance from the point 
at which the potential is determined to the boun- 

dary, and U is the average value of the potential 
between the point r and the boundary. 

Let us return to the experimental data necessary 
for reconstructing the potential. it is clear that the 
unit vector Q) does not determine the scattering 
amplitude in a unique way: there still remains an 
ambiguity in the choice of the vector N. Accord- 
ing to Eq. (19) — (21), for any choice of the vector 
N, the reconstructed potential will coincide with 
the true one in a single layer near the boundary 
with the same accuracy. This means that not only 
the potential is obtained, but also the condition 
which should be satisfied by the scattering ampli- 
tude of any potential. The transformed scattering 
amplitude determines a fictitious potential F(r, N), 
the value of which is independent of the vector N 
within the limits of the error (20). 

In any practical case, the scattering amplitude 
will be given only up to a certain finite value of 
dmax- It is evident that the replacing of the in- 
finite range of integration by a finite one leads to 
the averaging of the approximate potential F (kT) 
over a certain volume, the linear dimensions 1/ of 
which are determined by the value qmax: 


(29) 
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If it is necessary that the relative error in the de- 
termination of the potential be smaller than e, 
then the value of 7 should satisfy the condition 


GING (30) 


where A=A(e) is determined by the condition 
that, in a layer at the depth A near the boundary, 
the approximate potential F(r) is equal to the 
true potential U(r) with the relative error not 


bigger than ¢. This condition is satisfied if 
UL <e. (31) 


From Eqs. (29), (30), and (31), and substituting for 
dmax the maximum energy up to which the scat- 
tering amplitude is known, 


IB Nee. as Ries sas Us (2 sin (o / 2) Vines (32) 
we obtain a new inequality 
Emax 22 (7 4)1U0 |e sin @/ 2). (33) 


From this inequality it follows that, in practice, 
it is more convenient to use the backward scatter- 
ing amplitude, in which case it is necessary to 
measure it in a minimum energy interval. 

Thus, for instance, for a rough determination 
of the order of magnitude, for the case where 
e © 1, the backward scattering amplitude should 
be measured to the value 


JS van > 2 | U(r) | (34) 


and, to the contrary, if the scattering amplitude at 
an angle am is known up to the energy Emax, then, 
on this basis, it is impossible, to reconstruct the 
potential in that region even roughly, if its order 
of magnitude is bigger than or equal to Emax. 


CONCLUSION 


All the results of the present paper are also 
applicable to the scattering of particles with spin, 
but in that case it is necessary to consider the po- 
tential in a form of a matrix and to introduce the 
spin function into all plane waves. 

Strictly speaking, all the above results have 
been proven only for bounded potentials for which 
the Born approximation series converges for all 
energies. However, the series may diverge, owing 
to integration over the whole range where the po- 
tential is different from zero, while in the series 
(6) the integration extends only over the external 
segment of the potential. Therefore, it seems 
highly probable that the divergence of the series 
(7) is quite independent of the behavior of the po- 
tential in the deep regions, since the use of the 
total series of the Born approximations is simply 
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the most convenient method of proof. 

In that case, in order that the theorems be cor- 
rect it is only necessary that the transformation 
U,(p, qo) tend to zero for p—, which is the 
case for all potentials that decrease at infinity so 
that r°U(r)—0 for r—». 

The author wishes to express his deep grati- 
tude to Prof. Ya. A. Smorodinskii for valuable ad- 
vice and discussion in the course of the work. 


APPENDIX 


The sum -—n,x + ny expressed in terms of the 
variables (2) — (4) in the new coordinates Z and Z 


Dy) 62 (Al) 
z= (x—y)/2, (A2) 

can be written in the following way: 
— moX + MY = — (N QoL + 2 NZ). (A3) 


The sum |x—z,|+|z,-z.]+...+1Zj-.-y]| 
represents the length of a broken line connecting 
the ends of the vectors x and y; itis greater 
than the length of the vector x—y = 22: 


jx—Z|+...-+-|z_,.—y|= 2z4-8, 8>0. (A4) 


‘ 


Making use of all these transformations, we shall 
express the vanishing of the argument of the 6 - 
function in the /-th term of the series (7) [see 
Eq. (10)] in the following way: 


n[qoZ — p) == 2[z-- Nz] + 8. (A5) 


On the right-hand side we have a sum of positive 
values [see Eq. (3)]. Therefore the difference on 
the left hand side should also be positive. 


GoZ > p- (A6) 


For a fixed Z and £, the projection of the vector 
z on the direction q) may be expressed as a func- 
tion of the angle a between the vectors N and 2: 


i GoZ| = sina [n(qoZ — p) — 3]/[2(1 —Ncosx)]. (A7) 


In the last equation, we make use of the orthogo- 
nality of the vectors q) and N. This function has 
a maximum if cos @=N. Making use of expres- 
sions (5) for N and n, we obtain for the maxi- 


mum value of this projection 
| dor Z| max = GZ — p, (A8) 


from which follows the required limitation of the 
integration region over variables x and y: 


Ko > do > 9. (A9) 


The variables z| remain to be considered. It 
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is clear that any of the vertices of the broken line 


2z +8 cannot deviate from the end of vector Z in | 


the direction q) by more than z + B/2, while the 
maximum deviation is attained when the directions 
of the vectors qj) and z coincide; in that case 
zN = 0. The last equation makes it possible to 
estimate the sum z+ 6/2 from Eq. (A6) 


z+ 8/2 = sin (9/2) [qoZ — p]. 
Whence follows the proof: 
Ziq > 0. (A11) 


Thus, the range of integration over the variables 

x and y extends over the crosshatched segment. 

The contribution of the integral over these vari- 

ables to the total integral Uz can be estimated as 
the product 


(Ur*) (U A’). (A12) 


For fixed vectors x and y, the vectors 2Zj all 
lie in a sphere of radius 


sin (9/2) [qoZ — pl, 


with its center at Z, and therefore the integral 

over these variables contains no r but a certain 

A equal to the smallest of the numbers r, A. 
The total integral U7 can be estimated in the 


following way: 
Ula (Ur)U A*)-2 (A13) 


If the expressions obtained are summed up over 1 


from 1=2 to », we obtain the following estimate | 


for the sum of all terms of the series (7) without 
the first one: 


co } 

a 9 
DIF é 
[=2 


= (Ur*)\U d*y/{1—- UA 


)I. (A14) 
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Boundary conditions have been obtained for the hydrodynamical transport equations for a 
gas mixture. The conditions take into account slipping and the temperature jump at the 


boundary with a solid surface. 


P: As is known, corrections due to the finite mean 
free path appear in the boundary conditions for hy- 
drodynamic transport equations before they appear 
in the equations themselves.'! Therefore, when 
making the transition from hydrodynamic flow to 
molecular flow, there exists a region of values 
I/a<1 (1 is the mean free path and a is the 
characteristic dimension of the problem), where 
these equations can still be used, but the boundary- 
condition corrections linear in J/a cannot be neg- 
lected. Furthermore, these corrections may prove 
to be substantial even at high pressures, if they 
lead to the appearance of noticeable additions to 
the convective terms in the transport equations 
(see, for example, reference 2). 

Corrections to boundary conditions for a one- 
component gas were investigated by many au- 
thors.**4 The most thorough method for obtaining 
them was developed by Grad.° In this paper we 
shall generalize this method to find corresponding 
boundary conditions for a binary inhomogeneous 
gas mixture on a non-absorbing solid surface. 

2. We describe a binary mixture of gases by 
distribution functions fg(r, ~, t), normalized for 
the density of the molecules of the @ component. 
Here r is the radius vector of the molecule, & 
its velocity, and t the time. The internal degrees 
of freedom of the molecules are neglected. 

The principal macroscopic quantities will be 
introduced with the aid of the equalities: 


na(ryt)=\falt 8 t)d% galt, ) = mata 


: 
p= ipa 
a 


| e 


P TEN 
Wa (tf) = aq, \Efa(r 04s u(r.) = 5 2ipatt, (1) 
a 


where ng, pq, and Uq are respectively the den- 
sity of the molecules, the mass density, the local 
velocity of the @ component; p and u are the 
mass density and velocity of the local center of 
intertia of the mixture, and mq is the mass of 

a molecule of type @. 


Introducing the relative velocity c = &—u, we 
form the moments 


iin fp = Ule \cifa dé, Puy = pita Nhe rae 


. 


PC PA voiture (2) 
The physical meaning of these moments is obvious. 

The partial pressure Pq, the mixture pressure 
p, the stress tensor of the mixture Pijp and the 
mixture temperature T are 


1 
Po = Pa, tir [= a Pas j kee of = Py, ea Padi 


Pij ra > Po, a ee) ovi5 Pa = NgkT . (3) 


Repeated Latin indices will henceforth be 
summed. 

3. We expand fg(r, &, t) in a series of Hermite 
vector polynomials. Confining ourselves to the 
third approximation, we obtain after transforma- 
tions analogous to those used by Grad® 


Coe Re 
ja(ts Bt) = feo 1 mie Cr 


foo = Na (Ma/2x RT) exp (— mac?/2RT). (5) 


4. We consider two-dimensional flow of gas 
near the surface x=0 (the x axis is directed 
along the outward normal to the surface, the y 
axis in the flow direction). If the gas is in equi- 
librium with the wall, then, in the narrow boundary 
layer whose thickness is on the order of the length 
of the mean free path of the molecule, the distribu- 
tion of the molecules that collide with the wall dif- 
fers from the distribution of the molecules that 
are directed toward it. It is natural to introduce 
in this layer two distribution functions fq(r, é,t) 
for molecules with éx>0, and fg(r, &,t) for 
molecules with é, <0. These “parts” of the dis- 
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tribution function will be related to the general 
distribution function by the equation 


»- 


Pal tere =] (Ny ert) te FEAE Soho): 
Bates, t==0 forme, <7 0, 


f-(%$,#)=0 foré, > 0. (6) 


By way of a kinetic boundary condition we as- 
sume that some of the molecules incident on the 
wall are specularly reflected, while the others 
are absorbed on the wall and are then emitted 
with a Maxwellian distribution corresponding to 
a wall temperature Tp, i.e., 


+(e - - Rs 2) = ‘S = ) 
ih (ER; Su Gz) eat Ho i ln ( — Gx» Sy» Sz 


fOC 2 ==0. (7) 


The parameters Bq and Kq are not independent, 
since they are related by the condition that no mol- 
ecules accumulate on the wall. 

Supplementing (7) with the condition Kqj~=0 at 
&x < 0, we can expand (7) in a series of Hermite 
vector polynomials. Equating the coefficients of 
the corresponding polynomials, we obtain an in- 
finite number of boundary conditions for the mo- 
ments of distribution function. However, in view 
of the fact that the distribution function is approx- 
imated by a finite number of terms in the expan- 
sion in Hermite polynomials, all these conditions 
cannot be satisfied simultaneously. 

From simple physical considerations it is clear 
that it is necessary to retain only the conditions 
connected with the mass, energy, and tangential 
momentum fluxes that are normal to the wall, 
since the wall “deforms” precisely these fluxes. 

The first of these boundary conditions ex- 
presses the fact that the solid surface absorbs 


++ %q XP (— Ma §2/ 2RT 9) 
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x (Pi, xp 1 Po, xy) + 16 (Syyi/ Pets Soy /92) + Ya (Ry G1 + Roy 92) 


no molecules, ‘| 
=0. (8) 


x= 0 


Uagx 


We insert the distribution function (4) into the 
kinetic boundary condition (7). We then multiply 
(7) successively by Cx, CxCy; c’cx, and integrate 
in velocity space, thus obtaining the second and 
third boundary conditions: 


+ Pa, x (CI aa Ba) ar (1 eZ Ba) (Say/5 Ve Ja 


== RayGa/4 Vr) ap ~ ace Biden ar 0; (9) 
(1 + Be )iSa, 5% ae (1 aT? Ba) (4pa 
ar 3a, a) qul2V x _ Taig a 0, (10) 


where 


Xa = (2/x'2q2, Ja) (1 — Ba) (Pa + */2 Pa, xx)s 


a DA Pitre 


al) 


gz = 2kT (0)/me, (11) 


T(0) is the temperature of the mixture at the 
boundary. 

It is more convenient, however, to have boun- 
dary conditions for the entire mixture and one of 
the components, instead of boundary conditions 
that pertain to each component separately. To 
simplify the notation, we shall confine ourselves 
to the case when the gas molecules are only dif- 
fusely scattered by the wall, i.e., Bg =0. We 
obtain from (8) 

Ux == 0: (12) 
0) 
Summing (9) and (10) over qa and neglecting small 
terms of second order, we obtain 


Be panes iW 2 (Pil9i + P2/42) + (Py, xx/91 + Po, xx/4) ? (13) 
T) —T (0) a (22)'2 S,+(kT 0/20)? (P1, xx/m? ++ pe, xx/m?) 
T (0) 4 (kT) nym? + nem’! (T) 
These formulas determine the speed and tem- 
perature of the gas mixture at a boundary with a To) (22)? a dT 
solid surface. We use these to obtain boundary TO) 4 (kT)? (nym + nam’) dx | _ (15) 
conditions for the equations of hydrodynamics. aes : 
For this purpose we assume that the hydrodynamic Uy ve ae. : tty +5 ab 
; F be ; exo mm? + nami ax op dy 

approximation, which is correct only for x > 1, is : : atic ed 
applicable all the way to the boundary, and we ex- [rs Aynymyme (mi? — mi) 
press the fluxes contained in (13) and (14) in terms =| 5 p (nym + nani), | (Cry — Cay) 
of the corresponding gradients. Using the Chap- : i, 2 
man and Enskog formulas’ and neglecting terms _ VmetVm 
that contain the small quantities pq xx, we find © 2p (mm + nam’) [May Ma — Xoy mi], ays: 


PS 


SLIPPING AND TEMPERATURE DISCONTINUITY 


_ where 7 is the coefficient of viscosity of the mix- 


ture, ky is the thermal diffusion ratio, A the co- 
efficient of heat conduction of the mixture, 


Xay = Sa ay VoRay qT ? 


ee te? OY , Myfle(mz—m,) Alnp 
Cy — Cry =m ey np ay 


OlnT 
+ BP (Fy —Fy) + kr a}, 


Dj. is the coefficient of mutual diffusion, Fy is 
the force acting per unit mass of the @ compo- 
nent, n=ny+Ny, and y=n,/n. 

Formula (15) determines the temperature dis- 
continuity at the boundary of the gas mixture and 
the solid body, while Eq. (16) determines the slip- 
ping speed. 

The first term in (16) describes Maxwellian 
viscous slipping for a boundary mixture, while the 
third describes diffuse slipping, due to the pres- 
ence of concentration, pressure, and temperature 
gradients in the mixture and also due to the pres- 
ence of an external field. 

The second and fourth terms are due to thermal 
slipping. The fluxes Xay contained in the fourth 
term cannot be expressed in terms of known kinetic 
coefficients. They can be calculated, for example, 
by a variational method.' 


\ 
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It is interesting to note that, owing to diffuse 
slipping, a body placed in a mixture of gases of 
inhomogeneous concentration should be set in 
motion. This phenomenon is to some extent anal- 
ogous with the radiometric effect. 
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The energy dependence of the cross-section for the scattering X (aa) X near the threshold 
Eth of the reaction X (ab) Y (X, a,b, Y are arbitrary particles) is studied on the assump- 
tion that there are long-range attractive forces between particles b and Y. It is shown that 
if these forces are capable of producing bound states of the particles b+ Y there are reso- 
nances in the scattering cross-section. These resonances lie below the threshold of the re- 
action X(ab)Y. A detailed study is made of the case in which attractive Coulomb forces 

act between b and Y. For this case the number of resonances is infinite, and the density 
of the resonances approaches infinity as the threshold is approached from below. 


INTRODUCTION 


ie a previous paper! the writer has studied the 
energy dependence of the cross-section for the 
scattering X(aa)X near the threshold of the re- 
action X(ab)Y. It was found that if there is no 
Coulomb interaction between b and Y the scat- 
tering cross-section has a characteristic singular- 
ity at the threshold point. In this connection it is 
interesting to examine the case in which long- 
range (for example, Coulomb) forces exist be- 
tween b and Y. The present paper is devoted 
to the study of this problem. 

Let us look at the statement of the problem in 
more detail. We shall study the energy depend- 
ence of the cross-section for the scattering 
X(aa)X near the threshold Eth for the reaction 
X (ab) Y. No restrictions are placed on the nature 
of the particles X, a, b, Y, except that for sim- 
plicity we shall regard them as spinless. Let us 
introduce one more simplification: we shall as- 
sume that there are no other inelastic processes 
besides the reaction X(ab)Y in the range of en- 
ergies with which we are concerned. We shall 
free ourselves from this restriction in Sec. 3. 

The reason that some sort of anomalies in the 
scattering cross-section are to be expected near 
Eth is as follows. Suppose the long-range poten- 
tial between b and Y is an attractive one and 
is capable of leading to the formation of a bound 
state with binding energy A. If such a state ex- 
ists, then it can be formed in the collision of par- 
ticles X and a (because the reaction X (ab) Y 
exists ), and consequently the scattering cross- 
section must have a resonance at the energy of 


formation of the bound state, E = Eth—A. Breit? 
was the first to call attention in the literature to 
the possibility of such an effect. It is clear that it 
is possible only if the size of the long-range poten- 
tial is much larger than rpg, the radius outside 
which one can neglect specifically nuclear forces. 
We shall always assume that this condition is ful- 
filled. 

The general theory of the effect is presented in 
Sec. 1. The second section is devoted to a detailed 
study of the case in which an attractive Coulomb 
potential acts between b and Y. This situation 
is encountered whenever differently charged par- 
ticles can arise from the reaction. Section 3 con- 
tains a discussion of the effects that appear when 
one of the particles formed in the reaction has a 
finite lifetime. 


1. GENERAL THEORY 


Let us consider the general problem of the be- 
havior of the cross-section for the elastic scatter- 
ing X(aa)X near the threshold Eth for a reac- 
tion X(ab)Y. We consider a state with a given 
total angular momentum J; in the region outside 
the action of nuclear forces (r > rj) the wave 
function has the form 


¥ = Dia, X) (RY) (r) — SiROUD)) V9 


— (6, Y) M, RO (NY vo, (1.1) 


where @(a, X) and ®(b, Y) are the internal 
wave functions of particles a and X andof b 
and Y, respectively; RP (r) is the radial func- 
tion for the relative motion of particles a and 
X with the wave number k (the signs + refer 
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to diverging and converging waves); ARN (Lr) is 
the radial function for the diverging particles b 
and Y with the wave number k,; YJo is the an- 
gular part of the wave functions, normalized to 
unity; and S7 and My are the elements of the 
scattering matrix, whose energy dependence we 
have to determine. The wave numbers k and 
ky are connected by the relation 


APR?/2 a = hPR2/2 yy + Een 


[u and pw, are the reduced masses of (a+X) and 
(b+Y)].- 

The radial functions Rj are determined in 
the usual way. They are combinations of Bessel 
functions if a and X can be regarded as free in 
the region r >rp, and Coulomb functions if the 
particles a and X are charged. As for #, 
this is the function that describes the motion of 
particles b and Y in the field of the long-range 
potential that acts between them. At infinity it 
must behave like e!Ki%/r. Hereafter we shall 
always suppose that R™ and # are normalized 
to unit flux. 

The scattering cross-section is given by 


1 


0 (9, E)= ae | D4 (21 + 1) (S:— 1) Pz (cos 6)|?. 


l 


In order to determine the dependence of Sj] on 
the energy, we use a formula proved in the Appen- 
dix, according to which 


Si = (a + bx\)/(a* + b* x), (1.2) 
where the quantities a and b can be supposed 
independent of the energy near the threshold, and 


d 
= In ZO] (1.3) 


Thus for our problem it suffices to determine the 
energy dependence of the function «{?. We shall 
first consider the range of energies E < Eth. 

For r>rp the function AES = /r satisfies 
the usual Schrédinger equation 


dy /dr? + [ke — 1 (L + 1)/r? — (Quy/h*) V(r) x = 9, 


where V is the long-range potential between par- 
ticles b and Y. We are interested in the solution 
of this equation that behaves like eikir at infinity. 
Since E < Ey, and ky is pure imaginary, this 
asymptotic form assures the finiteness of, x for 
r—o, As is well known from the general theory 
of the Schrodinger equation,? the function x for 
small r canbe represented in the form 


= Elan) +2 + ie (kr) ~ "I, 


(1.4) 


(1.5) 
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where € and e€ are functions of k,; the concrete 
form of these functions is determined by the poten- 
tial V. The function ¢€ is real, since both the 
equation (1.4) and the boundary condition at infin- 
ity, y~ elkir =e-IkiIr, are real. Some general 
conclusions can be drawn about the energy depend- 
ence of the function €. Indeed, let us continue 
equation (1.4) into the region r <r. If it admits 
of the existence of bound states with binding ener- 
gies Am, then the function € must go to zero at 
the values k; = (ky )m = (Am /2uyh?)¥?, since 

only under this condition is y regular at the origin. 
Thus as a function of the energy E of the particles 
a+X the quantity ¢« has the form shown schemat- 
ically in Fig. 1. Sometimes, as for example in the 
case of the Coulomb field, considered in Sec. 2, ¢€ 
goes to infinity in the intervals between the values 
Am. This makes no difference, however, in the fol- 
lowing arguments. 


FIG. 1 


Let us calculate the logarithmic derivative Rs 
From Eqs. (1.3) and (1.5) we get 
i(l+4)e 7 
ie + (karo) +2 J 


(1.6) 
Let us examine the behavior of xf near one 
of the bound states. Since we are considering the 
region near the threshold, where (kyr) is small, 
it follows from Eq. (1.6) that the function K{ is 
practically constant and equal to —(1+1)/r9 
everywhere except in narrow intervals of energy 
around the energies Am of the bound states. In 
these intervals, defined by the condition |e| < 
| (kyr) )22*! |, «f? changes very rapidly, running 
through the entire range of values from — to 
+o, This is shown schematically in Fig. 2. 


(+) 
45 


+] 


FIG. 2 


Substituting Eq. (1.6) in the formula (1.2) for 
Sz, and noting that «f? is real for E < Eth, we 
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can write Sj; in the form el? where gy is the 
real phase of the scattering Sj. 

The energy dependence of y can be seen from 
the formula 


4 Im(a + b xf) 


pale Pee Ce (1.7) 
Re(a+bx\")) 


» = tan 
Using the energy dependence of «{? obtained above 
(see Fig. 2), we easily see that the scattering phase 
shift gy remains constant everywhere except in 
narrow regions around the bound-state energies 
E = Eth—Am, where it changes by 7. As can be 
seen from the formula for the scattering cross- 
section 


3, = 4nk? (21 + 1)sin’ 9, 


to such changes of the phase shift there correspond 
resonance peaks of the scattering cross-section at 

energies close to Fry = Eth-Am:; and the scatter- 
ing cross-section has the shape shown in Fig. 3. 


a 


S (c+) 


“A, -A, 0 E—Ety, 


FIG. 3 


We can determine the width and shape of the res- 
onance peaks. For this purpose we rewrite Sj in 
the following way: 


iC p= 6b c+te b fy 2c 
t beck ape) b* | (cy + €)+ ics)’ 
C=C, — (Co, (1.8) 


where the complex constants c and b are ex- 
pressed in an obvious way in terms of the constants 
appearing in Eqs. (1.2) and (1.6). We note further 
that near the m-th bound state the quantity ¢€ can 
be expanded in a series in powers of the energy 


difference, 
¢= A[E —(Etn— Am)] +... (ES) 


Substituting Eq. (1.9) in Eq. (1.8), we get for S7 


hee 
Sy = ae 


C2 


Tz — A ’ Ee — Etn— /a\e3 


2iT 
(E—E,) +a, | 


Cy 
—F- (1.10) 
This equation has the form of the usual Breit- 
Wigner formula (cf. reference 3), with Te play- 
ing the role of the elastic width, which in our case 


BAZ’ 


is the total width, and the constant c,/A is the j 
shift of the resonance maximum relative to the ! 
energy of the bound state. Thus the general shape 
of the resonance peaks is described by the Breit- 
Wigner formula. The parameters of the reso- 
nances (Ie and c;/A) cannot be calculated, 
since through the constants c; and c, they de- 
pend on the form of the wave function for r < rp. 

This picture corresponds exactly to the reso- 
nance scattering that is well known from the theory 
of nuclear reactions. The part of the quasistation- 
ary states is played by the bound states of particles 
b + Y in the field of the long-range potential. i 
There is no absorption, since for E < Et, there ) 
are no inelastic processes, and therefore at its | 
maxima the cross-section reaches the maximum | 
value 4mk~?(21+1). 

Up to now we have spoken only of the region 
E < Eth. What will happen at the threshold point 
itself and above it? Here we must distinguish two 
cases: for large r the long-range potential falls 
off either a) faster than 1/r, or b) as 1/r. In 
the first case the theory developed in reference 1 
applies, and at the threshold point the differential 
cross-section has a singularity (a peak, an inverted } 
peak, or a finite discontinuity ), and above the | 
threshold it is a smooth function of the energy. The 
width of the singularity at the threshold point is 
very small: |k,| <R~', where R is the radius 
of the long-range potential. Case b) is treated in 
the next section. Looking ahead, we can state that 
the threshold is a point of condensation of the reso- 
nances, and above the threshold the cross-section 
is constant. 


2. CASE OF ATTRACTIVE COULOMB FORCE 
BETWEEN b AND Y 


The case of a Coulomb attraction can be studied 
exhaustively, since the analytic properties of the 
Coulomb functions are known. Using the method | 
of reference 4, we find without difficulty that for | 
|ky|—0 the following formulas hold: 


G 4 RG] ae 
SD = = (Gi + iF) = + Cot[— 2A (In (— iz) 


+ f (x) — Co / 2x) -+ Bi, (2.1) 
where 
X = 1€,eyy., / h?R,, z= 2ik,r, 
AS Cay Orn, 
n=0 
p= 5 Ge peli =) Se ee 
_ 2 pel 2 sei are irs a n! Tere 2 +n) 


n 1 Marg A 

< | ay Sein ure 
ier dere cinge sn Se 

s=1 
Cy = [nxe** / sin rx]? 
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e, and e, are charges of particles b and Y, vy 
is the Euler constant, and » is the logarithmic 
derivative of the I function. As can be seen from 
the formulas, A and B are real and do not depend 


on the energy (the product xz does not contain ky). 


Let us consider the quantity 
T= In (— iz) + f (x) — Ch / 2x. 
From the properties of the ~ function? 
%(y)—¢(— y) = — = cot ny, 
o(y)~Iny for |y|—> oo; largy|<* 
it follows that 


is in, E> Etn, 


T = In(xz) +. (2.2) 


\—xcot mx, E< Ey, 
Substituting Eq. (2.2) in Eq. (2.1) and calculating 
the logarithmic derivative, we get 


Coe i + ts) / ro (pi + isi), E> Ey) (2.3) 


(p + scot rx) / To (pi + Ss cot rx), 1B En 


where p, py, Ss, and s; are constants that can 
be expressed simply in terms of A, B, and their 
derivatives with respect to (xz). 

Substituting Eq. (2.3) in Eq. (1.2), we get for Sj] 


(% + £8) / (a* + ¢B*), Sh oes 
S,= (2.4) 
(a@ + Bcot rx) /(a* + B*cotmx), E< Epp. 
Here qa and B are constants made up from a, 
b, p, S, py, and s;. We now have assembled 
all the formulas needed for the study of the be- 
havior of the elastic scattering. 

Let us consider the region above the threshold. 
Here two processes are possible: elastic scatter- 
ing and the reaction. The cross-section for elastic 
scattering is given by 


o.= (2 4-1)[S;-1P 


a+ iB 2 


= (2+ 1) aie — | | (2.5) 
and the reaction cross-section by 
op = (21 + 1) (1 —| SP) 

= r+ fi—-|255/)- (2.6) 


The total cross-section is 


3 + i8 
9, = 0, + 4, = a (2+ 1)|1 —ReSt|.  @-7) 


Since a and £ do not depend on the energy, all 
three cross-sections are constants. For oy this 
has been known for a long time.® 

Let us now go on to the region below the thresh- 


old. From Eq. (2.4) we get 


6, (of + if a sey te] 


a* + B*cot xx |’ 


_ 21€2 pa 
cme Vi (Ey) Pee) 


and the scattering cross-section has the form 
shown in Fig. 4. When the cotangent is large, the 
cross-section is constant (the plateaus between 
the resonances in Fig. 4), and is given by 


Oso = Ankh? (20 + 1) (sin B)? | BI? 


The sharp changes in the cross-section oecur only 
for cot mx * —Re(a/8); in such a place the cross- 
section runs through the whole range of possible 
values from zero to 47k~*(21+1). Corresponding 
to the nature of the Coulomb spectrum the cross- 
section has an infinite number of resonances, which 
are more and more closely spaced as we approach 


FIG. 4 


the threshold point. The width of the resonance re- 
gion is obviously given by the energy of the first 
Coulomb level, i.e., the quantity efetu, /2h*. For 
heavy particles the width can be large. Thus if b 
and Y are singly charged and their masses are - 
of the order of the nucleon mass the width is ~50 
kev. A quantity of interest is the average value of 
the cross section: 


= 6. (2.9) 


In the integration one must use the inequality 

i (a@B* —a*B) > 0, which follows from the fact 
that above the threshold the condition |Sj| <1 
must hold. Equation (2.9) leads to a remarkable 
result: the average scattering cross-section below 
the threshold is equal to the total cross-section 
above the threshold. Thus the total cross-section 
(below the threshold it is just the elastic cross- 
section) is in a certain sense continuous as we 

go through the threshold point, whereas the aver- 
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age elastic cross-section decreases discontinu- 
ously at this point. 


3. CASE OF PRODUCTION OF AN UNSTABLE 
PARTICLE IN THE REACTION 


It has been assumed so far that the particles b 
and Y are stable. We shall now consider the case 
in which one of them (Y) has a finite lifetime T. 

It is not hard to see that the instability of Y can 
decidedly change the shape of the cross-section 

for the elastic scattering X(aa)X below the 
threshold. In fact, let us recall how the scattering 
process occurs: in the collision of a with X 

there is formed a certain intermediate state of the 
particles a, X and b, Y, which then decays to 

a state a+X (below threshold) or to a+X and 
b+ Y (above threshold). If Y is unstable, it can 
decay during the time t of existence of the inter- 
mediate state. As a rule, however, this can be 
neglected, since t is usually small (of the order 
of nuclear times). The only exception is the case 
of formation of a bound state of the particles b + Y, 
about which we spoke in Sec. 1. The time of exist- 
ence of this state can reach large values; if it is 
comparable with T, an appreciable part of the Y 
in the intermediate state has time to decay, and 
this leads to a corresponding decrease of the scat- 
tering cross section. This effect is important only 
near the resonance maxima of the scattering cross- 
section and can produce a decided smoothing-out of 
these maxima. We also note one other conclusion 
from these considerations: the cross-section of the 
reaction 


X (ab) Y° (3.1) 


(Y* means the products of the decay of particle Y ) 
will have maxima near the energies for formation 
of the bound states of the particles b+ Y. 

It is not hard to obtain formulas for the scatter- 
ing cross-section and the cross-section for the re- 
action (1.3). To do so we must substitute in Eq. 
(1.10) in place of Ep the quantity Ey,-ir (IT 
is the energy width of particle Y). We then get 


op 


b 2iT 

b* [! (E—E1) +i (7, +2) |: Ce 
This formula, like Eq. (1.10) has the usual Breit- 
Wigner form, but now the total width is not just 
the elastic width. The cross-sections for scatter- 
ing and for the reaction (3.1) are obtained by sub- 
stitution of Eq. (3.2) in Eqs. (2.5) and (2.6). They 
are just the usual Breit-Wigner formulas, and we 
shall not write them out here. We note only that 

if IT >Te, then at the maximum the cross-section 
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for the reaction (3.1) will be larger than the scat- 
tering cross-section. 

Like Eq. (1.10), Eq. (3.2) is valid only in the 
immediate neighborhood of the energy of a bound 
state: E — (Eth-4m) «6 (6 is the distance be- 
tween resonances). Far from the resonances, 
however, the instability of Y can be neglected, 
as we have seen. The cross-section of the reac- 
tion (3.1) is equal to zero for such energies, and 
the scattering cross-section is constant. The ap- 
proximate character of Eq. (3.2) also shows itself 
in the fact that it is true only if [ <6. 

It is easy to generalize the theory of Sec. 1 to 
the case in which for E < Eth some other reac- 
tions are possible besides elastic scattering. To 
do this we must take the point of view of the usual 
resonance theory of nuclear reactions and regard 
the bound states of the particles b+ Y as inter- 
mediate states of our system. Then introducing 
the partial widths for decay of a bound state into 
various channels, we easily obtain the generaliza- 
tion of the results of Sec. 1: the cross-sections 
for all the processes will have resonances at the 
energies E © Eth—Am; the heights of the reso- 
nances will be determined by the partial widths 
for the respective channels; and the width of each 
resonance will be the total width. 

In conclusion I would like to thank Ya. A. Smoro- 
dinskii for his constant interest in this work and 
L. A. Maksimov for reading the manuscript of the 
paper and making a number of comments. 


APPENDIX 


In the region outside the radius of action of nu- 
clear forces (r >rjy) the most general wave func- 
tion with a given angular momentum /7 has the form 


Ye (R- =, SR) ra) (a, X) Vn 


+ D(A? = DH VOCs (A.1) 


where S, 2, and D are certain constants. The 
coefficient of R® is set equal to unity, since v 
can be multiplied by any number. For r=ry this 
function must join on to the internal wave function. 
Then in general the internal wave function will not 
satisfy the conditions of regularity. These condi- 
tions will be satisfied only if S, Q, and D take 
certain definite values. Corresponding to the two 
possible channels (scattering and the reaction) 
there must exist two and only two sets of values 
of S, @, and D for which WV is regular. Let 
us denote these values by Sj, Qi, Di G= 2) 
and the two corresponding regular functions by 

v, and W,. The quantities Sj, Q,, and D; can 
be expressed in terms of the values of the wave 
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function and its derivative at the surface of the 
nucleus. To do this we must consider separately 
the radial functions for the particles a+X and 
b+ Y in Eq. (A.1), and match their logarithmic 
derivatives, and also the ratio of these two func- 
tions, at r=rg to the corresponding quantities 
formed from the internal wave function. We thus 
get 


ya) aes S;RCY | eee QR) 
= n “Ly er 0;, 
Ri‘ )— § RT ve HA )_ Q (+) a Z 
D, Go = 02) 5 ys Sis (A.2) 


Waa 


where the prime indicates differentiation with re- 
spect to r; Tj, pj, and oj are determined by the 
internal function; and wz and pw, are the reduced 
masses for the particles a+X and b+Y. From 
Eq. (A.2) we easily get 


eas x) mah Q a es °; 
= : ;=—— _, 
eg a, 


eee poate Me 


SE RR (A.3) 


where 


x*) ae (Rey Re) paws xh) ae (fo / RK) pes 
We note that by using the law of conservation of 
numbers of particles and the reversibility of the 
time one can show that the quantities Tj, pj, and 
oj are real, and that furthermore one can choose 
the functions in such a way that Tj =pj and 0,0, 
=-—1. This must be kept in mind in order to as- 
sure ourselves that the scattering matrix obtained 
below is unitary and symmetric, as a scattering 
matrix should be.’ 

We can now determine the scattering matrix 
of our problem. To do this we take the general 
wave function 


Ay + Asbo = D(a, X) [(Ay + As) Ree 
Aor Ss) Roe TY 10 
+@(6, Y){(A,D,-+ A:D.) F~ 


SAPO AG DOs) Bo 1 16 (A.4) 


and require that it describe the processes occurring 
in the collision of particles a +X. To this state- 
ment of the problem there corresponds a function 
that does not contain converging waves of particles 


b + Y. In order to get such a function, we impose 
on the amplitudes A, and A, the condition 


A,D, -- AD» —— OQ. (A.5) 


Then, setting A, +A,=1, we can write the func- 
tion (A.4) in the form 
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where the quantities S and M that are the ampli- 
tudes of the outgoing waves of particles a +X and 
b+ Y are given by: 

_ DiS2— DoS1 


IF D, 2 pae 


Qy = Os 


Mm a 


D,Ds. 


(A.6) 


Substituting Eq. (A.3) in Eq. (A.6), we get for S: 


a) (tr — XP) + 0? (te — xf) a — HD) RO 
= (t2 — “)) (ti — it) -- of (72 — x{T)) (t1— xD) RA) r=fe ‘ 
(A.7) 

From this formula we can determine the energy 
dependence of S near the reaction threshold. We 
begin by noting that near the threshold the entire 
energy dependence is determined by the function 
«§?, and all the other quantities in Eq. (A.7) can 
be regarded as constants. Let us prove this. By 
definition xf is the logarithmic derivative of the 
radial function of particles b+ Y at r=ry. This 
function has a singularity at kyryg ~ 0, and conse- 
quently «{? changes rapidly even for small values 
of kyr. As for the other quantities in S, x) and 
R) phy definition have no singularity at the thresh- 
old and depend only on k, which near the threshold 
is a quadratic function of k,: 

Dey 1 ke 

eV Biles ee 
The situation is also similar for the quantities T,, 
Tj, and o;. They are determined by the form of 
the wave function inside the sphere r< rp, where 
the specifically nuclear forces are large, and there- 
fore these quantities cannot change much for small 
changes of the energy of the system near the thresh- 
old. This conclusion is invalid only if there exists 
near the reaction threshold Et, some level of the 
system that owes its occurrence to the nuclear 
forces. 

Changing the designations of the constants, we 
now get the formula for Sj given in Sec. 1. 

This formula for Sj; is valid both above and 
below the threshold. In fact, only two assumptions 
have been made in its derivation: 1) the quantities 
Tj, Pi, and oj are real and related as stated 
above, and 2) the complete wave function must not 
contain .#. Strictly speaking the first assumption 
is valid only above the threshold, but owing to the 
constancy of the quantities Tj, pj, and 9j, which 
has been proved, it remains true in a small region 
for E < Eth. The second condition holds equally 
well for both regions, above and below the thresh- 
old. For E> Eth it corresponds to the absence 
of converging waves of b+ Y, and for E< Eth 
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(ky; imaginary) it is required for the finiteness 
of the wave function at infinity. 
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Calculations of electromagnetic cascades, initiated by primary electrons with energies of 
10°, 10°, 104, 5 x 10!!, 10!2 and 3 x 10?2 ev, have been performed for depths up to 2.8 
radiation units. The Monte Carlo method was used. Actual cross sections (not asym- 
ptotic) for the elementary electromagnetic processes in the nuclear emulsions were em- 
ployed. Two types of calculations were carried out: those using the Bethe-Heitler formula 
and those based on formulae that take into account the influence of multiple scattering and 
polarization of the medium on bremsstrahlung. 


1. INTRODUCTION 


baat method of irradiating stacks of photoemulsion 
pilates in the stratosphere is used for the experi- 
mental investigation of electron-photon showers at 
high energy. Nuclear emulsions represent a suffi- 
ciently dense medium: the radiation unit length 
(shower) in emulsions being ty = 2.9 cm. At the 
present time, individual electron-photon showers, 
with primary energies up to ~ 10-— ev, can be reg- 
istered with adequate efficiency over several radi- 
ation lengths in several liters of emulsion. 

Special interest is focused on investigations of 
electromagnetic cascades at high energies at the 
beginning of their development (in the first radia- 
tion length) where the characteristics of the cas- 
cade are determined by the basic processes at 
energies near to the initial energies of the par- 
ticles initiating the cascade shower. 

One of the basic difficulties in interpreting ex- 
perimental data, obtained in investigations of this 
kind, is the absence of theoretical calculations of 
cascades with allowance for the peculiarities of 
nuclear emulsions. A number of workers‘? have 
carried out calculations of cascades analogous to 
nuclear emulsion experiments. However, these 
calculations cannot be considered satisfactory be- 
cause they were carried out in the so-called A - 
approximation (see reference 4), which neglects 
electron collisions, except for the formation of 
pairs and bremsstrahlung, making use of asym- 
ptotic formulae. 

Such assumptions are not justified at small 
depths near the vertex of the shower, particularly 
in the domain of low energy electron cascades. 
Besides, in these calculations not all elementary 


processes are taken into account, which can have 
a noticeable influence on the characteristics of 
the cascade. 

Recently, there have appeared several papers 
devoted to improving the calculations of cascades 
and, in particular, to take into account some of 
the peculiarities of the emulsion method. Gardner® 
considered the influence of immediate formation 
of electron pairs on the different cascade proc- 
esses. Several papers are devoted to the deriva- 
tion®? and solution®*® of the diffusion equations in 
order to obtain the energy spectrum of electrons 
formed in all ways (the number at small depths?) 
and taking into account ionization loss.’ However, 
all these works only touch upon the separate ques- 
tion of developing cascades and usually do not solve 
the problem in view of the complexity of the calcu- 
lations. 

There are other difficulties which excuse the 
abscence of calculations on the fluctuations in 
cascades at small depths. 

It is clear that the majority of the indicated dif- 
ficulties in the calculation can be circumvented by 
applying the Monte Carlo method. 

Of course, for a complete solution of the problem 
it is necessary to take into account the spatial de- 
scription of the cascade. However, at high ener- 
gies, primary particles develop showers in a very 
narrow cone. As a result, the track of the electron 
is effectively registered in the emulsion and it is 
possible to reconstruct the spatial description of 
the shower, at any rate, over several centimeters 
near the vertex of the shower. This confines cal- 
culations of the problem to small depths. 

In the present work, calculations of longitudinal 
electromagnetic cascades were carried out down to 
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depths of 2.8 ty. The calculations were carried out 
by the Monte Carlo method. The conditions of the 
calculation were chosen in accordance with the ex- 
perimental peculiarities of the photoemulsion 
method. (Preliminary results were reported in 
references 9 and 10.) 


2. INFLUENCE OF THE MEDIUM ON BREMS- 
STRAHLUNG IN NUCLEAR EMULSIONS 


Landau and Pomeranchuk!! have shown that the 
Bethe-Heitler theory of bremsstrahlung breaks 
down in condensed media at sufficiently high ener- 
gies. As a consequence of multiple scattering in 
the medium, the bremsstrahlung process is dis- 
turbed, leading to a decreased probability for soft 
photon emission (particularly in the domain of 
small frequencies ). 

Ter-Mikaelyan,' in turn, showed that there was 
an additional weakening of the intensity of the soft 
bremsstrahlung due to the polarization of the me- 
dium. 

Rigorous formulae, taking both effects into ac- 
count, and valid for electron energies E > mc?, 
were obtained by Migdal'® (for a survey, see ref- 
erence 14). 

The graphs of the intensity of electron brems- 
strahlung in nuclear emulsions according to the 
Bethe-Heitler formula (total screening) and ac- 
cording to Migdal’s formula, taking into account 
both effects of the medium for electrons with en- 
ergies from 10!! to 1048 ev, are presented in Fig. 1. 
For comparison, the dotted curve gives the inten- 
sity only taking the polarization effect into account. 
It is clear that at E = 10'* ev the influence of the 
medium on radiation quanta with energy hw < 10: 
ev is considerable. 

To determine the influence of these effects on 
the energy spectra of particles in electromagnetic 
cascades and to clarify the possibility of experi- 
mentally revealing these effects, it was decided to 
carry out two types of calculations: using the Bethe- 


Heitler formula and applying Migdal’s formula, lf 


taking into account both influences of the medium 
on the bremsstrahlung. Since the influence of the 
medium manifests itself more strongly the smaller 
the energies of the radiated quanta, it was decided 
to calculate spectra of cascade electrons and pairs 
up to energies ~ 10° ev, valid at small depths t 

in the emulsion. This required the actual (not 
asymptotic) cross sections for the elementary 
processes. 


3. ELEMENTARY CROSS SECTIONS OF THE 
ELECTROMAGNETIC PROCESSES, USED IN 
THE CALCULATION 


The following electromagnetic processes in the 
fields of the nuclear and electronic components of 
the emulsion were taken into account in the calcu- 
lation: bremsstrahlung, pair production by photons, 
pair production by electrons, the Compton effect, 
photonuclear absorption and ionization decelera- 
tion of the electron. The spatial distribution of 
the particles was neglected in the calculation. We 
therefore used for all the elementary processes 
differential cross sections integrated over the 


angle, and dependent only on the energy of the par- | 


ticles. That is, cross sections of the type do = 
f(a, B)da, where £8 is the energy of the primary 
particle and a is the energy of one of the formed 
particles. 

The Bethe-Heitler formula in the Born approxi- 
mation, taking screening into account by using the 
Thomas-Fermi model, was used for the differen- 
tial cross section for bremsstrahlung and pair for- 
mation in the field of the nucleus. The screening 
function was approximated by an analytic expres- 
sion to within 1 to 2 per cent. The Thomas-Fermi 
approximation is considered sufficient for the prob- 
lem under consideration, because the electromag- 
netic processes in emulsions take place princi- 
pally in the heavy nuclei Ag and Br. 

We took into account the corrections necessi- 


FIG. 1. Energy dependence of electron bremstrah- 
lung in emulsions, in accordance with the Bethe- 


Heitler formula (B-H) and Migdal’s formula (M) for 
electrons with energies 10'* to 10'° ev. Ordinate: 


intensity of the radiation (hw/E,)/A(w), where A(w) 
is the free passage of electrons in emulsions for 


46802 4680%°2 46860°2 4 680? 


radiation of quanta with frequency between w and 
@ +d. E, is the energy of the electron. 


4 68) 
hue, 


| 


MONTE CARLO CALCULATIONS OF ELECTROMAGNETIC CASCADES 


tated by failure of the Born approximation. In the 
expression for the differential cross section for 
pair formation, the corrections introduced by 
Davies et al. are independent of the screening: 


Zr? ae 

er ao ye, 

v=1 
where a= Ze’/he and Z is the nuclear charge. 
For the heavy elements of emulsions f(Z) = 
0.59 x 1074 Z?. In accordance with Olsen and 
Brown, !® analogous corrections were introduced 
into the expressions for bremsstrahlung. 

The total cross section o for pair production 
by photons with energy hw < 10 Mev was calcu- 
lated using the known numerical data,!” by means 
of analytic integration of the cross section, do, 
without taking into account the screening in the 
Born approximation. Then corrections to the 
Born approximation, op, were introduced in 
accordance with the experimental results of 
Dayton.'® 


As= + 1.59-10°4Z?s_ for hw = 1.33 Mev, 
Ac = +.3.39-10°Z%sg for nw = 2.62 Mev. 


Also, in accordance with reference 19, Ac=0 at 
hw = 5 Mev and Ao= —0.04 op at hw=10 Mev. 

The total cross section for pair production by 
photons at hw > 10 Mev in the nuclear field was 
obtained from numerical integration of the Bethe- 
Heitler formula, taking screening and the correc- 
tions due to Davies! into account. The integration 
was performed on an electronic computer for sep- 
arate groups of elements with charges Z = 47.35, 
1S euarel ale 

The cross section for bremsstrahlung was cal- 
culated in an analogous way: numerical integra- 
tion of the expression do, with the corrections. 

In determining the total cross sections for ele- 
ments Zj, pair production and bremsstrahlung 
in the electron field were also taken into account. 
The formula of Wheeler and Lamb”? was used, 
taking screening into account correctly, generally 
speaking, for nuclei with charge Z=1. For pair 
production, we follow Bethe and Ashkin?! obtained 
by means of numerical integration of the cross 
section subtracted from the different total cross 
sections in a nuclear field Z=1 and in the elec- 
tron field, determined from the results of Bor- 
sellino.?! 

The so-called absorption coefficient, tT, is de- 
fined as T= 2 njgi, where oj is the total cross 
section for the interactions under consideration in 
atoms Zj;, while nj is the number of atoms Zj 
per cm? of medium. The value of nj is deter - 
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mined in accordance with the composition of the 
emulsion Ilford G-5 at 58 per cent humidity. The 
composition of the R-NIKFI emulsion is nearly the 
same.?3 


Ih! 
1 24660 2 46610°2 4680°2 4680°2 4 680° 
hwfme* 


FIG. 2. Absorption coefficients for photons in emulsions for 
pair production (t,), Compton effect (t,.) and photo-electric 
effect (tpn). 


The calculated values of the absorption coeffi- 
cients of y quanta in emulsions after counting 
pair production (in the fields of the nuclear and 
electronic components of the emulsion) and Comp- 
ton effect are presented in Fig. 2. For comparison, 
the value of Tp, for the usual photo-effect is pre- 
sented. 


19’ 10° 10° 
Eye 
FIG. 3. The coefficient t = 1/A, for electrons with energy 
E, for the radiation of quanta with energy hw > © calculated 
for emulsions according to the Bethe-Heitler (B —H) and 
Migdal’s (M) formulae. 1) B—H, e= 1.5 x 10° ev, 2) B—H, 
e= 10° ev, 3) M, e= 1.5 x 10° ev, 4) M, c= 10° ev. 


The 7+ coefficients for radiation quanta with 
energies exceeding the minimum value « (1.5 x 
10° ev and 10° ev) are given in Fig. 3. Curves 3 
and 4 were obtained by numerically integrating 
Migdal’s* formula for the differential cross sec- 
tion. The composition of the medium, in this case, 
is allowed for in the following way. Since the prob- 
ability of radiation depends on the medium through 
the quantity Z? In (190 Z~Y3)y, We determine for 
emulsions an effective value Zeff = 20.54, and 


then the parameter sj; = (Z3-/190 a which enters 
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into Migdal’s formula. The effect of polarization 
was accounted for by introducing into the formula 
the parameter q=sy instead of s and dividing 
the expression for the probability of radiation by 
y, where y=1+ 5.1 X 107° (hw) * E?, a param- 
eter that takes into account the deviation of the 

dielectric constant of the emulsion from unity. 

The value of the coefficient +t for electron 
pair production by electrons was determined in 
the following way: in the electron energy range 
E< 10’ ev, the formula of Bhabha,” neglecting 
shielding, was used; in the range 10’ ev < E < 
10° ev we used the modified Bhabha formula,” 
and in the range E> 10° ev we used the Racah”® 
formula, taking shielding into account (see refer- 
ence 25). 

Ionization loss of the electrons was considered 
constant and equal to 7 Mev/cm (the loss on the 
ionization plateau2’). The loss of electron energy 
in radiating soft quanta with energies hw <e was 
not considered in the calculation of the cascade. 
As shown in the actual calculations, these losses 
can be considered constant to an accuracy of 1 or 
2 per cent for electrons with energies > 10¢. The 
usual energy loss for electrons was considered to 
be equal to 7.6 Mev/cm in the case of € =1.5 x 
10° ev and 50 Mev/em in the case ¢ = 10° ey. 


4, CONDITIONS OF THE CASCADE CALCULATION 


The primary particles initiating the cascade 
were taken to be electrons with initial energies Ey 
Oi LO", 10'", 5< 10'', 10, andy3’x 10'2 ev. 

Several problems were calculated simultane- 
ously. Along the t axis of the shower, all sec- 
ondary particles (electrons and photons ) having 
a total energy greater than some value € (1.5 x 
10° or 10° ev) were investigated. Results were 
obtained for four values of the cascade depth t 
(calculated from the vertex of the shower): t, = 
1.0to, t,=1.5t9, tg =2.1ty, and ty = 2.8ty. 

We note that the quantity ty) = 2.9 cm is only 
used as a unit of length. The probability of differ- 
ent processes is calculated according to the ele- 


mentary cross sections (see the preceding section). 


Two of the elementary processes taken into ac- 
count — bremsstrahlung and y-quantum pair pro- 
duction — were performed for definite Zj. The 
value Zj corresponding to the four groups of ele- 
ments in the emulsion: hydrogen (Z = 1), the 
group of light elements (Z=7), bromine (Z = 35), 
and silver (Z = 47). The remaining processes 
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were performed with cross sections, averaged ac- 
cording to the composition of the emulsion. 

The values of the coefficients Tj were speci- 
fied at the following values of the total energies of 
the particles, expressed in units of the electron 
rest mass mc?: 3, 7, 10, 20, 60, 200, 600, 2 x 10°, 
6 x 103, 2 x 104, 2x 10°, 2x 108, and 2 x 10°. Lin- 
ear interpolation was used for intermediate values 
of the energy. 

The sequence of selecting the processes for 
photons was performed in the following way: 

1. Select the distance x, which the photon 
covers prior to an interaction, in accordance with 
the total absorption coefficient for all the elements 
of the emulsion. 

2. Select the form of the process. Each of the 
six processes taken into account (pair production 
at a fixed Zj, absorption, and Compton effect ) 
was given its statistical weight. 

3. In the case of pair production, the energy of 
the pair and the depth t at the place of production 
were noted in the results. Then the relative energy 


of the components of the pair were selected accord- | 


ing to the formula for the differential cross section 
at a fixed Zj. 

4. For the Compton effect, the Klein-Nishina 
formula was used to determine the scattering angle 
of the photon, the angle of the ejected electron and 
the energies of the photon and electron. We chose 
for further investigation photons whose scattering 
angle did not exceed 0.01 radians and electrons 
with a scattering angle < 30°. The electron yield, 
independent of the scattering angle, was noted in 
the appropriate energy intervals. 

The scheme for choosing the electron processes 
was the following: 


1. Select the distance x, which the electron 
covers prior to one of the processes, with the help 
of the total coefficient 7, taking into account 
bremsstrahlung with energy >e« and electron pair 
production. 

2. Determine the energy of the electron at the 
point of interaction, taking into account energy 
losses by ionization and soft bremsstrahlung with 
energy < ¢, along the path x. 

3. As the electrons passed through depths tj 
(i= 1, 2, 3, 4), determine the energies at these 
depths and record the results in appropriate en- 
ergy intervals. 

4. Select the nature of the process (five possi- 


bilities ) in accordance with their statistical weights 


Tay he 
5. Select the radiation energy according to the 
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TABLE I. Differential energy spectrum of electrons and electron 


pairs in cascade showers initiated by electrons with energy Ko 
i ne ee 


Number of pairs down to depths 


Number of electrons t 


Energy interval, ev 


o depths 


t, t, | #5 ty t, t, | t; | MA 
Eo = 10° ev 
1.5-106—3.5-108 0.06 0.09 0.16 0.24 0.18 | 0.34 | 0.68 | 0.65 
3.5-10&—107 0.414 0.30 0.70 ia Pall 0.30 | 0.61 | 0.84 | 1.46 
10°’—3 10? 0.21 0.52 1.09 1.85 0.44 | 0.88 | 1.37 | 1.42 
3-107—108 0.27 0,62 1.45 1.74 O;60R S41 Oon et 0G sete23 
10®—3 108 0.27 0.52 0.76 ll 0.45 | 0.56 | 0.64 | 0,62 
3-408—109 0.21 0.28 0.46 ; 0.62 0.68 | 0.45 | 0.27 | 0.14 
Eo = 10 ev 
1.5-10®—3.5-108 0 0.08 0.16 0.40 1 0.148 1 0:46 | 4.43 | 2.05 
3.5-10®—107 0.13 0.41 0.94 2.31 | 0.28 | 0.96 | 4.90 | 3.59 
10’—3-10? 0.22 0.63 4 72 3.76 Qe Ath Pe Alor |) Ae 
3-107-—108 0.37 0.96 2.30 4.71 0.60 | 1,33 | 3.44 | 5.43. 
108—3 - 108 0.30 0.70 1.59 3.24 0.54 | 1.14 | 2.33 | 3.47 
3-108—10? 0.33 0.78 1.63 2.82 eZAS) Ne Baa | GLaPAG) ICS) 
10®°—3- 109 0.19 0.36 0.73 1.20 0.56 | 0.64 | 0.68 | 0.65 
3-410°—108 0.23 0.44 0.55 0.63 0.63 | 0.49 | 0.44 | 0.20 


FIG. 4. Integrated energy spectrum of N(> E) 
electrons to depths t in the cascade shower, in- 
itiated by electrons with energy E,. B-H) calcu- 
lated according to Bethe-Heitler for emulsions, 
M) calculated according to Migdal’s formula, 

1) results of Arley,’ 2) results of Janossy and 
Messel,? 3) results of Srinivasan et al.’ 
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differential cross section, taking screening into 
account. 

6. Select the pair energy and select the ener- 
gies of the components of the pair according to 
Rossi’s formula”® (using the average Z of the 
emulsion ). 

In all cases, the selection must be performed 
with respect to a complicated formula, which does 
not allow a simple converse transformation. There- 
fore, we used the following method of selection with 
a double series of random numbers: 

The first random number, £é,, fixes the value 
u, of the argument of the differential probability 
f(u). The value f(u,) is then compared with a 
second random number é,. If f(u,) < &, the 
operation is repeated. We generate the following 
pair of random numbers &3 and é, which deter- 
mines ug and carry out the comparison of f(u3) 
with £&, and so on, until the condition f (ux) > 
Ek,, is satisfied. The values ux are used as 
the generated argument. 

As the results of the data are distributed about 
a number of particles in twelve energy intervals, 
to depths t;, ty, ts, and ty. The limits of the in- 
tervals coincide with the values of the energies, in 
which is assigned the numerical value Tj (see 
above). The calculation of the cascade was car- 
ried out on the “Strela” electronic computer. 


5. RESULTS 


The purpose of the calculation was to obtain the 
following characteristics of electromagnetic cas- 


N(> Ep) 
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cades in their first stages of development in nu- 
clear emulsions: 

1. Energy spectrum of cascade electrons reach- 
ing depths t;, ty, tz, and ty. 

2. Energy spectrum of electron-positron pairs 
produced by photons down to depths t,, t,, tz, 
and ty. 

3. Energy spectrum of the Compton electron 
yield to depths down to t,; and ty. 

4, The number of pairs formed by electrons 
(tridents ) with energy corresponding more or 
less to 3 x 10’ ev in depths < ty. 

Besides this, the fact that the cascade calcula- 
tions covered all particles and not merely a sep- 
arate single branch of the cascade tree has allowed 
us to obtain information on fluctuations in the cas- 
cade. 

A total of more than 1000 cascade trees were 
followed. At E) = 10!* ev, 179 cascade trees were 
calculated using the Bethe-Heitler formula, in the 
remaining cases, an average of 80 to 100 trees 
were followed. 

The results of the calculations for primary en- 
ergies Ey, = 10° and 10!° ev are presented in Table 
I. The influence of the medium is absent at so 
small Ey. The data can be useful for work with 
electrons obtained in accelerators. 

Figure 4 shows the integrated energy spectrum 
for cascade electrons at depths t, and t, at pri- 
mary energies Ey = 10! ev. It is seen that the 
total number of electrons in the Bethe-Heitler for- 
mula (B-H) is 10 to 40 per cent higher than that 
calculated by Migdal’s formula (M), if the influ- 


Oa | ‘10 


FIG. 5. Integrated energy spectrum N(>Ep) 
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ence of the medium is taken into account. From 
a comparison of the graphs it is possible to see 
how much this difference depends on the primary 
energy Ey, and the considered depth t. For com- 
parison, the cascade curves of Arley,! Janossy 
and Messel,? and Srinivasan et al.? are also pre- 
sented. It is seen that the essential difference 
between our results and the others occurs for low 
energy electrons. 

The errors indicated in Fig. 4 (as in all subse- 
quent figures) are statistical. They are determined 
from the results of calculations on the distribution 
of tree cascades with respect to the number of elec- 
trons in the cascade, N(>E). 

The integrated energy spectrum of electron- 
positron pairs N(>E) is presented in Fig. 5, 
formed in depths down to t, and t, at different 
Ey. The difference between the Bethe-Heitler and 
Migdal variants in this case is from 10 to 60 per 
cent, i.e., visibly greater than in the electron spec- 
trum at high Ep). If we take into consideration that 
the effectiveness of counting a pair is greater than 
for electrons only, it becomes clear to what extent 
it is advantageous to measure electron-positron 
pairs in order to investigate the influence of the 
medium. 
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FIG. 6. Number of electrons N, depth t, with energy 
E > 3x 10° ev as a function of the energy, E,, of the electron 
initiating the shower. N, Nmax 2nd Nin are the average, the 
maximum and the minimum number of electrons using Migdal’s 
formula. 2) The results of Janossy and Messel.’ 
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Curve 3 in Fig. 5 is drawn from the results of 
Srinivasan et al.® It is seen that it is little differ- 
ent from our results for high energy pairs using 
the Bethe-Heitler formulation, particularly at Ey 
= 10'! ev, but very different for low-energy pairs. 

In Fig. 6 we present the curves for the number 
of electrons at depth t, with energy > 3 x 10° ev 
as a function of the primary energy E). Curves 
Nmax and Nymin tend to the limiting value N in 
different cascades. The probability that N lies 
between the limits Nmax to Nmin is 0.7. See 
reference 10 for the determination of Nmax and 
Nmin- 

Table II gives the results of the calculation for 
the number of pairs formed by electrons (tridents) 
at depths t < 1.55 ty. 

In Fig. 7 we present a histogram of the distri- 
bution of cascade electrons, depth t, with energy 
E>1.5 x 10% ev (Ej = 10! ev, B-H variant). 
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FIG. 7. Probability, W, of finding N electrons with en- 
ergy E>3 x 10° ev at depth t, in a cascade shower, formed - 
by electrons with energy E, = 10’? ev. 1) Results of the calcu- 
lation using the Bethe-Heitler formula. 2 and 3) The Poisson 
and Furry®® distributions, respectively, at average value N, 
determined in the calculation. 


For comparison, we also show the curves for 
Poisson and Furry” distributions for the corre- 
sponding average N. It is seen that the Furry 
curve agrees better with the distribution than the 
Poisson curve. 

Taking the fluctuations in the cascade into ac- 
count, it is possible to say that in order to detect, 
experimentally, the influence of the medium on 
bremsstrahlung from the energy spectrum of 


TABLE II. Number of electron-positron pairs with total energy 
> 1.5 x 10° ev, produced immediately by electrons in cascade 
showers, initiated by electrons with energy Ep, to depths t = 

1.55 ty. The number of pairs with energies 1.5 xX 10% t003e 1 0 ey. 

is indicated in parentheses 


Ey, eV B—H M B-—H | M 
| 
4 (0.02 5-4041 0.52 (0.20) 0.34 (0.05) 
te ; Ma (508) toe 0.56 (0.18) | 0.54 (0.15) 
400 0.28 (0.07) | 0.27 (0.11) 
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pairs in electron-photon showers, it is necessary 
to have not less than 8 to 10 showers with energy 
~ 10! ey. 

We express our thanks to I. I. Gurevich for his 
attention and interest in the work, to A. B. Migdal 
and to P. Nemirovskil for valuable consultation, 
to A. A. Dorodnitsin for use of the computer, and 
to D. I. Golenko for programming the problem. 
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CYLINDRICAL AND PLANE MAGNETOHYDRODYNAMIC WAVES 
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Cylindrical waves produced in a conducting medium by a magnetic field are considered. The 
two cases when the field is directed along the z axis and along the angle y are analyzed. 


Special attention is paid to “sound” waves as well as to those possessing velocities close to 
that of light. 


AN study of plane and particularly cylindrical N=1. From the relation dw* = Vd(p +p’) = V dp*, 
magnetohydrodynamic waves is of considerable where 
interest both from the physical and from the ana- 
lytical points of view. 

In the present paper we confine ourselves to the 
case of infinite conductivity and isentropic motion, 


dp’ =" a(arn) = - d (HV) (6) 


(p’ is the supplementary field pressure), we ob- 


with the condition that the magnetic field is perpen- ee a vor 4 PY 7 
dicular to the velocity. We shall carry out the USE ah OS crae ° 
study first in the general relativistic form with Inserting now the value of H from (5) we get 
strong fields and large energy densities, and shall aoa 1 
then proceed to examine “classical” relatively dw” = V dp — ik FL Ng wives 
weak waves. oO meVede 

se bh ie ne 4rr (8) 


1. FUNDAMENTAL EQUATIONS Now Eq. (1) can be rewritten 


The fundamental equations of isentropic cylin- 1 (da, , da) 
drical waves can be written in the relativistic case “6? Ga PO} 
OlnV a olnVv 2me2V H? 
| : Jn w* - + = 0. 9 
(3 = a5) | se a eae thes 2 (1) o”( 8 a dare" (9) 
(5 ae = “| = (3 a a = \- fae = (0. (2) The characteristics of the system of equations (9) 
‘3 ; and (2) can be written 
Here a is the velocity, w* the total heat content, Ws 
V the specific volume, ge =1 —a’/c*; New e LOT = se : (10) 
cylindrical waves, and N=0 for plane waves. The fae oa 
equations can be derived by using the condition The following relations hold along the lines 
OTik /8xk = 0, where Tik is the total energy- i ; Berea euiih, 
momentum tensor of the field and of the medium. gr = to'dinV+o — dt ae 
If the magnetic-field vector is perpendicular AG Ris 
to the plane of motion of the medium, we have = +o" dInV Fw" — dt TD (11) 
UV =O. CONS (3) where 
apa, 21 (-v y 2.4). (12) 
If the magnetic-field vector lies in the plane of at oe By aes 


motion (but is, naturally, perpendicular to the 
velocity vector), then 


ees 6 = const. (4) 


w* is the magneto-gasdynamic velocity of sound. 
Inasmuch as 


i a ‘ yen ee (p ++ 0c*), 
Relations (3) and (4) can be combined into one, ee eae eae A a f 
Lae at (5) where w = (dp/dp y¥/2 is the ordinary velocity of 
where m=0 when N=0 and m=0 or 1 when sound, we get 
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oO (p+ ec%) w/c? + H? | 4m 
lint ae p+ pce? + H2/ 4x 


: (13) 


Let us now calculate the value of w**/ c* for 
an ideal gas, assuming that for the isentropic 
process p=AV™, where A is a constant. ie 
starting with the relation —dV/V = c’dp/( (p+pe7), 
we obtain 


e pV = 2 i=) 

eta aya, = Pala (1 (k—1) 9,08)’ 
where pa and Vg are the initial values of p 
and V at p=)g. It is obvious that 


oo? RAV2—-# + 722 | dre 


Ct gVe8t RAV" / (R—1) + PMR ae 


for an ultrarelativistic 
we get 


For ordinary gas a@=1; 
or a photon gas, when p = (k-— 1) pe, 
= 0. 
Let us proceed now to examine several prob- 
lems. 


2. STATIONARY FLOWS 


In the case of stationary flows the system (1) 
and (2) admits of the following integrals 


w*/8 = w, = const, (14) 
arN m 
eos A const, (15) 


where wo is the heat contents at rest, A=1 or 
2m respectively for N=0 or 1, and m is the total 
mass flow per second. 

Relations (14) and (15) can be rewritten 
S=(1+%n) <!-55 


my? we? 


= 1— (pV + pV? + HPV / 42). (16) 
® 
From (16) we obtain an expression for V 


b2r 2 


> m, cy2N ae 
(20° Se 7) = up (it 2S) 


c2r2™ 


The case when N=0 (and consequently m = 0) 
is of no interest; in this case V = const. 

Let us consider two interesting types of motion, 
when N=1 and m=0 and 1. It is easy to ex- 
plain first that the motion in these cases can be 


defined only within a certain region. In fact, since 
rm = (m/c)? w'®V? | (wi? — w"?), 


we have at dr*#™ = 9 


— d In w* / d In V = l —— w*2 / we? —— GeGr 


Furthermore 
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H? dV d\nw* w*? 
dw* =Vdp—-z» dinV e ’ 
so that 
ot 02 eve 
pet Ca yee wee ; 


e., the condition of critical flow is obtained. 

If m=0, we can readily determine V = Ver; 
r=Yer =Ymin, and the motion is defined in the 
region rmin =r < ~. When a#0 and r—o 
we have V—~; a=amax<c, with 


mV ac? 


Tmin ~ tn (wo? — a2et)'/2 i 


If a=0, then 
es Hef kA Ng (2—k)/? 
Kee dscns 
and 
Qa—Qamnax = C- 
If m= 1, we obtain by eliminating r? 


} 22 
[pga * + act + AEE 


4xc? 


ie 


1 3 


ul eee 


= of (— 


* RAV 2 act), 


which determines V = Voy. 

If a # 0, then, as seen from an analysis of 
this equation, we have two values of V = Vey, 
corresponding to two extremal values of r, r= 
Ymin and r=Yrmax. Thus, the motion will be 
defined in the region rmin = Yr = fmax- When 
Yr =Ymax, the stationary mode of flow is no 
longer possible, and the current will pulsate 
there. 

If @=0 (ultrarelativistic gas), then rmax 
— oo, and thus the stationary flow will be defined 
in the region rer < r < ~. 


3. NONSTATIONARY WAVES 


We shall study strong “sound” waves in an ul- 
trarelativistic gas, when the pulsation occurs at 
velocities of flow close to the velocity of light so 
that 1-—a/c «1. Now Eqs. (2) and (9) become 


,o CEL Oya + 2Gle) — o*2 7dInV OlnV 
=| cot Or Trrcam ( cét or ) 
2mHV N OlnV OlnV 
4xrw* 7 er e cot a Onn (17) 


Hence, since H*V =b*r?™/v, we have 


Ne 
we: 4xVrw* 


(j = (3p pore _N 
\ C5 NCO enor ) 


(18); - 
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Here 
RAVE (2h) (ES) abt 
c RAV1—* | (k—1) + ac? + 6272" 4nV ’ 


1—k 2m 
Wi — rae ac? + a : 

The solution of Eq. (18) involves no great diffi- 
culties in the case of an ultrarelativistic gas, 
a@=0. In the case when N=0, we have V = 
F (r—ct), but a more detailed analysis is of no 
interest. 

Let us consider the case when N = 1: 

dInV , dinV 4 

COlt ee" Or (2—k)r 


(k— 1) br?” 
4 nkAV2-* 


@ — 2m)] ; 


V2 — r[F (r—ct) —(k—1) 892". /4nkA]; (19) 
with this 


(Se , O(a/c) 
62 CO aL OF | 


ee 4 4nkArF (r — ct) — 2m(k —1) 6272” 
aS BETS | 


4 tkArF (r — ct) —(k — 1) 62r?™ 
The solution of this equation is of the form 


— © & p—2 (k-1) (2-2) f (ry — 
1 rains dI f(r — ct) 


(k pong 4) b272™—1 —2/ (2—k) 
x[1— Sopra : (20) 


It is obvious that 


a ae _ 4) fi(r— ct) ee: r2 
ieee 2 (R--1)|(2 eae er fail Ch) ae 


It follows from this that when ac we also have 
we = h(r—e), 


which is an analogue of the continuity equation for 
the stationary case, when f,(r-—ct) =const. In 
this case we deal with a source of variable flow. 

An investigation of relation (19) and (20) shows 
that when m =0 the motion is defined over the 
entire space 0<r<o. 

When m=1, waves of this type can exist only 
ee = tt) woen 1-a/e —1 and V—0. 
When r>rmax, motions can exist only when 
a/e «1. 

We now show that if there is no magnetic field, 
Eqs. (17) assume the form 


are): Bais) 


62 cot or 
| ae , 
=~ "7 1— of / c? == ( cot ye re 


In the case w@=0 wehave w*/c?=k-—1, and 
therefore Eq. (21) can be rewritten 
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ue Ae k—1 NM 


62 cot Or 2—k r”’ 
1 oe Oo N 
COMM SA One © (eahire 


The solution of these equations is 
ees £ ded f(r yb, ct) ite (k—1) MCs ies © (r ee ct) pT @=8) 
Obviously the following relations hold 


weah(r—ct), 5 =fa(r —ct). 


The second relation is an analogue of the Bernoulli 
equation. With this 


p= AV Oe clin ee 
IfgN= 2) and k=, 
p=O(r—ct)r4, (22) 


hence 


Anrig es Fete ND (23) 


r2 

where F is the force acting on the surface 47r?. 
This force is inversely proportional to the square 
of the distance r from the center of the body that 
radiates the ultrarelativistic (or photon) gas. 

Let us proceed now to investigate sound waves. 
The principal equations for sound waves, when 
a<oc, become 


da AON. ee Oeeee 
ot e or. C«A rw 0, (24) 
Oblni Vey (OCs ne ee Ceo 
eh Cl 2 ac0rs suede 0. eS) 


if m=0, the problem of investigating sound wave 
is simply solved. Here w* = wo* = const, and 
the system (24) and (25) can be written 


da % a ev da, Na 
Qi Vo Of? 


Veal. dr Macnee 


with V=V,)+AV. Hence, introducing the veloc- 
ity potential defined by the relations 
09 Vo Op 


= a a Ty Ros 
or oy” ot? 


we arrive at the classical wave equation 


t—_9 00 Op | N 09 
0 af Ol ano re 


0) 


(where N=0 or 1), the solution of which is well 
known. 

If we have m=1 and when N=1, the problem 
is much more complicated. Since HV =br, then 
HV — © when r— ©, We may have here p ¥ pe? 
and H* = pc’. It is therefore necessary to inte- 
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grate the system 


Oa , b%c2r +g OlnV 
dt | 2nVa* @ Oe # (26) 
d|lnV oa a 
ayaa 27 
ot Gia Goh ( ) 


In considering sound waves, we should put 
V=V,(r) + AV, AH=H)(r)+ AHs 


Since HjyV) = HV =br, then 


AH = — AV 7 — Av, H=7-(1-+-). 


2 


With this, the system of equations beomes 


ag __r OAV 
Or Verdot” 
dE b%c%2_—, TO DAV s 
ae oe Pavan. ayer con? where £ =ar. 
It is obvious that, by introducing 
62? r dr 6? Vo dr? 
n= Av — 52 | = av =| so 272 ; 
i Wy AkV, + br? | 4x 
(28) 
we arrive at a simpler system of equations 
CSR OT ONE ow”? on 
Op Wie Oe ¥ Oe ~~ Wy OTe © 


Hence, eliminating 7, we obtain the equation 


oe , din(Vo/r) 0& Core 


ore | dr oo pe Cor ? 


the solution of which is also possible in explicit 
form for the set of relations Vp = Vo(r). 
Relation (28) can be meaningful only under the 


condition that both terms in the right half are of 
the same order of smallness. This can occur 
either if b is small, i.e., the field is weak, or 
if we assume that 


OAV BP Vor 
or 2m pAV2—* + 6272 /4n ” 


i.e., by assuming that the derivatives of the func- 
tions AV and é can be arbitrary when b is 
arbitrary, a fact that leads to high frequency 
waves of low amplitude. 

Depending on the law Vj) = Vo(r), the velocity 
of sound w may increase with the distance, de- 
crease with it, or remain constant as a particular 
case. 

Assuming a ~ 0 and specifying V) = fr” at 
k >1, we find that if vy <2, we get wif—c as 
L— x, 

If »y>2, then wf—-0 as r—o; when r=0 
we get in both cases wy = Vvk-lec. If a=0, we 
have wg =const when v = 2/(2-k). 

When v < 2/(2—k) and r—o we get wf 
—c; when r=0 we get a} =Vk-le. 

When v > 2/(2-k) and r—«, we have wi 
= vk-—1e; when r=0 we get w*—c. 

We can, in particular, assume the field to be 
constant everywhere; then V)~r, i.e., v= 1. 


‘Baum, Kaplan, and Stanyukovich, Bsegeunue B 


KOCMM4eCKyi0 razsoguHamMuKy (Introduction to Cosmic 


Gas Dynamics), Part 3, Ch. 2, Fizmatizdat, 1958. 


Translated by J. G. Adashko 
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The energies and the wave functions of the rotational states (J = 4) of non-axial nuclei are 
calculated, and the reduced probabilities for E2 transitions between these states are de- 
rived. Conditions under which the rotational states can be characterized by a quantum num- 
ber K are ascertained. It is shown that, when the shape of the nucleus deviates from axial 
Symmetry, the interval rule 1—3.3—7—12 observed in the rotational band of axial nuclei 
is violated. The theory is compared with experiment. 


Tae rotational states of even-even nuclei have 
been studied by Davydov and Filippov! under the 
assumption that the equilibrium shape of the nu- 
cleus can be represented by a tri-axial ellipsoid. 
Analytical expressions for the energy of the rota- 
tional states with spin 2, 3, and 5 were found, and 
the transition probabilities between these states 
were calculated. In particular, it was shown that 
the theory made it possible to find a single-valued 
relation between the ratio of the energy of the two 
levels with spin 2 and the ratio of the reduced 
probabilities of E2 transitions from the second 
level (J = 2) to the first level (cascade transi- 
tion) and directly to the ground state (direct 
transition ). 

In the present work, results are presented of 
numerical calculations of the energy of rotational 
states with spin 4, 6, and 8 for different values of 
the parameter y which determines the deviation 
of the shape of the nucleus from axial symmetry. 
The wave functions of these excited states and the 
transmission probabilities between them are cal- 
culated. In Sec. 3 the conditions are given under 
which the rotational states of nuclei may be de- 


4 


scribed by approximate wave functions correspond- 


ing to states with a given value of the projection of 
the total momentum on axis 3 of the nucleus. Ap- 
proximate formulae which determine the reduced 
probabilities of E2 transitions between rotational 
states of nuclei whose shape does not differ greatly 
from axially symmetric are derived. The theory 
is compared with experimental data in Sec. 4. 


1. ENERGY OF EXCITED STATES WITH SPIN 
4, 6, AND 8 


The energy of rotation of a non-spherical even- 
even nucleus is given, in the adiabatic approxima- 


tion, by the Schrodinger equation 


(H—2)$=0, (1.1) 
where ¢€ is measured in units of n?/4B~?, and 
the operator H is given by the formula 


3 
H 22 >) J isin? & 12273); (1.2) 


A=1 


where J, are the projections of the operator of 
the total angular momentum on the axes of the co- 
ordinate system fixed in the nucleus. The wave 
function corresponding to the state with total mo- 
ment J, and fulfilling the conditions of symmetry 
found by Bohr,‘ can be represented in the form 


diy = Oy |EK> AR, (1.3) 
K>0 
where 
JK> = [(2F © 1)/16 «2 (1 + 8x9)]” 
x {Dur + (— 1)’D, —x}- (1.4) 


The functions Dyk in Eq. (1.4) are functions of 
the Euler angles that determine the orientation of 
the principal axes of the nucleus in space. It can 
be shown that the wave functions (1.3) form the 
basis of a totally symmetric representation of the 
group D, (see reference 1), the elements of 
which are the rotation through 180° around each 
of the three principal axes of the nucleus. 

Substituting Eq. (1.3) in Eq. (1.1), and making 
use of the value of the matrix element of the op- 
erator of the rotational energy (1.2) acting on the 
wave functions (1.4), 
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SIRI HIKy = hei) Re 2. PROBABILITIES OF ELECTRIC QUADRUPOLE 
TRANSITIONS IN THE ROTATIONAL BAND 


(IK-+2|H|JIKy= 25 * (14840) J —K) 


The reduced probability of electric quadrupole 
transitions between the two states described by 


Re WER Wore Ken dys the functions ~jmji and yjrm’f is given by the 


expression 

1 = sin? (y—2n/3), 8 = sin? (y+ 22/3), *P 
5 . S , A | Mf . ie (2. 1) 

6 in 0, for K+0 B(E2Q; i >fy\= OT. 1 > | (J ‘m'F | Qou | mi) |?, 
Oi Sins? y, Beo= fy" for KO” 16 (20 + et 

where 
we obtain for each value of J a system of alge- 
braic equations for the value of the coefficients Qon = Qo {Di cos ¥ + es (Dip AAD eon tt, 
Ax in the wave functions (1.3). For instance, 
for J=4, the Schrodinger equation (1.1) is re- (Re 3Z8R2/V 5r. 


duced to a system of equations 
The wave functions of the states with spin 2 
[5 (a + 8) —e] Ay + (3 V5/2) (a — 8) A, = 0, and 3 are given in reference 1. Coefficients Ax 
of the wave functions of the state with spin 4 


(3 V5 /2) (a — 8) Ay + [4 (% + 8) + 28 — 8] Ay dnd 
ami = V9/ 8H? { Au Ding rf 


1 Ay(Dig ee DE as) 


+ (V7/2) (a — 8) As = 0, V2 
(V7 / 2) (a — 8) Ae + [(« + 8) + 88 —8] Ay = 0. (1.5) — Au (Da + Dn aan (2.2) 
The energy of the corresponding rotational states can be calculated by solving the system of equa- 
is determined from the condition that the system tion (1.5) for each of the three roots of the equa- 
(1.5) has a solution. Having solved each of the tion determining the value of the energy of these 
systems of equations (for corresponding values levels. The values of the coefficients A, for 
of €) we can determine the wave functions of three levels with spin 4 are given in Table II. 
these states. Also presented in the table are the values of the 
The wave function (1.3) and the values of the coefficients Byy of the wave functions 


energy of the states with spin 2, 3, and 5 can be 
expressed in terms of the parameter y by ana- 
lytical functions. The formulae are given in ref- 


Vemi ==) 13/ 8x? { BoD in. ie Bs: (De Da =) 


erences 1 and 2. For the energy of the states a Bu (Dma+ Dim, a) 
with spin 4, 6, and 8, equations containing the 
third, fourth, and fifth power of ¢« are obtained + 5 BylDie + Dy. -)\ (2.3) 
respectively. 

The results of a numerical solution of these of the states with spin 6. 
equations for several values of y are given in Using Eq. (2.1) and the wave function with 
Table I. The number in parentheses next to e¢ J =2 and 4, one can calculate the reduced tran- 
indicates the value of the spin in the excited sition probabilities between these states. Thus, | 
state, whereas the index below denotes the num- for the electric quadrupole transition, the reduced | 
ber of the level with a given spin. probabilities (in units of e?Q?/167) are given by | 


TABLE I. Dependence of the rotational energy (in units of 
h’/4B6?) of even-even nuclei on the parameter y 


“t 0 5 10 15 20 22.5 25 20,9 30 


€)(4)°|413.33] 13,54 14,12 15.00 15,841 16.01 16,06 16.02 |- 46. 
€2(4) | oo 274.1 77.73 42.48 32.26 30,92 34,24 32.69 | 34 
€3(4) | co | 1056 268.4 1 Ps) 71,92 58,54 49 20 42.85 | 40 
€:(6) | 28 28.42 29,54 30,65 30.78 30.54 30.33 30.06 | 30 
é2(6) | co 270.5 93,54 60.46 54,52 00,74 57.33 59.74 | 60 
€:(8) | 48 48.60 50,26 90.87 49.60 48 94 48,38 48.10 | 48 
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TABLE II. Coefficients determining the wave functions (2.2) 
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and (2.3) of states with spin 4 and 6 respectively 


Se SE es Ee Le a ORS DS a 
xy | 0 5 | 40 15 20 22.5 25 27.5 30 
Ao |4 “ 0.999 0.993 0.955 0,909 0.852 0.792 0.739 
Aa |0 0.003 0.030 0.114 0.296 0.414 0,522 0.605 0.664 
Aa, | 9 |10-6 10-4 0.001 0,010 0.022 0.042 0,076 On25: 
Aoz |0 | —0,003 |—0.03 —0.114 |—0.296 |—0.4145 |—0.523 |—0.602 |—0.559 
Ag | 1 il 0.999 0.993 0.954 0.907 0.842 0.754 0.500 
Ag2 |0 5-10-4 0,004 0,015 0.043 0.074 0.128 0.264 0.661 
Bo. |1 4 0.998 0.973 0.878 0.817 0.766 0.714 0.672 
Bo, |0 0.0075 0,065 0.232 0.476 0.570 0.633 0.674 0.695 
Ba |0 {410-4 6-10-4 8-10-38 0.043 0.081 0.113 0.189 0,254 
Be. | 0 |10-7 40-6 6-10-5 9-10-4 | 2.8-10-3 |}6.4-40-3| 0,015 0.031 

the formula 23823? 160 234 166 188 190 

; ; F ' eee Puls Dy «=U 0s0s Qs 

O(E2; 4i-> 2f) = sy {cos y-[6Aua; + V 15 Ay,by] sat 

14 
+ sin y-[V15 Ageaz + Agidy + V35 Ayibs]}2, (2.4) 


where ag and bg are coefficients that determine 
the wave functions of spin 2 (see reference 1). The 
reduced transition probabilities between states 
with spin 4 are given by the expression 


b(E2; 4i-> 4f) 
= (77) 7 {2 cos ¥-[7 Ags Ags — 5 AgcAo¢ — 2 Agios] 
+ V 8sin7-[3 V5 (AaAoy + AorAsy) 
+ V7 (AnAaj + AacAo))]}*. 


The reduced probabilities of a transition between 


(2.5) 


states with spin 4 and 3 are given by the expres- 


sion 
b(E2; 4i—> 3) 


= 4 (2V 3cos7-Ax + siny (V5 Aw — V7 Aud}. (2.6) 


Finally, we shall give the equation determining the 
reduced probabilities for the transition 6i — 4f: 


b(E2; 6i—> 4f) 
> {cos 14 [3 V5 ByAo + 4V 2.1 BozAoy + 3 BuAas) 


hs 
+ siny (V3 BoAort BocAag /V 10 + V 14 BoAor 


+V 21 ByAss+ V 49.5 BecAgs]}?. (2.7) 
For the sake of brevity, we shall call the energy 
levels 0, 21, 41, 61, and 81 (where the first fig- 
ure denotes the spin of the level and the second the 
number of the level) the levels of the “principal 
rotational band.” These energy levels are repre- 
sented in the figure by solid lines. For y—0, 
the states of the “principal rotational band” pass 
over to the levels of the axially symmetrical nu- 
cleus. All other energy levels represented in the 
figure (by dotted lines) tend to infinity for y— 0. 
We shall call these energy levels “anomalous.” 
Using the values of coefficients determining the 


35 
y, degrees 


wave functions, one can calculate from Table II 
and reference 1 the probabilities of electric quad- 
rupole transitions between various rotational 
states of the nucleus. The values of some of these 
probabilities are given in Table III. 

Taking the results of reference 1 and the data 
of Table III into account, we see that the values of 
reduced probabilities for electric quadrupole tran- 
sitions between different rotational states of an 
even-even nucleus can be split into three types: 

1. Transitions with reduced probabilities (in 
units of e”Q?/16m) on the order of unity. These 
transitions include the cascade transitions be-- 
tween the levels of the principal rotational band 
and the cascade transitions between “anomalous” 
rotational levels. For example, the transitions 
3—+ 22, 42—-3, and 42 — 22 belong to this 
type. 

2. Transitions beween the levels of the prin- 
cipal rotational band and “anomalous” rotational 
levels with another value of the spin. Examples 
of this are the transitions 3— 21, 41 — 22, 

42 — 21, and 61— 42. The reduced probabili- 
ties of such transitions are equal to 0 for y= 0° 
or 30°, and are unlikely to occur for other values 
of y. 
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TABLE III. Reduced probabilities for electric quadrupole A 
transitions (in units of e?Q?/167) between certain | 
rotational states of even-even nuclei 


Ya 0 | 5 10 15 20 22,5 25 27.5 30 
5 By Ss 4) 0 0,0060 | 0,034 | 0.130 | 0,406 | 0.619 | 0,824 |0.955 | 1.00 
CED: iu > 54} 4.429) 1,418 4,395 | 4,377 | 1.374 | 1.366 | 1.365 | 4.378 | 1.389 
b(E2; 41 > 22) 0 |3.5-10-4} 0.0023 | 0.010 | 0.033 | 0.044 | 0,039 | 0,016 0 
b(E2; 42— 21) 0 |4,4-10-3} 0.014 | 0,008 | 4-40-4] 0.009 | 0,024 | 0.018 0 
b(E2; 42— 22) |0,595} 0.594 0,575 | 0,543 | 0,484 | 0,447 | 0,435 | 0.484 | 0,595 
b(E2; 4243 ) | 1,333) 1,323 4.282 | 4.172 | 0.978 | 0,680 | 0,448 | 0,210 0 
6 (E2; 42— 41) 0 0.0138 | 0.0624 | 0.167 | 0.3413 | 0.339 | 0.344 | 0.274 | 0.273 
b(E2; 61— 41) 1,573} 1,563 4.547 | 4,562 | 1.623 | 1.674 | 1.703 | 4.725 | 1.734 
b(E2; 61 — 42) 0 10s 7.7-40-8 | 0,035 | 0.052 | 0.033 | 0,014 [0.0023] 0 


3. Transitions between levels with identical 
value of the spin. Examples of this are the tran- 
sitions 22—21 and 42—41. The reduced prob- 
abilities of such transitions are equal to 0 for 
y= 0°, and then markedly increase with increas- 
ing y, attaining maximum values of the order of 
unity for y = 30°. The transition 3— 41 belongs 
to this group. 


3. THE QUANTUM NUMBER K AND ITS SELEC- 
TION RULE 


The wave functions (1.3) of rotational states of 
even-even nuclei are represented by linear combi- 
nations* of functions (1.4) corresponding to a state 
with a given value of the projection of the total 
momentum (quantum number K) of the nucleus 
on the axis 3 of the coordinate system fixed in the 
nucleus. The value of the coefficients that deter- 
mine the contribution of different terms of such 
linear combination depends on the parameter y. 

As can be seen from Table II and reference 1, 
the wave functions of the rotational states of the 
nucleus can be approximated for y < 15° by ex- 
pressions containing only one value of K. Thus, 
the wave function of states having spin 2 for y < 
15° can be replaced by the approximate functions 


$e, = | 20> = (5 / 8n2)” D?,,, 


be 22 (G16R*) * (Dee Des). (Bat) 


Under the same condition, the wave function of 
states having spin 4 are approximated by the ex- 
pression 


$i = |40> = (9 / 8x2)" Dé, 
One 42> == (9/ 16n?)" (D4, + [Diy 
$9, = |44> = (9/ 1622)" (D4, + Dt 


m, —4 (3.2) 
and so on. 


In the cases (y < 15°) where the rotational mo- 


*Only the function of the rotational state with spin 3 
corresponds to a given value of K = 2 (see reference 1), 


tion of the nucleus can be described by approximate 
functions of type (3.1) and (3.2), the rotational states 
can be characterized by two quantum numbers J 
and K. In this approximation, the levels of the 
principal rotational band are characterized by the 
value K=0. “Anomalous” rotational states can 
then also be subdivided into system of levels with 
various K=2,4,6... 

The reduced probabilities of electric quadru- 
pole transition between states described by approx- | 
imate functions |JK> different from 0 (in units 
of e7Q2/167) have the form 


by (E2; JK > J'KY=5(2J 0K J'K)* cos? ¥, 
by (E2; JK > J’, K +2) 

=~£(1 484) (2J2K1J', K+ 2)?sin®y, 
by) (E2; JK J’, K — 2) 


= (1 + 8x) (2J, —2K|J’, K —2)*sin? y. 


The rules with respect to the probabilities of tran- 
sitions given at the end of the last paragraph are, 
in this approximation, reduced to the selection 
rule 


AK =0 (3.3) Bi 


for the most probable transitions. Transitions vio- 
lating the condition (3.3) are called K -forbidden 
transitions. 

In view of the fact that the quantum number K 
is an approximate one, Eq. (3.3) is applicable only 
for nuclei with y < 15°. For y > 15°, one should 
use the accurate functions (1.3). The results of 
Sec. 2 make it possible to estimate the error 
which occurs when the approximate functions 
(3.1) and (3.2) are used instead of the accurate 
function (1.3). 

It should be mentioned that in several of 
papers,° ° in the analysis of the relative transi- 
tion intensities, certain excited states with spin 2 
and 3 were assigned the quantum number K = 2. 
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The authors of these papers regarded these ex- 
cited states as so-called y-oscillations, and ar- 
bitrarily assumed the frequency of these oscilla- 
tions. If we consider such states as rotational 
states of a non-axial nucleus, then the mutual 
position of states and the relative transition prob- 
abilities between them can be readily explained. 
In that case, the theory used only one parameter 
y, which is determined in an unique way from the 
ratio of the energy of two levels with spin 2 (see 
following section). 


4. COMPARISON WITH EXPERIMENT 


In order to facilitate the comparison of the re- 
sults obtained with experimental data, we show in 
the figure the ratio of the energy of rotational 
states with different values of spin to the energy 
of the first excited state plotted as a function of 
the parameter y. The parameter y is deter- 
mined in an unique* way in the interval 0 < y < 30° 
from the ratio of the energies of two levels with 
spin 2 by means of the formula 


[} + V1 — 2sin?® 3y 
x [I ay ae = sin? 3y i. 


Having thus determined the value of y, we can, 
with the help of the figure, find the position of the 
remaining rotational states with different values 
of the spin. It can be seen from the figure that 
the deviation of the shape of the nucleus from a 
rotational ellipsoid leads to the violation of the 
interval rule 1—3.3—7-—12 in the principal 
band, which can be observed in the rotational 
band of axially symmetrical nuclei. Thus, for 
instance for y = 30°, the principal rotation level 
should satisfy the interval rule 1—2.67—5—8. 

The experimental values of the ratios of the 
excitation energy of nuclei os'??, Dye: p28, 
Pu238 (data of reference 9), 234 (data of refer- 
ence 10) and Os!88, os!®* (data of reference 14) 
to the energy of their first excited state are de- 
noted by points in the figure. It can be seen that 
the theory predicts correctly the sequence of spins 
and the experimental energy ratios. A slight de- 
viation of the experimental points from theoretical 
values can be accounted for by introducing a cor- 
rection term 


E (2) /E; (2) = 5 sin?’ 37 | 


(4.1) 


TCT = 1)? (4.2) 


*We disregard the ambiguity due to the fact that, in even- 
even nuclei, the rotational energy and the transition prob- 
ability between them are the same for various y and 7/3-—y 
(see reference 1 and 3). 
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which takes the connection between the rotation and 
internal excitation of the nucleus into account. The 
value of this correction term can be used as a cri- 
terion of the applicability of the adiabatic approxi- 
mation. It should be noted that, in an analysis of 
rotational spectra from the point of view of the 
assumption about the actual form of the nucleus, 
the deviation of experimental energy ratios from 
the interval rule 1— 3.3 —7 —12 was assumed to 
be wholly due to the violation of the adiabatic con- 
dition. This has led to a great overestimate of 

the role of the correction term (4.2). In fact, the 
deviation from the interval rule for axial nuclei 

is mainly due to the violation of the axial symme- 
try of the nucleus. Of special interest, in that re- 
spect, are the experimental data on the levels 2, 

4, 6, and 8 of the Os!%? nucleus, the position of 
which has been determined by Scharf-Goldhaber 

et al.!! and Aten et al." in the study of cascade y 
transtions in the decay of the isomere Os!” with 
a decay time of ten minutes and spin 10. As has 
been noticed by the authors,'!’! the experiment- 
ally-observed sequence of spins corresponds well 
to the sequence of spins of the levels of the nucleus 
Hf'®°, which has a well-defined rotational spectrum. 
However, the observed ratios of energies are sub- 
stantially different from those obtained theoretic- 
ally for axially symmetrical nuclei. It has been 
mentioned in this paper that the experimentally 
observed ratios 1 — 2.93 —5.62 — 8.93 cannot be 
obtained theoretically even by applying the cor- 
rection (4.2). 

Apart from the variation of the interval rule 
for the levels of the principal rotational band, the 
violation of axial symmetry of a nucleus leads to 
the appearance of new rotational levels (“anoma- 
lous”), such as, for instance, the second levels 
with spin 2 and 4 in Os!*°, These levels do not 
appear in the decay of the isomer of Os!) with 
ten minutes half life, but they appear in the K- 
capture decay of Ir!?, 

The features of the spectrum of the Os! nu- 
cleus are due to the large value of y=21.4° cor- 
responding to an experimental ratio of energies 
Eo. /Eg1 = 3.15. Using the value of y = 21.4, one 
can calculate the values of the given probabilities 
and the relative probabilities of electric quadru- 
pole transitions in the nucleus Os!*?_ These val- 
ues are given in Table IV, together with the tran- 
sitions connected with the theoretical level with 
spin 3, a level which has not yet been observed 
experimentally. With Os!*° nucleus as an ex- 
ample we have shown that the theory of non-axial 
nuclei makes it possible to calculate the relative 
probabilities of electric quadrupole transitions 
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TABLE IV. Relative transition probabilities between various 


rotational levels of the Os 


190 nucleus 


a a nn 


Transi- 


Transi- 
: Reduced - pee ; .| Reduced Relative 
E2-tran- tion en- obabilit Relative E2. tran tion en probability ‘iv 
sition fae) (e2Q2/ 167) probability sition Ga) (2/167) probability ; 
21-0 186 0.934 4 eye Al 244 OFoLS 2.44 
44 —> 21 360 1.33 39.3 61 — 41 500 1.6 Zou 
22— 24 400 0.467 Pes) 42 — 22. 540 0.461 100 
22— 0 586 0,066 ZAR 42 — 41 580 0.319 100 
22 — Al 40 0.071 Sone One 42. — 21 940 0,007 24.6 
Sed 604 0.18 69 42> 3 336 0,813 16.9 
3— 22 204 1.60 209 42— 61 80 0.06 9-40-4 


between all rotational states. The values of the 
relative transition intensities found provide a 
qualitative explanation for the observed decay 
schemes of the excited states of Os!®°, Thus, 

for instance, a decay of the isomeric state of 
Os!* takes place only through the series of cas- 
cade transitions through rotational levels of the 
main rotational band without a marked excitation 
of the “anomalous” rotational levels. The “anom- 
alous” rotational levels 4* and 2* are excited in 
the K-capture decay of the Ir!*? nucleus. It fol- 
lows from Table IV that the nucleus, after emit- 
ting an E2 photon, can pass from the excited 
states corresponding to an “anomalous” rotational 
level 4* either into the rotational level with spin 
4* in the principal rotational band with subsequent 
cascade emission of 2 photons, or (with the same 
probability ) into the level 2* corresponding to an 
“anomalous” rotational level. From this state, 
the transition either occurs to the state with spin 
2* of the principal rotational band, or (roughly 
with the same probability ) directly to the ground 
state. According to the theory, the Os!®? nucleus 
should have an excited state (~ 790 kev) with 
spin 3*. However, as can be seen from Table IV, 
the excitation of this rotational level is not very 
probable since, from the higher levels 4* and 6*, 
transitions to other rotational states are much 
more probable. It is possible that, because of 
that, this rotational state has so far not been dis- 
covered. 


In reference 1, a comparison has already been 
made of the theoretical values for transition prob- 
abilities with experimental data for levels having 
spin 2 and 3. Since the writing of reference 1 new 
experimental data have appeared on the ratio of 
the reduced probabilities of cascade and direct 
transitions. Table V presents the experimental 
data (McGowan!**) and theoretical values, ob- 
tained from the formula 
b (E2; 22 21) 

b (E2; 22 — 0) 
20 sin? 37 
a 7 {9 —8 sin? 3y — [3 -— 2 sin? 3y] V9 — 8 sin? 3y } ~ 


The parameter y is determined from the ratio 
(4.1). The experimental data!* and theoretical 
values 
b (E2* 224.21) 

b (E2; 24 0) 
20 sin? 37 

~ 7{9 — 8 sin? 3y + [3 — 2 sin? 37] V9 — 8 sin? 3y } 
are also given for the ratio of the reduced transi- 
tion probabilities (22 — 21) and (21—0). It 
can be concluded from Table V that this theory 
makes it possible to establish a single-valued 
relation between the given ratio of the reduced 
transition probabilities and the ratio of the en- 
ergy of both levels with spin 2. 

Experimental values of the ratio of intensity 
of E2 transitions 3—41 and 3— 21 inthe 
Sm!52 nucleus are given by Nathan and Waggoner.°® 


TABLE V. Ratio of the reduced probabilities of electric 
quadrupole transitions for certain nuclei 


| b (E2; 22+ 21)/b (E2; 22 + 0) | 6 (E2; 22 > 24)!b (£2; 21 = 0) 
Nucleus | E/E. + 

| Theory | Experiment | Theory | Experiment 
Wares 15.4 10.3 il. 1.8 0.052 ‘ 
Gd1>4 8.411 14.0 2s 1/94 — pede 
W184 8.02 14.1 3, 2.36 0.18 Ont 
Osi88 4.08 SIRS) 4 Pritt 0,32 0.19 
Os}%0 2.98 21.4 7 Ja 0,50 0,92 
Os? | 2°37 25,4 | 24 9.4 0,90 0.68 
Tel22 2.29 26,3 40 30 1,29 2.8 
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This ratio corresponds to the ratio of reduced 
probabilities 


{b(E2; 3—> 41)/6(E2; 3-21) exp= 1.88. 


From the ratio Ey. /E,;= 8.9 for Sm‘? nucleus, 
it follows that y = 13.5°. The theory then leads 
to the value 


{6(E2; 3-> 41) /6(E2; 3+ 21)},,_ = 1.37, 


or 


which is in agreement with the experimental ratio. 
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The non-additive part of the free energy of an inhomogeneous dielectric, related to the 
presence of long wavelength fluctuations of the electromagnetic field in it, is calculated 
with the aid of the diagram technique. The corresponding part of the stress tensor (the 
van der Waals force stress tensor) is also calculated. In addition, formulas for the 
Green’s functions of an electromagnetic field in an absorbing medium are adduced. 


INTRODUCTION 


Ths work is devoted to the calculation of addi- 
tional forces arising in an inhomogeneous dielec- 
tric* due to the presence of a long-wave fluctuat- 
ing the electromagnetic field in it. These forces 
may be called van der Waals forces since they 
have the same character as the van der Waals 
forces of attraction between molecules at large 
distances. 

The contribution of the long wave fluctuations 
to the free energy is small compared with the total 
free energy of the body. However, they lead to a 
qualitatively new effect: the non-additivity of the 
free energy of the body. Indeed, each change of 
the density and, consequently, in the dielectric 
constant of the body in a certain region leads to 
a change of the fluctuating electromagnetic field 
within this region by virtue of the Maxwell equa- 
tions. Thus the part of the free energy under con- 
sideration is not determined by the properties of 
the substance at the given point alone. Therefore, 
for example, the chemical potential of a thin film 
of liquid on the surface of a solid depends on the 
thickness of the film. (A rough calculation based 
on the assumption that the interaction between 
the liquid molecules and the underlying sub- 
stance obeys the van der Waals law leads to the 
dependence! py = const — a/d?). These same ef- 
fects lead to the appearance of forces of mutual 
attraction between solids, i.e., to a dependence 
of the free energy of bodies on the distance be- 
tween them. Such forces were calculated rigor- 
ously by E. M. Lifshitz? (see also reference 3). 


*To avoid misunderstandings we emphasize that in the pre- 
sent paper inhomogeneous bodies are understood, in particular, 
to include bounded bodies even though these are homogeneous 
over their entire volume. 


Here, evidently, fluctuations with wavelengths of 
the order of the dimensions of the inhomogeneities 
are significant (for example, of the order of the 
film thickness or of the distance between the at- 
tracting solids). This makes possible a macro- 
scopic analysis for macroscopic bodies and to ex- 
press the results in terms of ¢, the dielectric 
constant of the body. 

Of course, the corrections to the free energy, 
necessitated by the fluctuations of the electromag- 
netic field, cannot be calculated by means of sim- 
ple average expressions for the energy of the 
electromagnetic field in the medium — for vari- 
able fields in an absorbing medium such a concept 
is generally meaningless in view of the presence 
of dissipation. It is therefore necessary to deter- 
mine directly the correction to the free energy of 
the body, necessitated by the interaction of the par- 
ticles of the body with the long-wavelength electro- 
magnetic radiation. We shall calculate here the 
corrections to the free energy by the Matsubara 
technique? as modified by Abrikosov, Gor’kov and 
Dzyaloshinskii, and Fradkin.® We remark at once 
that this method makes it possible to recast the 
whole of the quantum theory of fluctuations in a 
considerably more convenient form. In the follow- 
ing sections we shall describe the properties of 
certain functions encountered in the application of 
the indicated methods to the electromagnetic field 
in an inhomogeneous absorbing medium. In this 
connection we shall make wide use of the results 
of reference 5. | 


PROPERTIES OF THE GREEN’S FUNCTIONS 
OF AN ELECTROMAGNETIC FIELD IN AN 
ABSORBING MEDIUM 


A basic role will be played in our work by the 
temperature or “Matsubara” Green’s functions for 
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the electromagnetic field, defined by the formula* 


Das (ti, 2, tr — te) 


F-HT ,H(t,—t) f —HA(t;—%2) # 
op teh elt T2) AL (r1) € AL (ty a, (re), Tie > Was 


(B= Hitter tlc e=)) h A(t,—+:) f ss 
=So4e Mitr eats ) A, (te)e—*9) A (ry), 1 < 2. 


(1) 
Here Agl(r) is the 4-vector potential operator in 
the Schrédinger representation, H is the system 
Hamiltonian, and F is the free energy of the body. 
By virtue of the reality of the electromagnetic 
field, the operator Ag(r) is Hermitian. This 
permits the components of the expansion of Dag 


Daa (Taye, (03 — te) = 
Arguments analogous to those brought forth in ref- 
erence 5 for the homogeneous medium case lead to 
the conclusion that Dqg (V1, %, w) can be ex- 
pressed in terms of the Fourier components of 
DE, Indeed, if we define DRo (rt, fr, W) by 


Lee) 
Det) Wee De(gatts fdr, 


—oco 


then Daplt, Yo, Wy) and Dee (ry, Yo, Ww) are 
connected for Wy > 0 by the relation 


Spat, Aen Oa he cae ae (5) 


We remark that it follows from the very definition 
(3) that DR a( ry, Y,, w) is an analytic function of 
w, having no singularities in the upper half-plane. 
The tensor Deg (or Dap) has ten independent 
components. However, we have at our disposal a 
considerable arbitrariness connected with the gauge 
invariance. Indeed, it is not the quantities Dia, 
made up of the components of the vector potential 
ney. that have a physical significance, but only the 
six corresponding quantities made up of the com- 
ponents of the electric field intensity Ej. Thus, 
only six physical conditions are imposed on the ten 
quantities. The remaining arbitrariness may be 
made use of in order to set the components pR 
and pk equal to zero. Obviously, this corre- 
sponds to a gauge with a.scalar potential equal to 
zero. We shall henceforth assume such a gauge 
(except for the Appendix), since it is the most 
convenient for the case of a spatially inhomoge- 
neous medium. With this gauge, the Heisenberg 


*Here and below Greek indices «, B,... = 0, 1, 2, 3 denote 
the components of 4-vectors and tensors, and Latin ones, 1, 
k,...=1, 2, 3, denote the components of 3-vectors and ten- 


sors. 


er 
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in a Fourier series in t;—7T, to be determined 
from the equation 
4 1@ 47 
Dre (ti, T2; On) = => 
ae 


Daa (ri, Io, t) dt ’ (2) 


which satisfies the relation 
Dag (ti, 2, On) = Dis (Co) Tz, = @z). (3) 


(The asterisk denotes the complex conjugate quan- 
tity.) The temperature Green’s function Dog is 
connected by a simple relation with the so-called 
“retarded” Green’s function Dives defined by the 
formula 


b 


0, i thor 


te Sp AL (ti, ¢1) A, (re, ts) — A, (fe, to) A, (tT, t1) J}, ee Ui (4) 


operators E and Hf are related to A by the 
formulas 


E=-—dA/ot, ~H=curlA, (6) 


and the operator A (r, t) itself, in the case of 
long wavelengths when a macroscopic description 
of the medium can be used, satisfies the equation* 


} +eurl curl A= 0. (7) 


(As always, the dielectric constant e€ is a time- 
dependent linear operator in the presence of dis- 
persion. We neglect the magnetic properties of 
matter, since they are completely inessential in 
the frequency region of interest. ) 

Differentiating (4) with respect to time, taking 
into account Eq. (7) and the commutation rule for 
the vector potential, which has the form 


OA G, De, Pr CLC CR 
ES hres: t)— Aetr’, | 
— —AniS(r—r’) din, beeen (3) 


and going over to the Fourier components in terms 
of t, we obtain an equation for DE: 


(¢(r, @) 075; + 8,10? | OXm — 0 / Ox:0x1 Di (nr, To, ) 
= 4x6 (r — IP) Oye i (9) 


Substituting iw, for w in (9), we find that the 
function Dj satisfies the following equation for 
Wy > 0: 


*We use a system of units in which f =c = 1. For the sake 
of simplicity, we assume everywhere that the dielectric is a 
- fluid and consequently isotropic. All formulas are easily gen- 
eralized to the case of a solid anisotropic dielectric. 
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FIG. 1 


{e(r, i@p) 29:4 — 8,0? / Oxi + 07 / Ox;0X1} Dik (11, Te, On) 


= — 4nd (ry — re) Sie - (10) 

We note that since ¢€(iwy,) is, as is well known, 
a real quantity, the operator acting on Dj, on the 
left-hand side of (10) is Hermitian even in an ab- 
sorbing medium. Equation (10) defines Dj, (Pr, Yr’, Wy ) 
for Wyn >0. Dik for wy <0 can then be found with 
the aid of relation (3). It is necessary to bear in 
mind here that the function Dj, satisfies a real 
equation and is therefore real. 

Thus, solving Eq. (10) for the given body, we 
find Dix. 

On the other hand, Dj, can also be calculated 
not from (10), but according to the general rules 
of the Matsubara technique. We separate from 
the complete system Hamiltonian the part corre- 
spending to the interaction of the particles of the 
body with the long-wave electromagnetic radia- 
tion: 

H = Ao+ Aim = Ao + J Ag (r) fa(r) a'r . (11) 

Here Hy is the sum of the Hamiltonian of the free 
electromagnetic field in vacuum and the Hamilto- 
nian of the particles of the solid, i.e., we consider 
that all interactions between particles are included 
in Ho except for the interactions with the long- 
wave radiation. jq(r) is the system total current 
operator. We can now calculate Oqp by the usual 
diagram technique.° Here, however, it is necessary 
to bear in mind that since we include in Hint only 
the interaction with the long-wave oscillations, we 
must consider that all integrals over the momenta 
of the long-wave photons are cut off at a momentum 
kp that is much smaller than the reciprocal of the 
interatomic distance, 1/a. (We shall not introduce 
this cutoff explicitly, since the final answer will be 
formulated in a manner independent of the nature 
of the cutoff.) Obviously, each long-wave photon 
line, along which an integration is carried out, will 
therefore bring in an additional smallness ~ kya 
and we must restrict ourselves in Dag to only 
those graphs in which no integration is carried 
out along the long-wave photon lines, i.e., to sum- 
ming the following series (see Fig. 1) 


Die (1, 0, On) = Dee (r — 1’, On) 
+ § D2, (rf — 11, a) Wy2, (ti, Te: On) 
X Die (fa — 1’, On) 22r,d*r, 
+ {Or — 11, On) Was, (ta, Tr, On) 
x Oh, (fz — Tg. ©n) Il 1, (Fs. Ta; ®n) 


x Of. e (Fa — P', On) Gr, Gre drs d3ry +... (12) 


Here Iljk(r, ©’, Wn) is the Fourier component of 
the system polarization operator, denoted in the 
graph by\a crosshatched loop. It is understood 
that all graphs not containing long-wave photon 
lines must be included; the inclusion of graphs 
with these lines would exceed the accuracy. 

Summing the series (12), we obtain an equation 
for Di,:* 


Diz (ns ae On) a Dr (r ie r’, Wn) + S oy (t, ry, Wn) 


* Nae (ry, To, Wn) Dip (Tr, ak CG @) a*r, d*rp. (13) 
We apply to Eq. (13) by the operators 
{e(r, i@p_) Wnd;2 — 8;,0? / OXin + 0? / Ox:0x;}, 
{oA3dqn — 89x02 / Ox’?, + 0? / Ox,0x;}. (14) 


Taking into account that Di, satisfies Eq. (10), 
and Oe, satisfies the same equation with ¢ = 1, 
we find, taking Eq. (3) into account, 


e(r,i|o,|)—1 


Iz (r, oe Wn) a Ti 75,5 (r —_ ry 


(15) 


The fact that Ii,(r, r’, wy) turns out to be pro- 
portional to 6(r-—r’) is connected with the neg- 
lect in the macroscopic theory of correlation ef- 
fects, i.e., of the spatial dispersion of ¢€. It is 
seen from (15) that to calculate € by the Matsu- 
bara technique it is sufficient to calculate the sys- 
tem polarization operator. (Such a method of cal- 
culating ¢€ was first used by Abrikosov and Gor’- 
kov in their work on the theory of superconducting 
alloys.®) 


CALCULATION OF THE STRESS TENSOR 


We now calculate the corrections to the system 
free energy, necessitated by the interactions with 


*Equation (13) is, evidently, the Dyson equation for the 
function D;, 
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e 
FIG. 2 


the long-wave electromagnetic field. The calcu- 
lations may be performed by summing the Matsu- 
bara diagrams for F, i.e., by summing the series 
of diagrams shown in Fig. 2, where the polariza- 
tion operator Ilj,(r, r’, w),) can be taken to the 
same approximation as in the calculation of Dix. 
Making use of the general rules for writing the 
diagrams and taking expression (15) for the polar - 
ization operator into account, we find that the free 
energy is given by the series 


F=Fy-+ Fy 


( 


E(t, 8 |o7 |) —4 
\\ 4n 


2 Near ee 


x ane 


2x0 
On Di (I, T, On) ar 


OnDi7(F — 1, On) 


X02 D9 (tr, — Fr, @p) @rd?r, + ...}. (16) 


Here Fy is the free energy without allowance for 
the long-wave electromagnetic field, and Fp is 
the free energy of black-body radiation in vacuum. 
The appearance of this term is due to the fact that 
the energy of the electromagnetic field in vacuum 
enters into Hp. The summation is taken over the 
values of the imaginary frequency Wp = 2mT. 

The series (16) is not summed directly, but to 
calculate the forces we need not the quantity F, 
but its variational derivative with respect to e. 
Making the variation and comparing it with ex- 
pression (12) for Dj,, we find that 


3F=— ge Dy of Dalry vr, on) 8e(r, in|) ar- (17) 


n=—0o 


Making use of Eq. (3) we can go over to summation 
over n from 0 to ». Here all terms except the 
zero term are doubled. The prime on the summa- 
tion sign will henceforth denote that the zero term 
is taken with a halved weight:* 


—z Yor 2 | Di (r, r, @,)Se(r, i@,)d*r. (18) 


*As shown by E. M. Lifshitz,” a sum of the same kind as 
that in (18) arises also when the forces of attraction between 
solid bodies is calculated to the usual scheme of the quantum 


theory of fluctuations. 


1285 


Equation (18) is completely analogous to the known 
formula for the variation of the free energy ina 
dispersionless medium with specified field sources 
[see, for example reference 3, Eq. (14.1)]: 


em NS tele) er. (19) 


- Making use of the Maxwell equations, it is possible 


to obtain from (19), as is well known, an expression 
for the stress tensor in a nondispersive medium: 


n E? f a 
OER ime Dan Ode Teatag et p (z=) ] Sip 
cE;E, iron AH, 
Gre Sah eee (20) 


In our case the function Dj,(r, r’, Wy) satisfies 
Eq. (10) with respect to each of its variables. 
Equation (10) is analogous to the usual equation for 
the vector potential, but is inhomogeneous, for its 
right-hand side is proportional to a delta-function. 
This analogy permits finding an expression for the 
tensor of the additional stresses by the same trans- 
formations as used in the ordinary case. This ex- 
pression turns out to be formally similar to the 
usual expression (20). The terms arising from the 
presence of the right-hand half of Eq. (10) are found 
to cancel. We omit these simple, although rather 
cumbersome, calculations and give directly the ex- 
pression for the additional part of the stress tensor. 
Here we introduce the notation 


Di, (0, 1, Wp) Sannin (ryers On); 


Dik (Fr, 1’, On) = Crtplema 5a — Ox, — ~ Dpq (r, ©’, @,), (21) 
€ik7 is a unit tensor, SULTS OHS in all its in- 
dices. The quantities DH and Dit evidently 
represent the “Matsubara” averages of certain 
quadratic combinations of the vectors E and H, 
respectively. 

In this notation the expression for the stress 


tensor becomes 


Se, oy: 
sip (t) = — 2T >) - - 
0 


n= 


E (r, i@,)—p erer re 


\ 13% 
xX Di (tr, 6, On) 


£(r, 1@,) 


Ta Dik (F, Tr, On) 


8, Dh, ) 
= i D he eee Ty 
__ ik “Di (iar: Wn) -| | oe \ : (22) 


Equation (22), however, cannot have a eet phYES 
ical significance, since the quantities oF ik and Dik 
entering into it are infinite when r=r’. This is 
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connected with the fact that (unless a correspond- 
ing cutoff is explicitly introduced) oj, receives 
an infinite contribution from short-wave fluctua- 
tions that have no relation to the inhomogeneities 
of the body in the sense that their contribution to 
the pressure at a given point is the same ina 
homogeneous body as in an inhomogeneous body 
having the same dielectric constant at that point. 
To recast Eq. (22) in a form independent of the 
nature of the cutoff, we therefore must subtract 
from oj,(r) the analogous expression for the 
homogeneous solid. These “homogeneous” terms 
can always be included in that part of the pressure 
which is defined by the properties of the body only 
at the given point. 

Mathematically this subtraction can be carried 
out more simply by introducing a Green’s func- 
tion Dik(r—r’, wy; Yo) for a homogeneous in- 
finite body having the same dielectric constant 
at the point rp as the inhomogeneous solid under 
consideration. Such a function obviously satisfies 
the equation 


{e (fo, i[@n|) o28: — 8.0? / Ox? + 0? / Ax;0x;} 


x Die (t—r’, On; To) = — 408 (r —r’) 8. (23) 


This equation, as is well known, can be integrated 
explicitly (for example, by means of resolving it 
into a Fourier integral in r-r’, see the Appen- 
dix). After expressing in terms of Dj, the cor- 
responding functions DE and af by means of 
Eq. (31) (where all differentiations must, of course, 
be carried out at constant ry), and subtracting 
from ojk the analogous expression expressed in 
terms of De and of we finally obtain for the 
stress tensor an expression containing no diverg- 
ences: 

de 


= 8. de a 
TA ieee > lim + | ee. ing =p | 


«| ie  @,) — O7 (f 1, a| 


EK ey) E . a5 , 

aie aa | of ele Spt em Dire (r—r’, Op; r)| 
Op H , ~A , 

Sate [Dir (r, tr’, on)— D4 (r—r’, on; 1) 


1 = 
ge Out, F, On) — Oe (8) on: nil. (24) 
We note that at imaginary frequencies the value 
of the dielectric constant in (24) is related to the 
imaginary part of «(w) by the relation® 
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we” (w)da 


B+ a 


Tw 


e (if) —]= ( 
v 


The authors express their thanks to Academi- 
cian L. D. Landau for his constant interest in the 
work and for his advice, and to E. M. Lifshitz for 
his discussions. 


APPENDIX 


We derive here expressions for the Green’s 
functions of the electromagnetic field in a homo- 
geneous absorbing medium with complex dielectric 
constant €(w). 

Equation (9) obtained above is satisfied by the 
retarded function DP if a special gauge ¢ = 0 
is chosen. Inasmuch as in an homogeneous space 
DR depends only on the difference of the coordi- 
nates r—r’, we have, by going over to the Four- 
ier components of this equation, 


[(w?e — k®) 8; + Riki) Dik (Rk, ©) = 4r8 ie. (Al) 


Now we determine the function Die for an ar- 
bitrary gauge of the vector potential. To do this 
we multiply both halves of (Al) by w? and intro- 
duce the function DH = w*pk. (Here Di is the 
retarded function corresponding to the gauge 
g =0.) The quantity thus obtained is already 
gauge-invariant (it differs from the retarded 
function made up of the components of the electric 
field intensity by the constant term 476j,) and 


satisfies the equation 
[(w2s — k?) 8:1 + Riki] Die (R, ©) = 4r0%~. (A) 


Dik is related to pk, by the obvious equation 


Diz = ©? DE — oh, De — okpDE + kikeDS. (AB) 
From considerations of symmetry, pe can be 
directed only along the vector k: 
Do = Dis = dk;. (A4) 
By the same token, pi can be rewritten as 
Dik = adip + bkike « (A5) 


Substituting (A3) and (A4) into (A2), we obtain 
two equations for Dp, a, b, and d: 


a (sw* — k?) = 4r, 
a + e(w%) -- DR — Id) = 0. (A6) 
Thus we see that Di, is defined to within two 
arbitrary functions. We shall now derive formu- 


las for certain particular cases. Let d=b=0. 
Then 
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DR, = 4n8, / (so? — k2), 


Do =—4n/s(ew?— Fk), DR= (A7a) 


The case y =0 corresponds to Dp =d=0 and 


R An [ Rik, 
Dik = os ane ( b— ca? } . (A7b) 
Finally, for the so-called transverse gauge, 
div A = 0, we have 
4a R ike , 
ee tn | 
Dg = 4n/ck?, De =0. (A7c) 


The me opeesas Green’s function 9qp(k, wy) 
is related to D Rak, w) by 


Dap (Rk, Wn) = DEA(k, 1Wn), 
Dap (R, On) = Dye (k, |On!), 
whence we obtain in the above-cited three cases 


[we recall that €(iwy) is a real function for wy 
> 0]: 


nie O), 
One 


9 An ree 4x] (é| 0, 
ue € (i|o, |) wo? + ke i 2 i|o, |) oe kr? 
Doi =0 ? (A8a) 
4n RRp \ 
D, eS 2 (% ? 
: e(ilo, )oz+e \* "  e(ife,[) } 
Doo = Dor = 0; (A8b) 
4n nN RRp 
Diz i oa Z (i ©, /) oe af pe (2 k2 ’ 
Doo = sR te , Do = 0. (A8c) 


e(i|o, |) Re 


We now write expressions for the usual “Feyn- 
man” Green’s function Dqg. Its real and imagi- 
nary parts are related to the retarded function 
Di, by the equations (see reference 5 and also 
reference 7): 


Re Dag (f1, To, ©) = Re Deep ge 
(A9) 
Im Dep (f1, Te, @) =cothz7 Im De (ypatssa@))c 
The function D is of particular interest at abso- 
lute zero, when the usual techniques of quantum 
field theory can be used. Going to the limit T = 0 
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in (A9), we obtain (in components of a Fourier 
expansion in r-r’) 


Re Dag (k, ©) = Re Das (k, ©), 


Im Dag (k, ©) = —2-Im Dis (&, ©) (A10) 


Noting that the real st of €(w) is an even 
function of w, and that the imaginary part is an 
odd function, it is easy to verify that to go from 
DR to D at T=0 itis necessary to replace w 
by |w| in (A7). Thus we obtain for the gauge 
(A8a) 


4t ; bea 4x /e(|o]) 
e(joyyat—e > Dw = — saat? 


Di, red 


Die 0% (A11) 


Equation (Al1) may turn out to be useful in the cal- 
culation of the energy losses of fast particles in 
matter.°® 
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A calculation of the energies of the 1S, 2S, 3S, 2P, and 3P levels of mesic atoms is 

made in nonrelativistic approximation for a constant distribution of the charge density 

of the nucleus inside a sphere of radius Ry. By numerical solution of the Schrodinger 
equation formulas are found for the dependence of the quantum defect An on the quantity 

t = RoZ/ ay (ay is the Bohr radius of the meson orbit). Approximate wave functions are 
given for the corresponding states. It is shown how to use these wave functions in perturba- 
tion theory to find relativistic corrections and level shifts arising from a change of the 


shape of the charge distribution of the nucleus. 


1. INTRODUCTION 


‘Tuere has recently been great interest in proc- 
esses associated with the distribution of the posi- 
tive charge inside the nucleus. One of the means 
for studying this distribution is p -mesic atoms.'~ 
For the interpretation of the experimental data one 
must be able to calculate the positions of the energy 
levels of the meson in a mesic atom for various 
distributions of the charge of the nucleus, and also 
to calculate a number of other effects that affect 
the positions of the levels. 

The problem of mesic atoms differs consider - 
ably from that of ordinary electronic atoms. First 
of all, a mesic atom is hydrogenlike. The proba- 
bility of capture of two or more mesons by a single 
atom is very small, and the electrons of the atom, 
being much farther from the nucleus, have practic- 
ally no effect on the motion of the meson.* On the 
other hand the size and shape of the nucleus have 
important effects on the motion of the meson. The 
Bohr radius of the meson orbit, ay = h/me? (m 
is the reduced mass of the meson) is 200 to 300 
times smaller than the electronic Bohr radius, 
since the mass of the meson is this many times 
larger than that of the electron. Calculations show 
that in heavy p-mesic atoms the meson spends 


3 


*This is true, of course, if we are interested in the motion 
of the meson and its spectrum. On the other hand, the pres- 
ence of the meson in a mesic atom has considerable effect on 
the motion of the electrons. Because of the screening of the 
nucleus by the meson the effective charge producing the field 
in which the electrons move is reduced practically by unity, 
and from the point of view of chemical and optical properties 
the atom must be shifted one place to the left in the periodic 
table. 


more than half of the time inside the nucleus.! In 
first approximation the nucleus can be regarded 

as a sphere uniformly charged with positive elec- 
tricity. Therefore a heavy mesic atom is to a high 
degree reminiscent of the Thomson model of the 
atom with an oscillator potential inside the nucleus. 
It still turns out, however, that though for mesic 
atoms with Z< 10 the Rutherford model with a 
point nucleus is a good approximation (the cor- 
rection to the energy levels caused by the finite 
volume of the nucleus is not more than 1 percent), 
even for the heaviest mesic atoms the Thomson 
model (with an oscillator potential of infinite ex- 
tent),4” though it is a better approximation than 
the Rutherford model, cannot be taken as a zeroth 
approximation if one wants to get really good re- 
sults (cf. Fig. 1). 

Thus the basic difficulties in the calculation of the 
energy levels of mesic atoms (for uw or 7 mesons 
with Z > 10) lie in the fact that there does not exist 
an exact solution of the wave equation (even for the 
simplest types of distribution of the charge of the 
nucleus ) that can be taken as the zeroth approxi- 
mation. It must be pointed out that all other fac- 
tors affecting the positions of the levels (small 
changes of the charge distribution inside the nu- 
cleus, magnetic and electric moments of the nu- 
cleus, vacuum polarization, polarization of the 
nucleus by the meson, and so on)!~428)" give cor- 
rections to the levels that are of the order of 1 
to 2 percent, and consequently can be calculated 
by first-order perturbation theory, at least in the 
present situation as to experimental accuracy. 

The relativistic corrections are also rather 
small.**® Because of the smearing out of the 
charge over the volume of the nucleus these cor- 
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FIG. 1. Dependence on the parameter t of the shift of the 
1S level owing to the effect of the volume of the nucleus, as 
found by various methods: 1) first-order perturbation theory 
with Kepler wave functions: a) complete result, b) first term 
of expansion in powers of t (AE/E, = 0.8t?); 2) first-order 
perturbation theory with oscillator wave functions;® 3) varia- 
tion method;’” 4) expansion of the right member of Eq. (4) in 
powers of An (including term in (An)*); 5) asymptotic repre- 
sentation of the external wave functions and exact (numerical) 
solution (not distinguishable on this scale). For cases 4 and 
5 the left member of Eq. (4) was calculated from Eq. (14). The 
scale of Z on the axis of abscissas is given for p-mesic 
atoms (R, = 1.2A% x 107"? cm). 


rections for heavy nuclei are somewhat smaller 
than the corresponding quantities as found from 
the formulas for point nuclei, i.e., from the usual 
fine-structure formulas. 

With electronic computers available one can of 
course find to any degree of accuracy the solution 
of any relativistic equation with the potential given 
by a prescribed distribution of the charge of the 
nucleus, as has been done, for example, in the 
paper of Ford and Hill.’ But the programming 
for an electronic computer is in itself rather labo- 
rious, and the presence of many parameters does 
not allow the possibility of foreseeing all the choices 
for which the need may arise. In many investiga- 
tions there is often no need to know the result with 
high precision, but one does need to be able to find 
rather quickly an approximate value of a quantity 
and to know how it will change with changes of a 
number of parameters. Therefore it is desirable 
to have a sufficiently simple approximate solution 
that can be taken as a zeroth approximation and 
gives the possibility of calculating the effects of 
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various factors on the position of the levels of 
mesic atoms by the universally familiar methods 
of perturbation theory. 

Formulas are obtained in this paper that per- 
mit us to find the first five energy levels of mesic 
atoms in nonrelativistic approximation for a con- 
stant distribution of charge density inside the nu- 
cleus. Approximate wave functions are given, 
and also examples of the calculation with these 
wave functions of several corrections to the levels 
by means of perturbation theory. 


2. DETERMINATION OF THE SOLUTION OF THE 
WAVE EQUATION 


For a uniform distribution of the charge of the 
nucleus inside a sphere of radius Ry the charge 
density 

0 (r) = 3eZ /AnR,?, O57 aR; 

o(r) —0, Ryo <r<qgoo (1) 
corresponds to a Thomson (oscillator) potential 
inside the nucleus and a Coulomb potential outside: 


@ (rf) = (C2). Re) Ps — Ve (F/ Ro)], Sr Re 


e(r) =eZ/(r, Ro<raqcs.. 4) 
The basis taken for the determination of the approx- 
imate energy eigenvalues and approximate wave | 
functions was the solution of the nonrelativistic 
Schrédinger equation with the potential (2). After 
separation of the variables one gets for the radial 
part R(r) of the wave funtion the equation 


ete tt (E+ Ee —“)r=-0. &) 

The reasons for the choice of this equation are, 
firstly, that it is the same for mesons of any spin; 
the relativistic and spin corrections can be found 
by perturbation theory, if the nonrelativistic solu- 
tion is known. Secondly, in this case the solution 
is a function of only one parameter, t = RoZ/ay. 
Owing to the linear dependence of t on the mass 
of the meson, the radius of the nucleus, and the 
atomic number, it is very easy to find the change 
of the energy of a level with change of any of these 
three parameters. 

The method of matching was used to find the 
energy eigenvalues. In this method one requires 
continuity of the wave function and its first deriv- 
ative at the edge of the nucleus, or, what is equiv- 
alent but more convenient for the unnormalized 
functions, continuity of the logarithmic derivative: 


S (dn Rj). = < (in RejrRas (4) 


Here Rj(r) and Re(r) are solutions of Eq. (3) 
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respectively inside and outside the nucleus. On 
Rj; we impose the requirement of finiteness at 
the origin, and Re must vanish at infinity. The 
equation (4) is a transcendental equation for the 
energy E, which occurs as a parameter in Rj 
and Re. The energy eigenvalues can be found by 
numerical solution of this equation. 
Let us introduce 

x=7/Roy xR(x)=y(x), t= RoZ/du, 

Ee me 270i Pe B/Eo he Se (5) 
Here E, is the energy of the ground state of the 
meson for a point nucleus. The quantity y has 
the meaning of an effective quantum number and 
can be represented in the form 


=n-+t An, (6) 


where n is an integer that defines the number of 
the shell in which the meson is (principal quantum 
number), and An is the addition caused by the 
finiteness of the nuclear volume (quantum defect ).* 
Using the notation of (5) we get from Eq. (2) an ex- 
pression for the potential energy of the meson in 
the field of the nucleus [Up = —eg(r)]: 

Up =(Eo/t)(8—#), 0<x<1, 


CS SEO fees: (7) 
and from Eq. (3) we get two equations for the re- 
gions inside and outside the nucleus, respectively: 


dy, 2 (1+ 1) dy; 
dx2 x dx [¢ (et ees 3) al tx?] Yi = 0, 
0<*<], (8a) 
gmmmKlce A) dy, (th OF 
dx? 5% dx S x Ye = 9, 
Van =< co! (8b) 


a) Solution of the wave equation inside the nu- 
cleus. We can represent the solution of Eq. (8a) 
in the form of a power series 


yi (x) = Dd) ager’, (9) 
k=0 


with its coefficients connected by the recurrence 
relation 


Ap = [t (et = 3) Ap—g + tapg_g] / (21 + Rk + I)R. (10) 


The series contains only the even powers of x; 
for simplicity we take the arbitrary coefficient ay 
to be unity. 

For the quantity z =d(In yj)/dx we can get 


*Unlike the quantum defect used to describe the spectral 
series of the alkali elements, An is a positive quantity in the 
case of mesic atoms. 
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from Eq. (8a) a first-order differential equation 
of the Riccati type 


dz 3 


@ po pet i (te 3) (11) 


The solution of this equation that corresponds to 
the solution of Eq. (8a) given by Eq. (9) is a power 
series containing only odd powers of x: 


£= >, bpx®. 


k=1 


(12) 


The first two coefficients in this series are 
by = t (et —3)/(2(0+ 1) + 11, 


by = (¢— Oi) /(2(0 + 1) +3], 


and subsequent ones can be found by means of the 
recurrence formula 
k—-2 


be = —{2(L +1) + RY D) OjOe 


1 


(k>3). (13) 


If the coefficients b,, have been found, the left 
member of Eq. (4) can be put in the form 


4 (in Ri)ear = 1+ & (in g)enr = Te 


k=1 
b) Solution of the wave equation outside the nu- 

cleus. The solution of Eq. (8b) that vanishes at in- 

finity can be expressed in terms of the Whittaker 


function (cf. e.g., reference 9):* 
Ye(X) = xO W ry, (24/1). (15) 


For large values of x we can also represent the 
solution (15) by the asymptotic expansion (cf. ref- 
erence 10, Eq. 7.327): 


Ye (x) Ae eax Pt etn Te (Et) (EL 9) it are) 
+U+y)¢—1+7)x ¢4+1—y(t+2—%) aR 
1) (EZ te =n) 


(42-9) (14+ 3) (GLY +... 


J 


pete gm allies, 


(16) 
The coefficients c, and c, are determined by 
matching the expressions (9), (15), and (16). 

Using the recurrence relation for the deriva- 
tive of the Whittaker function (cf. reference 10, 
Eq. 7.334,3), we find the right member of Eq. (4): 


d 
q (In Re(X))xar = (¥ —2— 1) (¥ +2 


Won 1 (2t/*) t 
Vestn ae /2 2s 17 
W., Ly, (2/7) " maf ag 


*The Whittaker function with half-integral second index 


has a logarithmic singularity at the origin. For its series rep- . 


resentation see, for example, reference 10, Eq. 7.338. 
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TABLE I 
ee tS RS ec SW EP gt 
| 
| 1S 28 3S 2P 3P 
Ao —0.032885 —0.038028 —0.038028 a = 
Ay cee 0.179527 0.179527 = = 
: ‘ 0.000123 0.000123 —0.0033673 | —0,0039149 
As —0,008312 —0,004548 —0, 005014 00087840 00104438 
Aa 0001082 0.000635 - 0.000745 —0,0019263 | —0,0024545 
As _ _ = |  0.0001244 00001707 
By 50446 4.7209 4.7209 2.6086 2.6698 
Be 0.9826 0.6281 0.6281 0,7094 0.7723 
Bs —0.5560 —0, 4890 —0, 4890 0.7000 0.7000 
Ba 2.9875 4.9286 4.9286 = eS 
Ce 0.032885 0,038028 0.038028 = = 
Ce — = = 00033673 0,0039119 


The expression (17) can also be written in terms 
of the asymptotic expansion of the Whittaker func- 
tion. * 


3. RESULTS OF THE NUMERICAL SOLUTION 


To get the dependence of the meson energy 
levels on the parameter t, and the approximate 
wave functions, Eqs. (4) and (8a), (8b) were solved 
numerically for the levelsft 1S, 2S, 2P, 3S, and 
3P for a number of values of t in the interval 
0 =t =2.75. This range of values provides for 
the computation of the energy levels of all p- 
mesic and 7 -mesic atoms for Z< 70 and of 
K-mesic atoms for Z < 20. 

a) Determination of the energy levels. To fa- 
cilitate the numerical computations preliminary 
values of « were found by various approximate 
methods. For the 1S level the results of the cal- 
culations by the approximate methods are shown 
in Fig. 1. The final results were obtained by the 
use of Eqs. (14) and (17). For the 2S and 3S 
levels for t> 1.5 the series (14) converges 
slowly, but its convergence can be considerably 
improved by the choice of a suitable geometrical 
progression. 

It was found convenient to represent not the 
value of ¢, but the quantum defect An as a func- 
tion of the parameter t. For the range of t in- 
dicated above, the interpolation formula 


eee ee Ar Are A At 
a. (C, + Cy) exp (— Bit — Bot? — Bat? — Byt*) (18) 


was chosen on the basis of the individual values of 
An found by numerical solution (for t > 1 the 


*Regarding the use of the asymptotic expansion to solve 
the Dirac equation with effects of the volume of the nucleus 
included, see reference 11. 

tFor the higher levels the calculation of the energy can be 
made by perturbation theory with the wave functions of the 
Kepler problem as zeroth approximations (cf., e. g., references 


2 and 7). 


term containing the exponential can be neglected). 
The coefficients in the formula (18) for the vari- 
ous levels are shown in Table I. According to 
Eqs. (5) and (6) the quantity ¢€ can be calculated 
by the formula 


e= 1 %=(n-+ An)y?. (19) 


Use of the formulas (18) and (19) gives the value of 
€ correct to at least four significant figures. 

b) The numerical wave functions. To find yj (x) 
for 0=x<=1 weused Eqs. (9) and (10). Since 
computations by Eq. (15) are rather laborious, the — 
determination of ye(x) for x21 was made by 
numerical integration of Eq. (8b) by the Runge- 
Kutta method with the initial conditions 


Yye(1) = > ar, 


ye' (1) = 2 kar. 
k=0 k=2 
The numerical integration was broken off at values 
of x for which the asymptotic representation of 
Ye (xX) was accurate enough. Beyond this the com- 
putations were made by Eq. (16). The step for the 
numerical integration and the value of x at which 
it was broken off were chosen so that the values 
were obtained with an accuracy of the order of 
0.001 of the value y(0)=1. For the unnormal- 
ized wave functions so obtained the normalization 
constants C were found from the cordition 


eh xy (x) dx = 1 (20) 
0 


The integral (20) was computed by Simpson’s rule. 
Figure 2 shows the unnormalized wave functions 
for t = 2.279 (u-mesic lead, Ry = 1.2A¥?x 10-8 
cm ). 

c) Approximate wave functions. It turned out 
to be possible to express the wave functions inside 
the nucleus (0 < x <1) approximately in the forms 


(21a) 
(21b) 


Ray (x) = Gl = axl), 
Ray (x) = C (1 — ax)x. 
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for S and P states respectively. The parameter 
a is so chosen that at x =1 the approximate 
wave function equals the exact value. 

Outside the nucleus (for x = 1) we have rep- 
resented the wave functions for the states 1S, 2P, 
2S, 3P, and 8S in the respective forms 


Ryo (x) = Cuexp[b(1 — x)], (22a) 
Ro (x) = Cuxexp[b(1 —x)], (22b) 
Roo (x) = C (u— vx) exp [6(1 — x)], (22c) 


Rs, (x) = C (u— vx) x exp [b6(1 — x)], (22d) 
Rao (x) = C (u — vx + wx?) exp [b(1 —x)]. (22e) 


The numerical values of the parameters u, v, w 
have been chosen so that, first, the approximate 
wave functions are continuous at the surface of 
the nucleus (x =1), and second, the zeroes of 
the approximate wave functions for the 2S, 3P, 
and 3S states coincide with those of the corre- 
sponding numerically computed functions. 

From the parameters found for the individual 
values of t, formulas were devised for the cal- 
culation of the parameters: 


FIG. 2. Unnormalized functions x R(x) for p- 
mesic lead (t = 2.279): 1) solution in form of power 
series; 2) numerical integration; 3) asymptotic for- 
mulas; p = tx = Zr/ay- 


for all states 


for 2S and 3S states a 
for 3P state (1 —a)71 
for 3S state v(a+u—t)} 


(23) 


The values of the coefficients in Eq. (23) for the 
various parameters and states are given in Table 
Il. The remaining parameters are determined by 
the formulas 


a=1—Uu for states 1S and 2P 
v=a+tu--1 for states 2S and 3P 
w==-1+%90—a—u for state 3S (24) 


The approximate wave functions thus chosen 
reproduce the behavior of the numerical wave 
functions inside the nucleus rather well (the dif- 
ferences of the ordinates do not exceed 2 percent). 
Outside the nucleus the agreement between the ap- 
proximate functions and the numerical functions is 
poorer (especially for the 3S state). This is ex- 
plained by the fact that the asymptotic behaviors 
of the approximate functions, ~ x®~! exp ( —bx), 
and the numerical functions, ~ xY7! exp (—tx/y), 


= Dy ++ Dyt ++ Dat® + Dst? am 


TABLE II 

State Parameter Dy | D; | Dz | De 
41S ut 4 0.4501 —0.0424 0.00580 
to-} 1 0.3068 0.0212 —0,00977 
2P u-} 4 0.2650 0.0187 —0.00220 
ib-} 2 0.0015 0.0388 —0 00333 
2S a —_ 0.4425 —0.0848 0 00846 
u-} 4 —0.0861 0 0382 —0,00314 
tb-1 2 0.4095 0.0180 —0,01177 
3P (4 =a)=1 4 0, 2662 0.0296 0.00483 
unt 4 0.1009 —0.0183 0.00237 
to 2 —0.0177 0.0496 —0.00289 
3S a — 0.4469 | —0.0718 0.00572 
un} it —), 2523 0.0813 —0,00986 
0 (Gea 4 0.41144 —0 .0088 0.00050 
3 0.4464 0.0258 —0.01305 
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are different. One could, of course, choose some- 
what more complicated approximate wave func- 
tions, which would be much closer to the numerical 
functions, by taking, for example, for the function 
outside the nucleus an expression close to the 
asymptotic expression: xY~! Py_j_; (x) exp (—tx/y) 
[Pk(x) is a polynomial of degree k], and for the 
function inside the nucleus several terms of the 
series (9). This, however, complicates the com- 
putations for a small gain of accuracy, if the cal- 
culations are made by first-order perturbation 
theory. 


4, EXAMPLES OF CALCULATIONS WITH THE 
APPROXIMATE WAVE FUNCTIONS 


In first-order perturbation theory for a spher- 
ically symmetrical case the shift of an energy level 
is given by the expression 

AE = \ xR? (x) AU dx, 


0 


(25) 


where AU = U;—U); U; is the potential energy for 
which one is calculating the shift of the level, and 
Up, is the potential energy used in the zeroth ap- 
proximation, in our case that given by Eq. (7). For 
the calculation of the integrals (25) for the various 
perturbations with the approximate wave functions 
it is convenient to use the notations 


( 1 4a a? 

d Rie = \ (1 — axls)?x" dx = Wiel 6% 2m +5 + m+4 ; (26a) 
0 

GEM Xs, Xs) = e\ xMe—Exdx 


x1 


a jenn 5} eed! peasy 5} | (26b) 
g k=0 ne at 


1 
H(t, m)= \ xmle—&x dx 
0 


m (m—- 2) (m—4) ...3-4 ~~ o=1 
See ones Vio (V 2%) 


m (m— 2) 
(2&)3 


1 m 
pas —é | 
2e ise Y Oe) i 
m (im —2)(m—%) .:.3 
Se aes | 26) 


x 
where ®(x) = (2/n)¥? f e-#/2 dz is the probabil- 


0 , 
ity integral. Special cases of these notations are 


mee SUC Gt (26d) 


Gm = G (2b, m; I, 0°) = opm A) a 


1293 
Boye 
Gib 0) ee ee a Sole 6 


a) The normalization coefficients. The normal- 
ization coefficient C of the approximate wave func- 
tion (21a), (22a) for the 1S state can be found from 


the condition 
CO 


\#R (x) dx 
0 
1 fo) 
=? (1 —ax'h )Px?dx + ure \ ve-ms| =a fo) (27) 
0 1 
Using Eqs. (26a and d), we get 
CH ea F oe ie Gx (28) 


In the same way it is easy to get the normalization 
coefficients for the states 2S and 388: 


C?= F, +. u?G,—2uvG; + vG, (28), (29) 
Gee = Fs aE Cs ee 2uvG3 
(0? 4 2uw) G, — 200G, + WG; BSE (30) 


The normalization coefficients for the 2P and 3P 
states are obtained by replacing Fm, Gm by 
Fm+2, Gm+z in Eqs. (28) and (29), respectively. 

b) The relativistic corrections. For particles 
of spin 3 (u mesons) the relativistic corrections 
include (cf., e.g., reference 13): 1) the correction . 
for the relativistic change of mass, 2) the correc- 
tion for the spin-orbit interaction, and 3) a correc- 
tion characteristic of the Dirac theory which has 
no classical analogue. For particles of spin 0 
(mw mesons) only the first correction has to be in- 
cluded. 

1) In the case of a central field the relativistic 
change of mass can be taken into account in first 
approximation by adding to the potential energy 
the term 


AU! = — (2me?y (Up — EY. (31) 


Here Up, and E are the values of the potential 
and total energies in zeroth approximation (E = 
€E,). Using the expression (7) for the potential 
energy, and also the fact that E,/2mc? =~(aZ/2) 
(where @= e*/fc is the fine-structure constant), 
we get 


AU! = (oZ / 2tP?E, (8 —x*?— et), ON x], 


AU! = (2/2), (2x4— st), 1<x<oo, (82) 


By means of the approximate wave functions (21a), 
(22a), the notations (26a, d), and Eq. (25) we find 
the correction for the relativistic change of mass 
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TABLE III 
i 
Method of 
Mesic atom} calcula- 1S1), 2P 1, 2Pa), 2S1), 3P1), 3P a), 3S), 
tion* 
t= 1.1829 I 5,370 1.881 1,832 A585 — — — 
519b II 5,369 1.880 4.832 1,583 — — — 
t= 2.279 ] 10.477 4.787 4.607 3.568 Dea 2.084 1.753 
g2Pb Il 10.477 4.780 4,604 3.561 BAN Aall 2,084 | 1.747 
{ = 2.675 I NP MA 5.924 5.695 4 303 — — _ 
92U Il ny salen 0.917 5,691 Le ans) | — —_ — 


*] is numerical solution of the Dirac equation; II is solution with the approx- 
imate wave functions. The energy levels are given in Mev. The radius of the nu- 
cleus was computed from the formula R, = 1.2A4 x 107" cm. 


for the 1S level: 
Aeyo’ = (AE y9'/ Eo) = (%ZC / 26)? (et — 3)F 2 
9 (ef — 3) Fy + Fe 4 0? (4G, — 4ctG, + 2°fG,)]. (83) 


The correction Aéo,;’ for the 2P level is obtained 


by replacing Fm, Gm by Fm+2, Gm+2 in Eq. (83). 


2) The spin-orbit interaction is taken into ac- 
count by adding to the potential energy the expres- 
sion 


1 dUo 
r ar 


as a?Z?24 dU» (LS) 
(LS)= sr 5 ae FB 


(34) 


BOF = (2mic)2 


For the S levels the quantity (L-S)/h? is zero. 
In the case of the P levels (L-S)/h? = -1 for 
the 2Py/. sublevel, and (L-S)/h’ = for the 
2P3/2 sublevel. From Eq. (7) we find 


U 2E 
Gta, O<*<1, 
4. NOS 2E 
a cs a aig heey (35) 


It is now easy to get the corrections for the 
spin-orbit interaction for the 2P, /2 and 2P3/2 
sublevels; using the approximate wave functions 
(21b), (22b), we have: 


Asi,” = — 2QAey,” = (022°C? /t)(Fy+wG,). (36) 


3) The specific Dirac correction is taken into 
account by adding to the potential energy the term 


AU" = ( i yes x (SF) d 


nie Is dr. dead ot) dx dx’ (37) 


Using the fact that U satisfies the Poisson equa- 
tion 


Lda 
ial” ir) = 4ree (1); (38) 


by integrating the expression 


\ R(x) FRO way 
0 


by parts we can show that the corrections to the 
energy levels will be given by averaging the nu- 


clear charge density over the wave functions of 
the states in question* 


AE” = — (neR,2a2Z? / 2t?) \ o(x) R2(x)2dx. (39) 
0 
Taking the expression (1) for the charge density 
and the approximate wave functions (21a), we find 
for the S levels 


Meno” = — (3a2Z2C2 / 423) Fo. (40) 


The expression for the correction to the P levels 
is obtained by replacing Fy, by Fy in Eq. (40). 

To give an idea of the accuracy of the approxi- 
mate calculation of the energy levels of mesic 
atoms for constant density of the nuclear charge, 
as made by means of Eqs. (18) and (19) with the 
relativistic corrections given by Eqs. (34), (36), 
and (40), there are shown in Table III the energy 
levels of several p -mesic atoms as found by this 
method, and also the results of exact (numerical ) 
solution of the Dirac equation. !4 We can also com- 
pare the data on the energy levels of »-mesic 
lead, as obtained by Hill and Ford! for constant 
charge density with Rp = 1.17 A¥Y3 10743 om (t = 
2.2235), with the results of a calculation by our 
method: 


Sue gee ale oP tle 


10.620 4,809 4.623 according to Hill and Ford 
10.614 4.799 4,618 according to our method 


(the energies are given in Mev). Some part of 
the difference between our data and those of Hill 
and Ford is evidently due to the somewhat differ- 
ent values of the constants used in the calcula- 
tions. 

c) The exponential density. Hill and Ford have 
also made calculations of the energy levels of the 
mesic lead atom using an exponential density dis- 
tribution of the charge of the nucleus: 


p (x) = (e28° / 8R,*) exp (— 6x). (41) 


*See also the remark on page 131 of reference 13. 
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Here Ry is the radius of the nucleus with constant 
density, taken as the zeroth approximation, and 6 
is a parameter characterizing the extent of the dis- 
tribution. Rg can be chosen, for example, so as to 
make the mean square radii of the distributions 
(41) and (1) the same. The potential energy U, 
corresponding to the distribution (41) can be found 
by integrating the Poisson equation (38): 


U, = (Eo/t) [2x74 — (2x71 + 8) exp (— 6x)]. (42) 


The difference between U, and the potential en- 
ergy (7) of the zeroth approximation is 


AU = (Eo/t) [2x1 — (2x1 + 8) exp (— 8x) — 3 + x°], 


OQ < Ile 
AU = — (E)/t) (2x1 + 8) exp (— 6x), 


l= <0. (43) 

In accordance with Eq. (25) we find the correction 
to the energy e¢ of the zeroth approximation for 
the 1S level by using the approximate wave func- 
tions (21a), (22a); with the notations (26a, b, and 
¢) itis: 
As = (C?/t) {2F, — 3F, + F, —e— [2G (8, 1; 0, 1) 

+ 8G (8, 2; 0, 1) + 2a’G(8, 4; 0, 1) 

+ $a°G (6, 5; 0, 1)]-+ 4aH (6, 5) -+ 2a8H (5, 7) 

— u7e—* [2G (26 + 6,1; 1, 00). 


8G (2b 426; 12% 1,*'c0)]}. (44) 


The shift of the 2P level is found by replacing 
Pim, G (6, m; X;, X)), and H(o,m) in Eq. (44) 
Dye Pyao, G(s, m2; xy, X_), “and H(6,m-+4), 
respectively. 

The results of the calculation by Eq. (44) with 
inclusion of the relativistic corrections are: 
10.458 Mev (1817), 4.683 Mev (2P,,), 4.507 
Mev (2P3,,); they can be compared with the re- 
sults of Hill and Ford: 10.504 Mev (15;/), 4.684 
Mev (2Pi72), 4.508 Mev (2P3/.). The compara- 
tively large discrepancy for the 1S; level is 
explained by the fact that the relativistic correc- 
tions for this level are especially sensitive to the 


_——— er er es 2 
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Shape of the charge distribution over the volume 
of the nucleus. From this point of view the expo- 
nential distribution is particularly unfavorable for 
our calculations, since-it differs very strongly 
from the constant distribution, for which the wave 
functions we used in calculating the relativistic 
corrections were obtained. 
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We have evaluated the electronic part of the thermal conductivity of a superconductor taking 
anisotropy into account. We show that the temperature dependence of the thermal conductiv- 
ity may be different along different crystallographic axes for uniaxial crystals. 


Tue electronic part of the thermal conductivity 
of superconductors was evaluated by a number of 
authors”’? on the basis of the theory of Bardeen, 
Cooper, and Schrieffer.! In these papers an iso- 
tropic model of a superconductor was considered. 
In the following we shall give a similar evaluation 
taking anisotropy into account. It will be shown 
that in some cases the temperature dependence 
of the coefficient of thermal conductivity may 
change with direction. 

Bogolyubov, Tolmachev, and Shirkov! obtained 
the energy spectrum of a superconductor taking 
anisotropy into account by the same method as 
was used for the isotropic case. One can in that 
case start either from Froéhlich’s Hamiltonian, 
or from the model Hamiltonian of Bardeen’s. In 
the given case the model Hamiltonian can be writ- 
ten in the form 


H = >\(Ex—p) ak ax 
a5 > >) & (ky’, ks’; ky, ks) Die ,Ukeg! tf. f@Da—"/os (1) 


where wp is the chemical potential. The function 
g (ki, ky; ki, k,) satisfies the conditions 


g (ky’, ke’; ky, ke) = g (ky, ko; ky’, k,’) 


Boe ht ee ka (2) 
because of its invariance with respect to a permu- 
tation of the particles and to spatial inversion. 
Performing, furthermore, a transformation from 
the particle operators ay, to the excitation oper- 
ators Qk according to 


2M 
At/. = UK%ko T- Unb, 


Ay), = Uh, — OG, Uk + VE = | (3) 
and considering in the Hamiltonian only the pair 
interactions for particles with equal, but opposite 
momenta, we find the excication spectrum in the 


form 


ek ae + A*(ex), & =Fxr—p (4) 


(ex is a unit vector in the k direction). The 
anisotropic gap A(e,) is determined by the 
condition* 


A (ex) = ye(k, —k; k’, —k’) A(ey)/2en. (5) 
- 


The transformation parameters uk and vk are 
in this case equal to 


Uy = 3/2 {1 + Ex/ex}, Vk = Ne {1 — Ex/ex}- (6) 


We shall assume that the electronic thermal con- 
ductivity is caused by the scattering of the excita- 
tions by impurities. The Hamiltonian for the in- 
teraction of an electron with an impurity is equal 
to 

Hirt = S\Vucaitay. (7) 


Performing the u, v transformation (3) we get the 
Hamiltonian for the interaction of the excitation 
with an impurity 

Hing = ys Vick? (Ul? — UU K’) HE Oy’ (8) 
The transport equation for the excitations 


on On Oe On Oe 


a dre OR or (9) 


[I(n) is the collision integral] assumes the follow- 
ing form 


73 bk (E vs Sul (i) (10) 


under stationary conditions and in the presence of 
a temperature gradient. 

We shall perform the further calculations for 
the case of sufficiently low temperatures when the 
inequality 

oh <a IN hive (11) 


*We have assumed that the function g depends only onthe . 
angles characterizing the directions k and k’, 
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is satisfied. The magnitude of the gap A (ex) de- 
pends on the direction. It follows that the gap will 
take on minimum values Amin for some extremal 
directions. It is also clear that there will be for 
each extremal direction a corresponding equiva- 
lent extremal direction in the opposite direction. 
For the case of temperatures near Tg when the 
values of A are small, an analysis of the trans- 
port equation in the anisotropic case becomes not 
very instructive. At low temperatures, however, 
when the value of A practically ceases to depend 
on the temperature, one can solve the problem 
completely and one can take as the distribution 
function for the excitations the classical Boltz- 
mann function. 

Since the number of excitations moving in a 
given direction will basically be determined by 
the exponent exp(—A/T), it is natural that the 
largest contribution to the energy current will be 
given by excitations moving near to the extremal 
directions. It is thus sufficient to perform the 
analysis of the transport equation only in the neigh- 
borhood of these directions. The problem consists 
thus in finding the distribution function for the ex- 
citations moving near the extremal directions. 

For elastic scattering by an impurity only the 
energy is conserved in the anisotropic case. As 
to the momentum of the excitation, its absolute 
magnitude is clearly not conserved. The collision 
integral I(n) is in the case under consideration 
equal to 


I(n)=— a \ Vick’|? (Utley — UK0K’)” 


x 6 (&k — ek") (Nk — 7) at, (12) 


We have used here (8) and the fact that the distri- 
bution function is classical. We further use Eqs. 
(6) and integrate the 6-function in (12) over dé’. 
We get as a result 


at wey tse") o'r : 

1 (0) = — 5 \ Wael? S— (aecgor) 40" te re) (13) 
(do’ is an element of solid angle). 

We write the required non-equilibrium function 


nk in the form 


ny = (1 + xx), (14) 


where nk is the equilibrium distribution function. 
Substituting (13) into (10) we get then the following 
integral equation to determine the function xX: 


2 (Eq + Ex)? ( OG 


—_— , A 15 
Poe Xx’) do (15) 


\ / 
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This equation can easily be solved for the extremal 
directions. We consider the case when there are 
only two (opposite) extremal directions. 

Let the gradient VT be directed along the ex- 
tremal direction and let us denote by 3 the angle 
between VT and the vector k. We introduce, 
moreover, the following notation (for the sake of 
simplicity we have assumed A to be independent 
of the azimuthal angle ¢): 
ne = E+ AAS, 


y=tk/ qn  (A” = 624/092), (16) 


Taking into account that the temperature is low we 
can everywhere in (15) neglect the quantity é, 
compared to A. As a result the integral Eq. (15) 
assumes the following form: 


, H 
pay =Vo \ (y¥ + y') (ty — xv) dy’ 
—l 


x 


+ V2) Y+Y Cy +m) ay’, 


ail 


(17) 


where 


A= 


RI/(OE\? MAA* (ot \-1 
ares T? Ga J. IVT, 


Vo and V, are the matrix elements for scatter- 
ing over an angle 0 and an angle 7, respectively, 
for excitations moving initially in the extremal 
direction. The first integral arises from integrat- 
ing in (15) over the region in the neighborhood of 
the extremal direction, and the second integral 
from the region near the opposite direction. In 
deriving (17) we have used ‘the fact that The = Niet 
because of the conservative law for energy. The 
quantity A” occurring in the equations is the 
second derivative of the gap A with respect to 
the angle ¥ near its extrema (it is obvious that 
A’ =0). Derivatives of E and T with respect to 
k are taken in the extremal direction on the Fermi 
surface. Finally we have used the obvious conse- 
quence of Eq. (15), namely, that Xy for the direc- 
tion opposite to the extremal direction differs from 
Xy only in sign. 

From Eq. (17) one sees easily that Xy is an 
odd function of y, i.e. 


(18) 


ya on) oy (19) 


To find Xy from (17) we get, if we take this fact 
into account, the following equation 


Xe Abe nike 
, 1 
= 2(Ve+ V2) (y2 ++) by -+ 2y (Vz—Vo) \ byy’dy’. (20) 
y 3 


1b 
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The solution of Eq. (20) is elementary 
by =y/ 2(y? + $)U(Ve + Vo) 
a(n a VS) (VesVeyl. (21) 


There only remains for us to evaluate the en- 
ergy current 


q= \e = Ny pdt. (22) 


We only need perform the integration in (22) over 
the regions near the extremal directions. The dis- 
tribution function near the extremal directions can 
be written in the form 


exp ie A): (23) 


Substituting (21) into (22) we get after some simple 
transformations 


2nAe—*/F ( ar ) 4 
NG dkdo JF (V2 + V2) +2(1— 2/3 V3) (V2—V?2) 
e ee) ytd 
k) ( ytdy 
x \ adn exp | oa \ y? + 1/3 ° (24) 
0 —1 


From this we finally get for the coefficient of ther- 
mal conductivity along the extremal direction 


SkA2 2 4 —A/T 
ea 25 
is) caer (SE) 1.8V2 + 0.2V5 = 


To evaluate the coefficient of thermal conductiv- 
ity along directions perpendicular to the extremal 
one, it is necessary to solve anew the integral 
Eq. (15). We now take the temperature gradient 
along an axis perpendicular to the extremal direc- 
tion (x axis). We get then easily the following 
equation for the function x, if we go over to the 
variables (16), 


yV 1 


1 


= (Ve-+ V2) \U +9? Gu — a dy’. (26) 


ai! 


COS $ = 


a ANA? 


The solution of this equation is also obtained ele- 
mentarily and we get 


Xy = tyAcos o/ Hx V AA’ (V5 + V2), (27) 
a y Pie ee 1 
Py rei VI-# r% Sea gy) 


The heat current in this case is equal to 


gq, = \ e_ x 9 cos pny 4dt,. (29) 
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Substituting here x from (27) and going over to 
the variables nk and y we get 


Nia Qn Ae—4/? 
74 (aa (v3 £8) 
fore) ne 1 1 
x | nigdu exp {— ate \t Wwe —y ydy, (30) | 
0 
or finally 
10h%A? (OE \2 4 —A/T 1 1 
CSAS TINT (se V2 v2 y (ST) | 


The ratio «,/k\ is equal to 
x1 /%y = (2T / A”) (1.8Vz + 0.2V0)/(Vz + Vo). (32) 


The thermal conductivity in a direction perpendic- 
ular to the extremal one is thus less than its ex- 
tremal value roughly by a factor T/A. The main 
(exponential) part of the temperature dependence 
of kK is here, of course, the same in all directions. 
A qualitative picture of the dependence of the co- 
efficient of thermal conductivity on the angle @, 
reckoned from the extremal direction, at low tem- — 
peratures will be in the form of a rosette, shown 

in the figure and determined by the following obvi- _ 
ous relation 


x = x4 cos? 6 -+ x, sin’. (33) 


Dependence of the thermal conductivity / 
on the angle @ (for the case x, /%y = 1s). 


The situation considered here, where there is 
only one pair of extremal directions, is clearly 
rare. It could be realized in the case of a uni- 
axial crystal with the extremal direction along 
the main axis of symmetry. More typical will be 
the case where there are several extremal direc- 
tions which are not lying in one plane. One can 
see that the temperature dependence of the ther- 
mal conductivity will in that case be unique in all 
directions in the approximation considered here. 


eh, 
7: 
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The preliminary results of N. V. Zavaritskii 
on the thermal conductivity of Ga in the super- 
conducting state® indicate the presence of a dif- 
ferent temperature dependence along the direc- 
tions of the crystallographic axes. If these re- 
sults are confirmed this will mean that a situation 
takes place in Ga where there are two extremal 
directions for A. 

In conclusion I express my deep gratitude to 
L. D. Landau for discussing the results of the 
present paper. 
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The radiation reaction force is computed for a charge that moves in a medium which, for 
generality, is taken to be anisotropic and gyrotropic. The radiation force in the medium 
can be important in cases in which the particle moves in a magneto-active plasma, in chan- 
nels and slits in dielectrics, or in waveguides. At velocities greater than the phase velocity 
of light in the medium, the radiation force that affects the oscillation because of the anoma- 


lous Doppler effect has a different sign than that due to dissipation associated with the normal 
Doppler effect. The total radiation force which affects the amplitude of the oscillations of the 


particle in an isotropic medium corresponds to dissipation for motion at velocities greater 
than the velocity of light. However this dissipation force may be appreciably smaller than 
the dissipation associated with motion at velocities smaller than the velocity of light. In an 
isotropic medium the oscillations can be strengthened instead of attenuated. The reduction 
in the radiative dissipation force may be related to the peculiarities of the anomalous Dop- 
pler effect as found in the quantum-mechanical analysis and the instability of particle beams 


which move at velocities greater than the velocity of light. 


Sie the presence of a medium has a pronounced 
effect on the nature of the electromagnetic waves 
produced by a moving particle it is clear that the 
radiation reaction forces in the medium are af- 
fected by the medium. As an example we may note 
that an oscillator of frequency w in an isotropic 
plasma with a refractive index n® = 1 —47e*N/mw? 
will not radiate when 47e2N/m > w? if n? <0; in 

a magneto-active plasma in the nonrelativistic ap- 
proximation no radiation is produced by an electron 
which rotates in a magnetic field H) at a frequency 
wy =eH)/me (cf. reference 1). In both of these 
cases the radiation force is obviously zero; in vac- 
uum this force is f) = (2e2/3c*)¥. On the other hand, 
in uniform motion in a medium, if v >c/n(w), 
Cerenkov radiation occurs; in the isotropic case 

the radiation force associated with this radiation 

is? 

eV ( 


C20) 
c/n<u 


(1 —c?/ v*n? (w)) odo. 


(1) 


leer Ey 


In light of the above alone, it is of interest to 
compute the radiation reaction forces for arbitrary 
motion of a charge in an arbitrary medium. To the 
best of our knowledge, this problem has not yet 
been investigated. 

The apparent reason for this is that the radia- 
tion force for motion in a medium is usually much 
smaller than the braking forces associated with 


ionization losses. Thus, the Cerenkov radiation 
losses, which may be considered radiation losses, 
amount to only a small fraction of the total losses 
even in a transparent but dense medium. In the 
case of nonuniform motion of a charge the situation 
is generally the same. 
There are, however, cases of practical interest 
in which it is important to take account of the ra- 
diation forces for motion in a medium. This sit- 
uation arises in the motion of particles in chan- 
nels or slits in a medium, motion in a vacuum 
close to a medium, and motion in waveguides. If 
the channel is narrow the radiation produced is 
essentially the same as the radiation in a contin- 
uous medium.?4 Thus, motion in channels or slits 
in a medium can in most cases be treated in the 
Same way as motion through a medium (the chan- 
nel is essentially a mechanism for avoiding the 
ionization losses). The radiation forces can also 
be important for motion of a charge in a rarefied 
plasma (in particular, in a magneto-active plas- 
ma). 
The problem of radiation forces in a medium 
acquires a special interest at velocities greater 
than the velocity of light. For these cases the 
radiation force which affects the amplitude of the 
particle oscillations can be very small and even 
zero [this is due to the nature of the anomalous 
Doppler effect (cf. references 5 and 6)]. We 
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shall pay special attention to this point since it 
is intimately related to the problem of the stabil- 
ity of beams which travel faster than the velocity 
of light. ‘ 

Before dealing with these problems, we com- 
pute the radiation reaction force in a medium for 
the general case. 

1. To compute the radiation reaction force we 
first assume that the charge is not a point charge 
but is characterized by a density distribution p= 
eg(r—R), where R(t) is the radius vector to the 
center of gravity of the charge and Jf g(r-—R)dr 


= 1. Under these conditions the field equations and 
the equations of motion assume the form 


4 1 OD : 
eurl it —~evg (r — R) + —~ or divD = 4neg(r—R), 
1 OH : 
CEE div H = 0; (2) 
d [ my = COR eee (0) 
ai (7a) = ¢fE + 2 vxH } 


+ el{E (r) + = vxH(r) fe(r— R) dr, (3) 


where the charge is assumed to move as a whole 
with velocity v=R; H® and E are the exter- 
nal fields, E and H are the fields produced by 
the charge itself and for simplicity the medium is 
assumed to have a magnetic permeability of unity 
(ea): 

Having in mind applications to a magneto-active 
plasma we shall assume that the medium is aniso- 
tropic and gyrotropic, writing 


D® =e,.0(o)Eg(), «, 8=1, 2, 3, (4) 
where the double subscripts indicate summation 
and the symbol w indicates that the Fourier com- 
ponents are taken and the real fields are D = D+D* 
and soon. The tensor €qg (w) is assumed to be 
Hermitian (€gg = Ba ), i.e., absorption is neg- 
lected; in principle it is possible to remove this 
restriction. 
For an arbitrary medium the only effective 
method for solving the problem is expansion of 
the fields into normal plane waves.’-? Thus, we 
write 
Bo A Wasnt meee Inj() Aa; akye 
A=A+A*, A=V& warn Cay, 


H = curl A, (5) 


where nj is the refractive index and ar j = anji + 
ia) je (j = 1,2) is the complex polarization vector 
which corresponds to the normal (extraordinary 
or ordinary) wave; the summation over k, in (5) 
is taken over the upper hemisphere in k-space. 
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In order to simplify the relations it is conven- 
ient to impose the following condition on A 
£4p0Ax / OX + C2cer = 08 


The equations for A and gy which follow from 
(2) and (6) are as follows: 


~ eer CE Ner gta 1.  &% 
NA s : a 
grad divA “w°ue —5pa ex o°8 afar, C7 = C2€ 
4x 
Se Vea), 
ao 
ton one +¢.c. = — 4xeg (r — R), (7) 
a 


where @q is a unit vector along the a@ axis. 

In the normalization of the potentials which has 
been chosen the part of the field E which is equal 
to —Vqg makes no contribution to the radiation 
reaction and will not be considered below. 

Substituting Eq. (5) in the expansion in (7), after 
multiplication by V47c (Ajj /n}j) e7tkar and inte- 
gration over the volume we have 


re z 
qaj + OrjQaj 


aa (va, , 
= V/4ne\ g (r’ — R) we) exp ( ik,r’) dr’ = f(t), (8) 
Aj 


where wij = ko? /n} j (this calculation is consid- 


ered in greater detail in references 7 and 8). It 
should be noted that in using the quantity n)j in 
Eq. (5) and below, because this quantity is a func- 
tion of w we are not being consistent since the 
time dependence of qaj(t) is still not known. 
Actually, however, in the calculation of the radi- 
ated energy for the radiation reaction force the 
quantity qj refers to the radiation field and the 
entire calculation can be carried out assuming at 
the outset that n,j is constant and by taking ac- 
count of the dependence of n)j on w in the final 
result before integration over frequency (cf. ref- 
erence 7). 

It follows from Eq. (8) that 


t 
qi (t) = 45 (0) + 5-\ F(t) sino (t 2) at’ 


I 9 


poten 


~ a) Sp aves 
A Sse Ca 
Aj 


t 
x \ \ g(t’ — R’) (R’ax) ea" sin w,;(t—t’) dt’dr’ + A (0), 
r’ 0 (9) 
where R’ = R(t’) and R’ = R(t’) = v'(t’)., We 
neglect the free solution A(0) below. Comput- 
ing E and H from Eq. (9) and substituting in 
Eq. (3) we have 
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d mv 0 pets =x ame ee / ik(r—r’) 
Fata tT ee ee \eer Ret Res 
: J=1,2 
jajtv" i) I 
x oer cos [w;(¢ — t’)] —i v x (kx a;) 
ny 
via; 
x ue sin [@;(¢ — 0’ yi} dt’dkdr’dr —C.C., (10) 
nO; 
where 


FO — e {EO +ctvx H}, 


and as usual we carry out the integration over 

k (density of states dk, /81°) The second term 
in the curly brackets in Eq. (10) is to be associ- 
ated with the magnetic radiation reaction force; 
in vacuum in the nonrelativistic approximation 
this term is v/c times smaller than the first 
and is neglected. In the presence of a medium 
the magnetic field H ~ nE [for a plane wave 

~ elwt-ikr we have kx E=wWH/c, k? = (wn/c)? | 
and the magnetic reaction force differs from the 
electric reaction force by a factor of approxi- 
mately vn/c. For motion at velocities greater 
than that of light, in which we shall be especially 
interested, vn/c >1; thus, the magnetic force 
cannot be neglected even if v/ec « 1. Obviously 
the magnetic force does no work. 

Below we shall compute only that part of the re- 
action force which does not depend on the dimen- 
sions of the particle. Hence, till we drop the term 
containing the electromagnetic mass it is conven- 
ient to take the form factor g(r-—R) asa 6- 
function, 6(r—R), cutting off the integration 
over k at kmax=®max/c ~ 2m/rp, where rp is 
the radius of the particle. We write Eq. (10) in the 
form 


t 

d ( mv \ e2 + ¢ 
SS | AY) 

dt ‘\Vi— ae F 2m? | \ 

0 


Wed eee ' 
\ nm cosw;(f—t’) 
Nisley 


va; 
—ivx(kxa)) — sin 0; (t — ty} ek RR’) di/dk 
nj; 


= (Oa @f — F) =e Ty. (11) 


The method of computing the radiation reaction 
forces which is being used here is convenient either 
in an isotropic medium or in vacuum (cf. refer- 
ences 10 and 11). To verify this statement and to 
check the results we consider the non-relativistic 
motion of a particle in a vacuum. In this case, as 
the aj we take the real unit vectors which are 
perpendicular to k and to each other; one of these, 
which lies in the plane defined by the vectors k 
and v’, will be denoted simply by a. The second 
term in the integral in Eq. (11) is neglected since 


Vv... LA GIN ZB YU RiGwamadny st ayar 
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it is of order v/c. Introducing polar coordinates 4 
in k-space (k® = w*/c?) we have: | 


t ©max 
d 2 é 
it ap be —+a\ | (a(v(t’)a)cos@ (t—t’) 
OFRLO Q 


% cos (KR (¢) —R (t’)) edwdQdt’. (12) 


Writing 


cos w(t — t’) = [sinw (¢—?’)] 
and integrating by parts over t’ we transform the 


integral in Eq. (12) to the form 


( ad 
\di 
where we have dropped the term that depends on 
the initial conditions and exists only when t & 
1/wmax (this is considered in greater detail in 
references 10 and 11). Carrying out another in- 
tegration by parts and integrating with respect to 
dQ = sin 6 d@dy, we have 


(v’a)cos k (R — R’)} sinw (¢ — t) ododQdt’, 


Om, 


* da ( ) cos k (R — R’) 
( dt’ 


m—— = FO— ze m 


t 

dv eZ Or Ty =| 
di : 

0 


x cos w (¢t — t’) dt’dw sin 6d8. (12a) 


The second term on the right side of Eq. (12a) is pro- 
portional to the electromagnetic mass 4e7u,9y/3mC* 
~ e’/ryc* and must be discarded since by m 

we understand the experimental value of the mass 
(this procedure, which has been used for many 
years, is identical with mass renormalization, 
which is sometimes assumed to be of recent ori- 
gin). The third term on the right side of Eq. (12a), 
if one neglects quantities which approach zero as 
Wmax 7 © (i.e., rg ~- 0), is the well-known ex- 
pression (2e?/3c*) R, since in the nonrelativistic : 
case cos k(R-—R’) varies much slower with t’ | 
than cos w(t-—t’) while | 


t max 
lim \ \ g(t’) cosw (¢—t’) di'do = 1 r9(t). 
Smee Cr 
As a second example we consider uniform mo- 
tion (R=vt) in an isotropic medium with veloc- 
ity v >c/n. The polarization vector a may be 
conveniently chosen as in the preceding case and 
the magnetic force vanishes identically as follows 
immediately from symmetry considerations. As 
a result we obtain the reaction force 


+ 


262 ( 
i, = Teer aes ae 
0 


Omax m/2 


\ \ a (va) cos w (¢t — t’) 


0 


x cos kv (¢ — t’) nw? sin Odt’dwdd. 
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: i. 
a 
i 


Integration over t’ leads to the appearance of 
two terms, one of which contains the factor 


> 76 ( 


Since cos 6 =c/nv, we have Eq. (1), since the 
term which does not contain the 6 -function does 
not make any real contribution in the expression 
for the force. 

In the general case of accelerated motion in an 
arbitrary medium the reaction force fr is deter- 
mined by Eq. (11). Since fy is small, in the cal- 
culation the quantities R and v=R can be the 
functions which correspond to the motion of the 
particle with the radiation reaction neglected. 

2. We consider motion of an oscillator at ve- 
locities greater than that of light in an isotropic 
medium, a case which is of interest in connection 
with microwave radiation.’ 

Choosing the velocity of the reciprocatory mo- 
tion Vy) along the z axis, we start with an oscil- 
lator which oscillates parallel to vo. In this case 
the vector quantities in the problem are as follows: 


sin » [1 — (nv /c) cos 0} ¢ 
1 — (nv; c) cos 0 


ns cos 6) foxes cor 


R — {0, 0, Vol 4. IRs sin Or. 
Va — REQ; 
k= {0, Rsin®, kcos OY. (13) 


== 105 OF Gy == Op COO 
a, = {1; 0, 0}, a,={0, cos?, —sin9}, 
Then, from Eq. (11), for the force fyrz we have 


t ®max 


2 in2 
ee sat \ ae (Wp + 0a Cos Qt’) cos w (t — 1’) 
0 


n2 
0 


x exp {ik cos 8 [uv (¢ — t’) 
+ R, (sin Qt — sin Qt’)]; di’dk, (14) 


where we have neglected the complex conjugate ex- 
pression which is implied wherever complex quan- 
tities are used. At the outset we shall not assume 
that the oscillation amplitude is small; in Eq. (14) 
we use the well-known expansion 


-Loo 


exp (ik cos 9Ry sin Qt) = >| Js (RRy Cos.8) es%, (15) 


s=—OO 


As a result we obtain 


= Tt Rmax 
2) 


oe > ( \ St cos. (tt) IsGs 


$s, S’'=—cCo0 0 


x exp {i [Ruy cos 8-(t — t’) <- 2 (st — s‘t’)]} dkdt’, 
Gy (x) = Jy (x) (Yo + PaS'/*)- (16) 


Integrating over t’ and keeping only the term 
which corresponds to the 6 (y) -function 
[lim (sin ay/my) for a@—] we have 


fre = — 9) SE" 7, (Ry cos 6) Gy (RRo cos 8) 


x ei Q(s—s’)ts (y) dk, 


fre =fry =9, y= o—s'Q—kv,cos8, k=own/c. (17) 


The work of the radiation reaction force on the 
particle is 


rE 
fredt + va \ cos Qtf,.dt = A, + Aa, (18) 


1) 0 


ae | 


T 
A=\dfr.di = Op 
0 


where gt = 271/08) ="1.02 53,14 einem 
equal to a whole number of periods. 

For high values of T, only those terms for 
which s—s’ =0 and s—s’ =+1 make a contri- 
bution to the integrals in Eq. (18). Thus, since 


Teis 


Ja (X) + Sergi (x) = (28"/ x) Jy (x), 
we have 
A= ay \ sin’ 6G? (kRo cos 9) n (w) sin 8028 (y) d0dw. 
eee (19) 


The term with s=0 yields the Cerenkov radiation 
and will not be considered below (the usual formula 
for the intensity of the Cerenkov radiation? is ob- 
tained from Eq. (19) when s =0 if the quantity 

kRy cos 6, which in this case is wRy/vg, is much 
smaller than unity). For an oscillator character- 
ized by small amplitudes, where 


RRo = (w/c) n(w)Ro< 1, (20) 
we need consider only those terms for which 


Sees il, 
It is apparent that when (20) is satisfied 


G21 (RRo cos 8) = 1/4 (Up + Va / RRy cos 8)? (RRo cos 8)? 
= 0; /4(1 — 89n cos 8)?, 

since the vanishing of the argument of the 6 - 

function yields the Doppler condition 


o = Q/|1— Bon (w) cos 9], Bors anie: (21) 


In this case the anomalous Doppler effect, 
(Bn cos 8 >1), corresponds to s=-—1, while 
the normal effect (Gn cos 6 <1) corresponds to 
s=+1. Integrating over 9 we have (A=A*+A™) 


Aj =A 


eg soln 


oer mere eee ge 20. 


Byn(w) cos <1 aw 


ASS Ae 


2R2T r 4 Q 
Ese at w?(1—— UJ 
4c3Bq \ Bon? (@) o / 


Boft(@) ‘COS 6>1 
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where cos @ is expressed in terms of w by 
means of Eq. (21). It is apparent that this result 
can also be obtained directly from Eq. (14) if the 
condition in (20) is used at the beginning. 

From Eq. (22), or, directly from Eq. (19), when 
(20) applies, with n =const we have 


ee ae sin86d0 
=H 4c3 : (41 — Boncos 0)*’ 
: e2Q4R nT sin? 6d6 
Brat; 4c8 \ (Bon cos @ — 1)?’ (23) 
- 0<% 


where 6) is the Cerenkov angle (cos 09 = c/nvp). 

In a number of cases it is convenient to approx- 
imate the function n(w) by a step function (mo- 
tion in channels, radiation from bunches, cf. ref- 
erence 6): n(w) =n when w<we and n(w)=1 
when w >We. Under such conditions, as before, 
the relations in (23) are used but for the radiation 
frequency w < We in A” the limits of integration 
are cos! [(1—Q/w,)/Byn] and 7 while in A~ the 
limits of integration are 0 and cos! [(1 + Q/we)/B yn]. 

The quantity W+ = —A+* is the energy radiated 
inside the Cerenkov cone (A™ ) and outside the 
cone (A*). In this case Eq. (23) coincides with 
that given by Frank.'8 

We now divide the work A* into the parts IG 
and Ag, where A# corresponds to the work asso- 
ciated with the attenuation or amplification of the 
particle oscillations [cf. Eq. (18)]. It is apparent 
that A is always negative whereas 


+ PQR%YT 4 Q\ 
oe 48, letra ue 
6.ncos8 <1 0 (24a) 
= e2.QR2T 4 2 
2) =e wf] i+~\ldo  (24b 
oa Boncos@>41 Bon? ( =e 


(we may recall that Ag = Ag + Ag and the total 
work A=A)+ Aa» where Ay=Aj+Aj). For 
n=const or a “step” 


A® = (@Q!R*nT / 4c?) Vc —8,ncos 6)*sin36d8. (25) 


Thus, the radiation which appears in the region 
outside the Cerenkov cone leads to a decay of os- 
cillations (Ag <0) whereas the radiation inside 
the cone corresponds to the anomalous Doppler 
effect and enhancement of the oscillations (An> 0); 
This result is in complete agreement with that ob- 
tained from quantum mechanical considerations.°”® 
One is easily convinced that the limits of integra- 
tion over win Kq. (24a) are further apart than in Eq. 
(24b); for example, with n=const, the limits in 
Eq. (24a) are ~, 2/(1+ Bn) while in Eq. (24b) 
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these limits are ~, Q/(fyn—1). The integrand 
in Eq. (24a) is also larger than that in Eq. (24b). 
For this reason it is always true that |Agj| = Aa 
where |Aj|=Aj, if in the actual region of inte- 
gration Byn(w) — . Thus, at greater-than -light 
velocities the damping of the oscillations of the 
oscillator is weakened and can even almost vanish 
although amplification can never occur. 
We now consider an oscillator that vibrates per- | 
pendicularly to the velocity Vy; in this case 


R — {Ro sin Qé, 0, Uot}, Ve {Ug cos O€, 0, Vo}s 


a, = {sing, —cos¢, 0}, 
a, = {cosOcos¢, cos@sing, — sin 9}; 


k = {ksin@cos¢, ksinO sing, kcos $9}, (26) 


where the polar axis (z) has again been chosen in 
the direction of the velocity vy. Proceeding as 
above we obtain 


oe | [VO Gs © 


S, s’=—00 


oan 
x {sin § — — [cos Qt (cos 8 sin ¢ + cos ¢)] i 


 ite—2988 (y) FE; 


v, (sin p + cos 0 cos ¢) s’ 
kRosin9 cos 


Gy (6) = | 0, sind — |4.0: 


C€=RR,sin@cose; y=o—s’Q— kv, cos 8. (27) 


If the condition in (20) is satisfied 


T 


Ars \ Up fre dl 


0 


8089 
e2R2T 3 
Ane 0 \ > (pees ee Ni i Q\? 
(28) 
where 
x = Bono) — 1. 
Furthermore, 
a awa Galt i 
fix = — Te \Js s! [sing +- cos 8 cos 9) 
ss’ 
ae Volt (cos © a sin © COs 6) ei X(s—s'yt Te . 29 
c : n2? ( ) 
4 
Ag=A; =\\ Vafrxadt = AR +A, 
0 
e?R2QT Q2 
At = = Jor [S apes (e+) , 
: Senge GPE Sema) Nee do, 
—.. -  RGOP TES ee 1 Q\2 
Ar = “y35,—\0* [Get aa a oe ae 
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In this case it is also true that |A4| = Ag. For 
helical motion, for example along a magnetic field, 
when & = wy = (eH) /mc)V1—v?/c? , it is neces- 
sary toset R={Ry cos Qt, Ry sin Lt, vot }; it is 
easy to compute the radiation force. f,: 


co 


fre =— = > (ns (y) ®; sin 8dédw, 


$=—00 


®, = J§ (RRy sin 8) [- sin@ + Qs [ Sva cos 8 


wsin9}| kRosin#8 vp sin 8] 


2 


Ugh 9 ¢ 
ais aos OJ" (RRo sin 9); 


e? sin Qt 
3 


co 
ve \ nw*s (y) BS sin §dbdu, 


s=—oo 


DS = (Bo cos 8 — 1) vad? (RRy sin 8) 


fre=— 


89 — cos 8) s = cos 6 


(n ; ‘ 
+ #Rosind.,. CeRysind 70050 8) Js(kRosin®) (31) 


where fry differs from fyx by the substitution of 
—sin Qt for cos Qt. The work performed by this 
force and its components Ad is equal to the ex- 
pressions in (28) and (30) multiplied by 2 if the 
condition in (20) is satisfied. 

If the charge moves in a very narrow channel 
or slit in the case of oscillations along vo [cf. 

Eq. (13)] there is no change in the radiation in- 
tensity (the work A*) and the reaction force. For 
an oscillator which oscillates along the x axis 
[cf. Eq. (26)] the radiation intensity remains un- 
changed for motion in a narrow slit in the plane 

y =0. Finally, in the case of helical motion which 
takes place in a narrow cylindrical channel of cir- 
cular cross section the radiation intensity is mul- 
tiplied by the factor 4«?/(e€+1)*. The remarks 
concerning channels follow from the results ob- 
tained in reference 4. 

3. In the case of an anisotropic medium we may 
consider motion along the axis of a uniaxial non- 
gyrotropic crystal, with the electron assumed to 
be oscillating in the same direction. Under these 
conditions 


R = {0, 0,9 + Rosin Qt}, k= {0,ksin9, kcos 6}; 


a, == {0, cos 9 + K,sin6,— sin 8 + K, cos 9}; 


api {1),.0,.03, K, = (ni—e,)cos0/e, sin9, 


ny =sin?0/e, + cos?@/e,, (32) 


where n, is the index of refraction for the extra- 
ordinary wave which, in the present case, is the 
only one radiated: K, is the ratio of the electric 
field components parallel and perpendicular to the 
vector k in the extraordinary wave; this electric 
vector is parallel to the polarization vector a, 
the length of which satisfies the condition 

nj? {eya3, + ea }=1 (ef. reference 7). 


Substituting Eq. (32) in Eq. (11), we obtain re- 
sults similar to those obtained for the isotropic 
medium, where we have in Eq. (21) N12 (6, w) 
in place of n(w). Here we present only the ex- 
pressions that correspond to Eqs. (22) and (24): 


AwaieAo 
atop CRT we" (w) sin? Ado 
ge 4038 (e, sin?@ +e, cos? 6)?| 1 — (ctg 6/ m1) On; / 00| ’ 
(33) 
At = = . wer (w) sin? 6 dw 
a 4c%39 J (c, sin?@+-<, cos? 0)?| 1 — (ctg 0/ mx) On; / 00| 
eh n® sin’ 6d0 
4c8 e* | 1 — Soni cos @ || 1 — Bo cos 0d (wm)/ do} ’ 


(34) 
where A=A*+A™ =A)+Ag=Aj + Ap + Ag + Ag 
{[cf. Eqs. (18) and (22)] while cos 6, sin @ and 
ny(w, 8) must be expressed in terms of w through 
the Doppler expression (21). 

Thus, for the normal effect in Eqs. (33) and (34) 


s=1, cos ==(1—Q/o)/ 8 n; [o,8 (@)] 


and the integration is taken over the region for 
which fn; cos 8 < 1; for the anomalous effect 


s=—1, cosO=(1 + Q/e)/ Bor, 


and the integration is taken over the region for 
which Bpny cos 8 > 1. We may note that the factor 


e, sin? 6 /(e, sin? @ + e, cos? 6)? = nj sin?6/e}, 


which appears in Eqs. (33) and (34) is also equal 
to atz, when ¢) =¢, equals sin? @ and this cor- 
responds to the transition from Eqs. (22) to (24). 

In an anisotropic medium it is possible for am- 
plification as well as attenuation to occur (in this 
case |A3| > Aj). As an example we consider the 
following idealized case: €; and ¢€, are independ- 
ent of frequency and €; >0 and ¢€) <0. In this 
case n?(@,,) = at the angle 9. determined 
from the condition ¢€, sin? 6.0 + €} cos’ 0.0 = 0. 
Furthermore n? is a minimum and equal to ¢) 
when @=0 while 7/2>0>6. for n?<0 and 
propagation is impossible. If now Bye; >1, itis 
always possible to choose ¢j; in such a way that 
the Cerenkov angle 0) = cos~!(1/B n,) is larger 
than @,,. Under these conditions there is no 
Cerenkov radiation and in the forward direction 
(for 6 <7/2) only anomalous Doppler waves are 
radiated. In the backward direction (T—0< 0, ) 
normal Doppler waves are radiated but here 
(1—Bon cos 6) = (1+Bon|cos @|) and, as follows 
from Eq. (34), the work |A3| is always smaller 
than the work Ag. 

It should be noted that at large values of n_ both 
in anisotropic and in isotropic media it may turn 
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out that Eq. (20) is not satisfied; a number of the 
formulas given here are then inapplicable. This 
situation is especially important for anisotropic 
media in cases in which the signs of €) and e€, 
are different and n, becomes infinite over a wide 
range of frequencies. 

The case of helical motion of a charge in a 
magneto-active plasma* has been considered in 
detail in another paper.!4 Here we limit our- 
selves to the remark that if there is an anomalous 
Doppler region we know that there will be a weak- 
ening of the radiation dampening which leads to a 
reduction of the particle velocity perpendicular to 
the external magnetic field. At certain values of 
the parameters the damping becomes negative, 
i.e., oscillations are excited. 

4. As noted above, the difference in the signs 
of the forces which affect the oscillatory motion 
of a particle for the normal and anomalous Dop- 
pler effects are in complete agreement with the 
results which follow from simple quantum me- 
chanical considerations.°*® In particular, in the 
anomalous Doppler effect the system makes a 
transition from a lower level to a higher level; 
this corresponds to excitation rather than dissi- 
pation. Hence, from the quantum-mechanical 
point of view the system (for example a moving 
oscillator ) must have some probability of making 
transitions to higher and higher oscillatory levels 
so long as these transitions are consistent with 
the condition Byn(w) cos @>1. At the same time, 
in the classical approximation, in an isotropic me- 
dium the oscillations are always attenuated, i.e., 
the system makes transitions to lower levels al- 
though the rate of “fall” may be slowed down con- 
siderably at velocities greater than that of light. 
There is actually no inconsistency. Consider a 
wave packet, composed of wave functions with 
approximately the same energies (energies of 
oscillatory motion). At velocities below the ve- 
locity of light there are only transitions to lower 
levels and, aside from the reduction in the mean 
energy of the packet, the width of the energy spec- 
trum is increased. At velocities greater than the 
velocity of light it is also possible to have transi- 
tions to upper levels and the variation of the en- 
ergy spectrum of the packet is different; in par- 
ticular, in the total ensemble of states there will 
be a state with energy greater than the initial en- 
ergy. In this sense we have excitation of trans- 
verse oscillations. However, in the classical 


*This case is automatically realized for motion of an elec- 
tron in a plasma in a magnetic field. 
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approximation, i.e., if one neglects the spread of 
the packet, only the change in the mean energy of 
the packet is important. This change, as has been 
shown, always corresponds to a reduction in mean 
energy in an isotropic medium. It can be shown 
that at velocities greater than the velocity of light 
the system becomes unstable to some extent. In 
the first place we have the excitation of oscillations 
in the quantum approximation, as already noted; 
secondly, in an anisotropic medium it is possible 
to have excitation of oscillations even in the clas- 
sical approximation; in the third place (and in 
practice this is the most important) there is an 
instability and excitation of oscillations when we 
consider a particle bunch moving at velocities 
greater than light rather than a single particle. 
This excitation is associated with the fact that the 
beam exhibits negative absorption (reabsorption ) 
in the region of the anomalous Doppler frequencies 
(in this region, in absorbing a photon the system 
makes a transition in the downward direction 
whereas a transition in the upward direction cor- 
responds to induced emission). It is completely 
obvious that this instability of “superlight” bunches, 
which occurs in an isotropic medium even in the 
classical approximation, is closely associated with 
the problem of radiation reaction which has been 
considered above in connection with a single par- 
ticle. 
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Problems related to the dynamics of a plasma loop in an inhomogeneous axially symmetric 


magnetic field are considered. 


Osovets' and Shafranov? have considered the 
conditions of equilibrium of a plasma loop carry- 
ing a current in a magnetic field. In the present 
work, assuming stability over a small radius b, 
we consider the motion of such a loop as a whole 
in an axially symmetric magnetic field and find the 
relation which describes the variation of its large 
radius as a function of time. 


1. BASIC EQUATIONS 


We consider an axially symmetric magnetic 
field H(r,z,t) which is specified by the vector 
potential A= {0, Ag, 0}. It will be assumed 
that the axis of the loop coincides with the sym- 
metry axis of the field so that the configuration 
of the loop is given completely by the z coordi- 
nate of its center and the quantity r, its large 
radius. The equations of motion can then be 
written in the form* 


dt 2. da 
Tie OHL OE? (1) 
a2 “ { 1\) 
pe =O ea) tilat+—+s)],  @) 
Mey a flayed + ax) i], (3) 
where 
oy =2eR,H>/ Ml, «=2eRo/Niro, i= Jlx/RocHo, 
= asl / c?, a= A, / RoHo, 


L=L/2Qnr =2[In(8r/b)—2], &=z/R, x=r/Rp, 


M is the total mass of the loop, N is the number 

of electrons, ry =e”/me? is the classical electron 
radius, L is the inductance of the loop, o is the 

conductivity of the loop, s = mb? is the cross sec- 
tion, and Ry and Hy are constants which have 


*Generally speaking, the right side of Eq. (2) should con- 
tain an additional term which describes the force due to the 
material pressure inside the loop. However, when b/r < 1 the 
introduction of this term in Eqs. (1) and (2) would only lead 
to a small correction and for this reason is neglected. 
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the dimensions of length and field respectively.* 

As follows from Eq. (3), the effective real loss 
is characterized by the quantity y ~ T/2mT (1+@), 
where T is some characteristic time during which 
the current changes. For reasons which will be 
made clear below we shall be interested in the 
case y <1, i.e., the case in which the reactive 
component is much larger than the real component. 

At the outset we consider the case character- 
ized by y=0; we then introduce corrections for 
the real losses. 

As can be easily shown, Eqs. (1) — (3) can be 
written in the form 


ae /dt? = —oU/0&, d*x/dt? =—oU/Ox, (4) 


where 
U (x, €, t) = wy (ax — $9)? / 2x1 = ax), (5) 


and @ = [ax+ (1+ax)i]l,4, is a constant which 
is determined from the initial conditions (for t = 
ty we have x =X), € = ), i=ig and soon). 

If it is assumed that 9U/dt « dU/dt, the sys- 
tem of equations in (4) yields the approximate en- 
ergy integral (exact when 8U/dt = 0) 


GY + (EY = (SY+ (Bram 


Whence it follows that if U(x, é, t)< Uy = 

U (xo, €, to), then if the loop leaves such a field 

it acquires an energy increment AE = MR?[U)—U}. 

This effect lies at the basis of acceleration of a 

plasma in inhomogeneous magnetic fields.?*4 
Without making a detailed analysis of Eq. (4), 

we may note certain features of the behavior of 

the large radius, assuming for simplicity that 

(dx/dt)y = (dé/dt) = 0. 


U(x,&,t)]. (6) 


*Since the quantities which appear in Eqs. (1), (2), and 
(3) depend on b logarithmically, the dependence of the small 
radius of the ring on time can be neglected in the first ap- 
proximation. 
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PLASMA LOOP IN AN AXIALLY SYMMETRIC MAGNETIC FIELD 


1) In the case in which 


OU/ Ox |x,,2,<.0,, U(x, £) > U(x, &) (7) 


for all x > xy and é> &), the radius of the loop 
increases without limit in the acceleration process. 
2) If, however, 


OUT OD ge 0,” Ux, 8) U (x) 8) (8) 


for all x< xq and £&> &), the radius of the loop 
approaches zero (this can happen only when Po 
=0). 

3) In the remaining cases the radius of the loop 
can oscillate about one of the stationary radius 
values Xgt determined from the conditions 


OU Ox =0; . PU L0x* > 0; (9) 


where the oscillation amplitude generally increases 
monotonically during the acceleration process. We 
note, however, that for a strong dependence of xg} 
on € [and also when (dx/dt)) = 0, (d&/dt)) #0] 
it may turn out that the loop moves from a stabil- 
ity region into a region of instability during the 
acceleration process [as determined by Eq. (7) 

or (8)]; conversely, if there are also values of é 
for which the second of the conditions of (7) or (8) 
is violated, a loop which is in a region of instability 
may be “captured” in a stability region. In con- 
clusion we may note that if ax and @, are of the 
same sign, acceleration will be effective only when 
Xy9 > Xm, Where xy is the first root of Eq. (9) for 
which (8°U/8x?) xm < 0. 


2. MAGNETIC MIRRORS* 


We consider the problem of reflection of a loop 
from an inhomogeneous magnetic field which re- 
mains constant in time. 

First of all we may note that when y > 1 itis 
impossible to achieve effective reflection. Actu- 
ally, since the current in this case is approxi- 
mately d(ax)/dt, when the ring comes to rest 
the restoring forces vanish; the kinetic energy 
of the ring is converted entirely into heat. Thus, 
the efficiency of reflection increases as y is re- 
duced. At the outset we consider the case in which 
y =0. It follows immediately from simple physical 
considerations that in order for reflection to take 
place it is necessary that the energy of the recip- 
rocatory motion of the loop be converted into mag- 
netic energy and not into energy associated with 
radial motion. Furthermore, in most cases it is 
desirable that the loop receive no radial velocity 


*This problem has been considered in connection with a 
proposal by Veksler for using inhomogeneous magnetic fields 
for coherent cyclic acceleration.° 
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as a result of the reflection. Obviously, these re- 
quirements will be satisfied if the initial radius of 
the loop x) is made equal to xgt(&)) under the 
condition that xgt depends weakly on é. Carry- 
ing out the operations indicated in Eq. (9) we have 


tl @aas 
he, ie 


(10) 


(i <8 Gy eer) 


ay) Oe DASE)? 


where h = 2a/x is the mean field at the radius x. 
For the case a =0 this condition has already 
been obtained by Osovets.! 

We consider the case in which the fields are 
such that the stationary radius does not depend 
on &. This will be the case, obviously, if the 
vector potential is of the form a(x, £)=R(x)z(é) 
and gy is set equal to zero. 

Assuming at the outset that the orbit is stable, 
assuming that departures from the orbit p =x-—1, 
are small,* and limiting ourselves to the first non- 
vanishing terms, we have 


ae / dt? + -U(1,t) =0, (11) 
d®p/dt® + 2BuU (1, £)p = 0, (12) 

where 
p= [(2—8+d0lnh,/dlnx—dlnB/dOlnx]|,,. (13) 


If we now require that z*(£) be an even func- 
tion of ~, we obtain “oscillatory” (generally speak- 
ing, nonlinear) motion for the & -motion; conse- 
quently the p-motion is described by the Hill 
equation which, with an appropriate choice of 
parameters, allows of stable solutions. 

Thus we see that a loop which receives an ini- 
tial velocity (d&/dt)) and is elastically scattered 
from regions occupied by the field will execute 
oscillations about the plane £ =0 with a period 

2) 
T= 27 2\ (UCL, &)—U (I, Ea, 
0 
where é, is the maximum excursion from the 
plane £ =0, determined from the relation 


U (1, &1) = U (1, &) + 4/2 (dé / dt)o. 


If we denote the boundary of the magnetic mirror 
by ép, the maximum energy of the loop Em for 
which reflection takes place is 


Em = MR (1,&,): 


(14) 


(15) 


(16) 


If one now takes account of the real losses, cer- 
tain correction terms appear in Eqs. (11) and (12) 
(these terms are of order y); these terms cause 
a weak damping of the amplitude of the & -motion 
and an increase in the radial oscillations. 


*The constant R, is chosen to make xg; = 1. 
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As an example we consider the motion of a loop 
in a field described by 


Ex [2 for x< m1, 
Gere = hee ere eta as} 2@/x] for x>m, (17) 
where Aa=1-a,. In this case 
T = 2n(1 + a)'28 /ayoun, (18) 
Em = QyouMRoky / 28° (1 + &), (19) 


where the equilibrium radius Ry is found from 
the relations 


ial 
Ro=fi ay DT min 7 


ipa = NR Sine 
We now introduce the effect of the real losses, 
assuming that y «1. Taking account of Eq. (17), 
we substitute the expression for the current i 
from Eq. (8) in Eqs. (1) and (2) and expand the 
right sides of the equations in a series in p. As- 
suming now that when t=0, §=0, i=0, and 
dé/dt = &), and limiting ourselves to the first 
non-vanishing terms in the expansion in p and 
first-order terms in y, we obtain 
t 
Oe ae \ ele (t") dt’, (20) 


0 
t 


+ uBQ%? (t)p = ——S pee leree) dt’, (21) 


0 


Lo 
dt? 


where 


Q2 = wyaji / 82 (1 + a), tie (ieereye 


Whence, to first-order in y = 1/Q7’, 
g(t) = 2 [e-#2* sin Qt + y (1 —e~#?* cos QL)]. (22) 


Now, substituting Eq. (22) in Eq. (21) we have, to 
the same accuracy, 


d?p / dt? + pBee”” sin? Qt. 
= — E31 —e?* cos Qtje sin At. (23) 


With an appropriate choice of parameters this 
equation can have oscillatory solutions, the am- 
plitudes of which increase slowly in time. Thus, 
if the loop does not receive additional energy the 
amplitude of its oscillations along the z axis de- 
cay approximately as exp (—t/2tT’), whereas the 
radial oscillations grow. If, however, the loop 
receives energy in such a way that its oscillation 
amplitude along the z axis remains constant the 
equation for the p-motion assumes the form 


d?p | dé? + wBé sin? Qt -p 
== £58 [cos Qt — e/*] sin Qt, (24) 


i.e., the amplitude of the radial oscillations re- 
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mains bounded. In the case in which the energy of 
the loop increases the radial oscillations first 
decay,* and then, when E = MR}Q?/26u, increase 
sharply, i.e., the loop becomes unstable. In the 
present case this is what actually determines the 
maximum energy and thus there is no reason for 


making p> (bu). 


3. STABILITY OF A LOOP IN A HIGH- 
FREQUENCY FIELD 


We consider the case in which the field is a 
harmonic function of time, .i.e., 


a(x,*6; 2) = a(x, £) sin wf. 


We shall be interested in a stationary loop which 
executes small oscillations about the plane z = 0 
and some equilibrium orbit Rp. Assuming that the 
field is “barrel-shaped” i.e., a(—&)=a(é), it 
is easy to see that the stationary radius, deter- 
mined from Eq. (10), will be independent of & 

(to first-order terms in ~—). Assuming that i=0 
when t = 0, we find that in the absence of real 
losses (y =0)xXg¢ is independent of the time. 
When the real resistance is taken into account the 
equilibrium radius no longer remains constant but 
becomes a function of time. It can be shown that 
for sufficiently large values of y the presence 

of real losses leads either to breakup of the beam 
in the inward direction in the first quarter cycle 
(cf. reference 6) or to breakup in the outward di- 
rection in the first few cycles. 

To achieve stable operation it is necessary to 
make the relative magnitude of the real resistance 
small, 

As before, assuming a stable radius, we expand 
the right sides of Eqs. (2) and (3) in a series about 
X=Xgt=1, €=0. Then, limiting ourselves to 
first-order terms in p=x-1, &, and y we have 


dé / d6? + np (1 —cos 20) = 0, (25) 
d*o / d8 + up (1 — cos 26) = 2y’p [cos 8 — e-v®] sin9, (26) 
where 
OS Oty PH aaa Ot Ceara ates tera =yecpgea ee 
jae ee 


It follows from Eqs. (25) and (26) that taking 
account of the real resistance has no effect on the 
€ -motion in the first approximation. In the equa- 
tion for p, however, the real losses lead to the 


*We bear in mind the fact that the parameters are chosen 
for operation in the first stability region, i.e. ERuB < O?, 
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appearance of a small external force (of order y), 
which does not represent any danger as far as sta- 
bility is concerned. Although Eqs. (25) and (26) 
allow a whole series of stability regions, because 
of their relative narrowness, only the first region 
is of practical interest. For this region the pa- 
rameters n, uw, and p must be chosen in such 

a way that the quantities np and wp lie in the 
interval (0, ~0.5). Assuming that n~ p ~ 3, 

we find that the loop will be stable if its param- 
eters, and the amplitude and frequency of the mag- 
netic field are chosen in such a way as to satisfy 
the condition p< 1. From the expression for p 

it follows that for a given total number of par- 
ticles in the loop and a given magnetic field this 
condition can be satisfied by making the field 
frequency sufficiently high. 


‘Ss. M. Osovets, ®u3uka naasMbl 1 nmpo6mema 
yipaBAAeMbIX TepMOsTepHbIX peakynu (Plasma Phys- 


ics and the Problem of a Controlled Thermonuclear 


Reaction), Vol II, p 283, U.S.S.R. Acad. Sci. Press, 
1958. 
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A relativistically invariant expression for the probability amplitude for three-photon anni- 
hilation of positronium is obtained by the summation of an infinite number of diagrams of 

a definite class. The probability of three-photon annihilation of positronium in the P state 
is calculated in the nonrelativistic limit, and the selection rules for this process are found. 


Depenpinc on the charge parity of a state of 
positronium, it can decay into two or three photons 
(a larger number of photons is less probable). 
Two-photon annihilation of positronium in the S 
state has been dealt with in a calculation by Pom- 
eranchuk,! and three-photon annihilation of posi- 
tronium in the S state has been considered in a 
paper by Ore and Powell.? The methods given in 
these papers, however, cannot be applied to the 
calculation of the probability of annihilation of 
positronium in excited states. It has been sug- 
gested by the writer? that the amplitude for anni- 
hilation of positronium be found by summation of 
an infinite number of Feynman diagrams; this 
makes it possible to calculate the probability for 
annihilation of positronium in any excited state. 
In the paper referred to the probability for two- 
photon annihilation of positronium in the P state 
was calculated. In the present communication the 
technique of summation of diagrams is applied to 
the problem of the three-photon annihilation of 
positronium. 


1. THE PROBABILITY AMPLITUDE FOR THREE- 
PHOTON ANNIHILATION OF POSITRONIUM 


The diagram that describes three-photon anni- 
hilation of free particles is shown in Fig. 1.* To 
get the probability amplitude for three-photon 
annihilation of bound particles, we adjoin to the 
irreducible diagram (Fig. 1) all the reducible 
diagrams of the “ladder type” (Fig. 2), which 
describe the interaction of the particles before 
the annihilation. We get as the result the ampli- 
tude for three-photon annihilation of an interact- 
ing electron and positron (which can also be in 


*In Figs. 1 and 2 the similar diagrams that differ from 
each other and that shown by permutations of the three pho- 
tons k,, k,, k, are omitted. 


FIG. 1 
aaa | T = 4p Mice a ai 
| 
My--—] | A.- — Kg — | etc 
J ! al 1d 
ep Ge Nae 
FIG. 2 


a bound state) in the following form (cf. refer- 
ence 3): 


A= i) Dry (0%) (CHK (2 — 2) YK (#— 2) rove 


Se Vipin (4X2) G10, 2X,. (1) 
Here W(x,xX,) is the wave function of the inter- 
acting electron and positron, which satisfies the 
Bethe-Salpeter equation,* and 


Dyv,v, (X2XX1) = Qe V Wr / W,WoHs 
x [livlovelav, exp t (Ry Xp cia RX se 5X1) oe wep | (2) 


is the symmetrized function of the photons with 
frequencies W1, W2, wW3, momenta kj, ky, kz; and 
polarizations 1,, 1,, 13. In the expression (2), 
and also in the subsequent calculations, the series 
of dots corresponds to the similar terms with all 
possible permutations of the photons. Further- 
more C=), ¥9=B; Y1,2,3 = BQ, 23, and K(x) 
is the electron Green’s function.°® Throughout we 
have set h=c=1, and have adopted the follow- 
ing rule of summation over vector indices: 


ab = a,b, = Apdo — ab; ae Ande — A303. 


The expression (1) gives the first nonvanishing 
contribution for the process in question. If we take 
into account radiative corrections, then every ma- 
trix y in Kq. (1) is replaced by a vertex operator | 
I’, and every Green’s function K is replaced by — 
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G, where I’ and G include the radiative correc- 
tions.® In dealing with the radiative corrections to 
the amplitude (1) we must add in on an equal basis 
with diagrams like Fig. 2 diagrams that describe 
the interaction of the electron and positron asso- 
ciated with their virtual annihilation.* Then the 
wave function W(x,, x,) involved in Eq. (1) will 
be the solution of a Bethe-Salpeter type equation 
in which along with the ordinary interaction there 
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is also the specific exchange interaction associ- 
ated with the virtual annihilation of the electron 
and positron.!® 


2. 


THE NONRELATIVISTIC APPROXIMATION 
FOR THE AMPLITUDE 


In relative-momentum variables p the ampli- 


tude (1) can be rewritten in the form 


Aa teeny \ (ee [p+3/2 (Rs—b2—hi) + mio [p+ /o(bs+-ho—hr) +m] hy 


V M123 


where w%(p) is the positronium wave function in 
the relative-momentum space, K is the total mo- 
mentum of the positronium atom, m is the mass 
of the electron, and for any vector a we write 

A = apyp. 

In the calculation of the amplitude (3) we make 
use of the smallness of the velocity v of the rela- 
tive motion of the particles in the positronium 
atom (v is of the order e*) and shall hereafter 
neglect all terms of order v? and higher. For 
convenience we go over in Eq. (3) from the ma- 
trices y to the two-rowed (2 xX 2) Pauli matrices 
o, and regard as nonvanishing only those of the 
small components of the wave function w~(p) that 
are of the order of magnitude v. Then in the co- 
ordinate system of the center of mass of the posi- 
tronium atom (Ky = 2m—E, K=0) we get 

ml 


A=" {\[[% 


4 
x [(po— 1 api 


al b . 
ws +g E—m) —(p + ky)? 


all 


m): (p Pa ko}? = m?| 
x {Sp Se (po ae Po (Ws ae @;) as 301) A, 

+ Is (p “ic k3) : (p a k,) by bp) + m Sp ¢2 [I5 (p =F Ks)foly 
ag 


a (p =e k,) i] (p" (p) + qe (P)) 


a 


+ Sp So [(Po == Wy + m) i (p — ks) late 

+ (Po +: @3— m) tl, (p = k,) 13] 

x (G" (p) — 9" (ph dip. } 8 (K — ha — ha — Ba). A) 
Here php) is the large two-rowed component of 
the wave function ~(p), and yMi(p) and yMa(p) 
are the small (order of magnitude v) two-rowed 
components of the wave function ~(p), which in 


the mixed representation for t > 0 has the follow- 
ing form:® 


Pipe Me aa 
pM (pt) 0 


$(p.2) =( 


zt @ (P) 
\ Pe (p) / 2m 0 


(oe EAs) omy tag, Soe) atPH(K—B—k— hy), @) 


where the index T means transposition. For 

t <0 the sign of the exponent in Eq. (5) is re- 
versed. E is the binding energy of the particles 
in the positronium atom, and for any three-dimen- 
sional vector q we have used throughout the no- 
tation 4 = (q:o) =qmom. The nonrelativistic 
two-rowed function g(p) in Eq. (5) satisfies the 
Schrodinger equation written for the electron and 
positron, and also is an eigenfunction of the oper- 
ators for the total angular momentum of the sys- 
tem and for an angular-momentum component. 


It is easy to see that in the case of the P state 


of positronium the functions pip), yMi(p), and 
yMo(p) make contributions of the same order of 
magnitude to the amplitude (4), whereas in the 
case of the S state the functions wMi(p) and 
yMe(p) can be neglected. If in calculating the 
annihilation of positronium in the S and P states 
we confine ourselves to the first nonvanishing con- 
tributions, then in integrating over the variable py 
we can set py =0 in all the coefficients of vhip ) 


p 


Mi(p), and yMa(p) in the integral (4) (cf., e.g., 


reference 8). Then the remaining integral over 
the relative momentum p will contain the non- 
relativistic two-rowed positronium wave function 
y(p). Since g(p) has appreciable nonvanishing 
values in the region of small momenta, |p/m| = 
vy <1, the terms in Eq. (4) that contain p*p}, 
pyMi, and pyMz are beyond the limits chosen 
for the accuracy of the calculation. Thus we get 
for the amplitude (4) 


A 


ie (2n)'* 


PN 


Faia \\ 2m, 4- 2 (pky) + p? '- mE\" 
4 [2mo,— 2 (pk,)-+ p?-!- mE] * [2m Sp 2 (cngtd; 1 shel, 
Tg kg fake, f,) ¢ (p)-E2m Sp oo (Lp tak, fy — ty ke fy pl) ¢ (p) 
4m Sp45 (igloksl, — ly kell (Py) 4 (Pye) 


» Sp'g2 (lak, Lol, (om, -—— Mm) (Ws m) dalek 11) (pe (Pp) 


+ ¢(p)p’)id*p- ....f8(K- Ry Ray). (6) 
In the integral (6) we have kept the small quan- 
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tity E in the denominator to avoid later diverg- 
ences in the integration over the photon energies. 
The further calculations are considerably simpli- 
fied if we take the photons to be circularly polar- 
ized. Then for the polarization vector 1 of each 
photon k=nw we have 


[== (* - adk[nxs)) /V2, 7=+1, 


ex[nxt] nn, nl= dH. (7) 


Setting (x) = 5, %nonrel(X), where 4s, is the 
spin function and ¢%yonrel](X) is the coordinate- 
space nonrelativistic wave function of the positro- 
nium atom, we get for the amplitude for annihila- 
tion of positronium, for example in the S state: 


ie? (27)"!2 


2m? V OORKON, 


jl {(1 —— Asha) [(Islo) Gam 


ia (el,) Mey re (Isl,) (be )| =-¢ 


< (Sp 323mDs,) Dione (0) OUR = ee ks), (8) . 


where the notation c.p. in the curly brackets means 
the similar terms obtained by cyclic permutations 
of the indices 1, 2, 3. The expression (8) leads to 


‘a e fee 2 nm) {| {\ ( — Ash) [(ny — ng) P| Sp 02 Isto he (p ) d3 


——— a 
V wo,03 + 2m 


+ mE ++ p?)+[2m Sp 3, (ory fgplol, a Oakele i, pl, )@ (p) + m (Ay + @ghg) Sp 35 


L (0,03 (Ay — Ag) -— 172 (@y_ — Ogh3)) SP de alglels (pe 2 (p) 


The terms in the amplitude (10) can be divided into 
three groups, each of which involves two photons 
symmetrically and differs from the other two 
groups by cyclic permutation of the three photons 
(cf. Figs. 1 and 2). If we examine all the terms of 
one such group it is easily seen that the function 
y(p) occurring in the amplitude (10) must be anti- 
symmetric in the spin indices. Consequently, the 
functions py(p) and —g(p)p! (the small com- 
ponents of the wave function (5)) make the same 
contribution to the amplitude (10); for example, 


A 


Sp 93 (Isloly + Lytsls) (— 2p") = Sp 32 (Iglals + isis) pe. (11) 


This means that in calculating the value of the ex- 
pression (10) we can replace the expression py(p) 
—y(p)p! by the factor 26y(p) or the factor 
—20(p)7, and the expression fy(p) + y(p) pT 
is to be set equal to zero. We get 


73 he) = (ayn2)| (Isp), 
Zmw3 -- mE -/- p2 Rare ts, 


A Ss 


ie? (27) Sp op ait 
\ 010.03 v 
x Pace (p) d* po (K a Ry Se Re 


— ks). (12) 


== ¢(p) p l@p+.. 
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the well known value for the probability W of three- ! 
photon annihilation of orthopositronium in the S 
state:? 


; 2 (x*— 9) 
Mae 9xns 


(e?)’m = —--107 sec, (9) 


where n is the principal quantum number fixing 
the energy state of the positronium atom. For 
parapositronium in the S state the probability of 
three-photon annihilation is zero according to 
Eq. (8), in agreement with the law of conserva- 
tion of charge parity. In the writing of formulas 
(9) and (13) for the probability of three-photon 
annihilation of positronium an additional factor 
of ¥, is introduced to allow for the identity of 
states of the system that differ only by permuta- 
tion of the momenta of the photons. 


3. ANNIHILATION IN THE P STATE 


In the case of the P state the wave function of 
the positronium atom is odd, y(-—p) =-— g(p), 
and by Eqs. (6) and (7) the amplitude for three- 
photon annihilation takes the form 


p +) (2mog + mE + py (2m, 


islol, (pe (p) — ¢ (p) p’) 


fs NK ae (10) 
Here ~(p) = ®%nonrel(P), where © is the spin 
function and ¢%nonrel(P) is the nonrelativistic co- 
ordinate wave function for positronium in the P 
state. In Eq. (i2) terms not containing w in the 
denominator have been dropped, since they make 
only a small contribution (see below). In Eq. (12) 
account has also been taken of the fact that if the 
energy of one of the photons goes to zero, w—0, 
then for each of the other two photons w —m. 

The spin function @ appearing in Eqs. (12) 
and (10) is antisymmetric. Therefore the ampli- 
tude for three-photon annihilation of positronium 
in the P state is different from zero only for 
states with total spin s=0 (parapositronium ). 
On the other hand, for total spin s=1 (ortho- 
positronium) the probability of three-photon 
annihilation in the P state is zero. This selection 
rule is an expression of the law of conservation of 
charge parity. 

According to Eq. (12) the probability W of 
three-photon annihilation of parapositronium in 
the P state can be written in the form 
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fra Nee J05r Wace yeh) kina ene 
se Smt (ay \ pa 3) ee troneei(P) dp |? 


2mo3 +- mE -|- p2 
Ayers M 


6 Sky Pho d?k: rey 
x 6(K—k Ese yet ee me’ (n 1) 


7 W203 72738 


x m? (1 — (nyn2) Po (2m — E — o) — oy 
(V 2m 3 -- mE + V mE)*u3 
(13) 
where the summation over the index M comes 
from the averaging over the three states of para- 
positronium with the orbital angular momentum 
1=1. In the expression (13) we have kept only 
terms in which the large factor In(2m/E) > 1 
appears on integration over the energies of the 
photons. For the terms dropped in Eq. (13) the 
integral over the photon energies is not of an order 
larger than unity. 
In Eq. (13) it is convenient to integrate first 


over the angles, using the fact that 
dQ dQ, = — &x7d (cos (nyn,)). (14) 


The integration over the angles removes the 6 
function, and the expression (13) takes the form 


iwt—E/2 


\ do, 


1) 


Ame!® (72 — 1) 


We es Soe 
Sz? 


m—E /2 


x | 


Re’ ~ 
m—o,—E /2 


sf m5 (, + 2 —m -+ E/ 2)? 
Qh wen an SS ee ses TEs ee ——— z ime YAS. 
; oro, CV 21a (2m = Oy — 0s —— E) = mE: V mE)* (15) 


The region of variation of the independent variables 
of integration w, and w, in Eq. (15) is limited by 
the laws of conservation of energy and momentum. 
Since two quanta can simultaneously have the en- 
ergy m-—E/2, the upper limit of the integration 
over w, and wy is m—E/2. If w,<m-E/2, 
the smallest value for w, is given by the condi- 
tion w;3=m-—E/2, i.e., itis w,=m—w,-E/2. 
The integral over w, and w, in Eq. (15) is equal 
to In(2m/E) > 1, if we drop a term of value 
about unity. 

Thus the probability W of three-photon anni- 
hilation of parapositronium in the P state is 


®s) 4Q,dQndo, dw, 
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Qzn® e4 


(16) 


In particular, if the principal quantum number n 
for parapositronium in the P state takes its small- 
est value n=2, we have 


W = 5 5|In (=) |(#)'m = 0.3-10° sec 


It follows from Eqs. (12) and (15) that in three- 
photon annihilation of parapositronium in the P 
state there is a preference for the production of 
two large quanta with combined energy almost 
equal to m, while the energy of the third quantum 
is of the order of E. 

For parapositronium in the P state the most 
favored process is optical transition to the S state 
with probability of the order of 10° sec!, and sub- 
sequent two-photon annihilation. 

The writer is grateful to V. A. Mashinin for 
checking some of the calculations involved in the 
present work. 
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One-dimensional simple waves in relativistic magnetohydrodynamics and relativistic hydro- 
/ 

dynamic discontinuities (contact, tangential, Alfven, and fast and slow shock waves) are 

considered. The Zemplen theorem is proved for shock waves of arbitrary intensity. 


dhe general formulation of the problem of discon- 
tinuous solutions in relativistic magnetohydrody- 
namics has been given by de Hoffman and Teller,} 
who obtained an equation for the nonrelativistic 
shock adiabat and showed that the shock wave is 
always plane. These authors proved a theorem 
which is the inverse of the Zemplen theorem for 

an ideal gas in the particular case in which a mag- 
netic field is parallel to the surface of the discon- 
tinuity. However, neither this work or other work 
published in this field has, to the best of our knowl- 
edge, been concerned with the stability of a rela- 
tivistic magnetohydrodynamic shock wave. The 
Zemplen theorem has not been proved and the be- 
havior of the magnetic field in the shock wave has 
been investigated only in particular cases. Rela- 
tivistic magnetohydrodynamic discontinuities 
(contact, tangential, Alfvén, fast and slow shock 
waves ) have not been classified. All of these 
problems are treated in the present paper. 

As in ordinary hydrodynamics, in relativistic 
magnetohydrodynamics a shock wave results from 
a simple wave as a consequence of the fact that the 
points of the liquid which have the highest density 
are displaced with the highest velocity. 

Simple waves are related to the low-amplitude 
waves which have been investigated in relativistic 
magnetohydrodynamics by Khalatnikov,? Zumino,’ 
and Harris.‘ We start with an investigation of sim- 
ple plane waves in relativistic magnetohydrodynam- 
ics in which all quantities are given in the form of 
functions of one of the quantities which, in turn, is 
a function of the coordinate x and the time t. 


1. SIMPLE WAVES* 


The complete system of relativistic magneto- 
hydrodynamic equations for zero viscosity and 


*Simple waves have been considered by Stanyukovich*’® 
for the particular case in relativistic magnetohydrodynamics 
in which H, = 0. A number of papers’~!5 have been devoted 
to studies of simple waves in non-relativistic magnetohydro- 
dynamics. 


infinite electrical conductivity is as follows: 


OF hOx, =O} (1.1) 
curlE =—oOH/ot, divH=0O, (1.2) 
E=—[vxH], (1.3) 


O (nttp) | OX = 9, (1.4) 


where Tj, = avi * Trica and 


sige = NWU;Up + podze, (1.5) 
eet 4 . 
a{7 Halle — ExEs + 7 Pap (H+ EY), 


T= 


= IEXH], TS —_ (ETH), (1.6) 
and the uj are the components of the four-dimen- 
sional velocity, w and n are the internal energy 
per particle and the density in the reference sys- 
tem that moves with the wave, p is the pressure 
(the velocity of light is taken as unity). 

Since the magnetohydrodynamic equations (1.1) 
— (1.6) constitute a hyperbolic system of first- 
order linear and homogeneous partial differential 
equations, we can apply the results obtained in 
reference 7; in particular, the differential equa- 
tions which relate the magnetohydrodynamic vari- 
ables in a simple wave can be obtained from the 
relations between the amplitudes of these quanti- 
ties in waves of infinitesimally small amplitude. 
These relations are as follows: 

Alfvén wave 


dv; = —e(Var/H,) dH, — HoydHoy + Hesd Hye = 0, 


du, = dW = dp = dH,, = 0: (L277) 
magnetoacoustic waves 
AV aw ae U ay Ua 
On 8 ya anetys dV; = — ty (4 c) 7 ue, dW, 
4nH,, (V2. — c? 
dH: == 0, — “dy: = Soot Meet aW, (1.8) 


(1 +c) H2, (4 — V2.) 


where the quantities Va, Ua, Vz, and U, are 
defined by the relations 
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Va = Ua/VI4+U%, Ve=Us/VI4FU%, (1.9) 
Us =Hy)/ V4eV, 


pot hua) + UA Vie 
Ao 2(1 + U%) 


(1.10) 


Doe at eda 


? 


(1.11) 


Hy is the magnetic field in the reference system 
which moves with the wave; W = nw; c is the veloc- 
ity of sound; Uat is the component of the vector UA 
perpendicular to the direction of propagation of the 
wave (i.e., perpendicular to the x axis); the quan- 
tity « is (+1) if the wave propagates in the posi- 
tive x direction and (—1) if the wave propagates 
in the opposite direction; the plus sign in Eq. (1.11) 
corresponds to the fast magnetoacoustic wave and 
the minus sign refers to the slow magnetoacoustic 
wave. 

Equations (1.7) and (1.8) are not to be consid- 
ered as relations between the amplitudes dW, and 
dH,... for constant W, H,..., but as differential 
equations from which all the quantities may be ex- 
pressed as functions of one of these quantities, for 
example W. 

The equations in (1.8) apply only in the moving 
reference system. Hence they can be used only 
in the case in which the velocity of the liquid v 
is small compared with the velocity of light. 

The quantity W satisfies the equation 


AW / dt + VW / dx = 0, (1.12) 


where V is the phase velocity of propagation of 

a wave of infinitely small amplitude which cor- 
responds to the given simple wave. The phase 
velocity is a function of the magnetohydrodynamic 
quantities (W, H,... etc.). For this reason 
points corresponding to different values of W are 
displaced with different velocities and in general 
there is a distortion of the wave shape. 

In the simple Alfvén wave the phase velocity 
remains constant since the quantities vx, Hx, Ht, 
and W do not change. Hence the Alfvén wave prop- 
agates without distortion. 

In order to determine the manner in which the 
shape of the magnetoacoustic wave changes it is 
necessary to compute the derivative dVp /dW, 


where Vp is the phase velocity, given by 
Vp = Ue +Vi. (1.13) 


(we may recall that the velocity v is nonrelativ- 
istic ). 

Differentiating the equation 

V4 (1 4- U3) — V3. (UA 4-2 (1 + Us) + Vac’ = 0 
and making use of Eq. (1.8) we have 


Sia hy 
Wp 1 2 5 2 9 
WwW WWItea ke cy Vx (l —c’) 
+ 2(V2.U4— CUA) 
| op , (0? (w /n) 
+- 2Bc! + BW nec Gonaeone (1.14) 
where 
A=V%, (1 + U4) — ¥/, (U4 +-(14 Vax), 
B=V%, (1 + Ux) — Vay. (1.15) 


For fast magnetoacoustic waves the following 
inequalities hold: 


Vio ASO BS OY) Sica Gas 


whereas for slow waves the following hold: 


VO <enata <i? 3B <0 Pyle el aay ae 


It follows from Eq. (1.14) that both for fast and 
slow waves, when the following condition holds: 


(02 (w/n) / Op”); > 0 (1.16) 
(s is the entropy per particle), we have 
av, /dW > 0. (LsAbt) 


Under these conditions points characterized by 
higher densities are displaced more rapidly than 
points of low density.* This means that at com- 
pression points the density gradient is increased 
whereas at rarefaction points the density gradient 
is reduced. 

The further analysis of simple waves is essen- 
tially the same as that for nonrelativistic magneto- 
hydrodynamics.® At the compression points dis- 
continuities arise; the self similar waves are 
always rarefaction waves. 

It follows from Eq. (1.8) that in a fast self- 
similar magnetoacoustic simple wave the mag- 
netic field falls off; in a slow wave it increases. 


2. DISCONTINUITIES 


The following boundary conditions! hold at the 
surface of a discontinuity: 


{nwo; /(1— 0?) + p + (Hi — Ez) / 8x} = 0, (2.1) 
{nwv,v, | (1 — v?) — H,H,/4n} = 0, (2.2) 
{nwv,0z / (1 —v?) —H,H,/4n} = Ez{Ex}/4n, (2.3) 
{nwv, / (1 — v®)} = (Hy (viHs) — oH} / 42, (2.4) 

j= 2x / Vite ao outs ies U5, (2.5) 


*Because of the thermodynamic relation (OW/dn), > 0, an 
increase in W corresponds to an increase in density. 
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Evy = Boy = Yorlles Uae = 0, (2.6) 
By, = Baz = — 01H yy = — Vala, Powe, (277) 
{H,} = 0. (2.8) 


The subscript “1” refers to the region in front of 
the discontinuity while the subscript “2” refers to 
the region behind the discontinuity. The x axis 
is taken normal to the discontinuity and points 
from region 1 to region 2. 

We shall use a reference system which moves 
with the discontinuity which is such that the follow- 
ing relation holds in region 1: 


Oy = Ujz —= lakees = QO. (2.9) 


The boundary conditions can be simplified con- 
siderably if we go over to a reference system in 
which the vectors v and H at both sides of the 
discontinuity surface are parallel. In this case 
the electric fields E, and E, and the right sides 
of Eqs. (2.3) and (2.4) all vanish. 

It should be noted that a reference system in 
which the velocity of the liquid is parallel to the 
magnetic field does not necessarily exist for all 
discontinuities. The quantity vx is fixed (this 
is the velocity of the discontinuity with respect 
to the liquid in region 1). The quantity v,t is 
determined from the condition that the vectors 
v, and H, be parallel: 


Vie = VixH yt / Hy. 


In order that the total velocity v2. + vi. 
be smaller than the velocity of light the following 
relation must hold 

Ont line le (2.10) 

As we shall see below, in general this relation is 
not satisfied for fast shock waves* (for Hx = 0). 

The classification of discontinuities in relativ- 
istic magnetohydrodynamics is similar to the 
classification in nonrelativistic magnetohydrody- 
namics.'4 The following types of discontinuities 
exist: 

1) Discontinuities that are at rest with respect 
to the liquid, j = 0. 

a) Contact discontinuities: Hy = 0. 

From the boundary conditions it follows that: 


v=0, E=0, (H}=0, {(p}=0. 


b) Tangential discontinuities: Hy = 0. 
From the boundary conditions it follows that 


Ux =0, E,=0, (p+ (Hi— Ez) / 8x} == 0; 

*The assertion of de Hoffman and Teller that for any 
shock wave there is a reference system in which the velocity 
of the liquid is parallel to the magnetic field is not true in 
general. 
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the discontinuities in the remaining thermodynamic 
quantities are arbitrary. 

2) Discontinuities that move with respect to the 
liquid, j ~ 0. 

From the boundary conditions (2.1) — (2.9) it 
follows that: 

[MowWa0ae / (1 — 03) — Hy /4n + E3. / 4) Ha, = 0. (2.11) 

If the first factor vanishes the discontinuity is 
called an Alfvén discontinuity; if the second factor 
vanishes the discontinuity is called a shock wave. 


We consider these in greater detail. 
a) Alfvén discontinuities: H)z ~ 0. 


NsWeV2y | (1 — 02) — HH} / 4x + E32 /4n = (2.12) 


The following similar relation holds for region 1: 


fyw v2 Os fale 
1010, 

1x eel Q. (Zeb) 
an 4t 


2 
—e TS 
| v5 


Converting to the moving reference system we 
find that the Alfvén discontinuity is displaced with 
respect to the liquid in region 1 with a velocity 
VAx, Which is defined by Eq. (1.9). 

For the Alfvén discontinuity the relation in 
(2.10) is satisfied; hence we can convert to a ref- 
erence system in which the velocity of the liquid 
is parallel to the magnetic field. In this refer- 
ence system, it follows from the boundary con- 
ditions that 


lw/n}=0, {p+ Ayn? /8nj?} = 0. (2.14) 


In view of the continuity of Hx and j at the dis- 
continuity, the independent thermodynamic quan- 
tities can be taken as w/n and p + Hn?/87j?. 

It follows from Eq. (2.14) that at the Alfvén dis- 
continuity all the thermodynamic quantities are 
continuous 


(n} = {w} = {p} = 0. 


The vectors associated with the magnetic field 
and the velocity of the liquid do not change in ab- 
solute magnitude but rotate through the same angle 
about the x axis. We emphasize that this rotation 
of the vectors v and H takes place only in the 
reference system in which the velocity of the liquid 
is parallel to the magnetic field. 

b) Shock waves: Hoz = 0. 

In this case, in accordance with Eq. (2.6) we 
find that voz =0, i.e., the shock wave is a plane 
discontinuity and the vectors v and H lie in the 
xy plane. 

We now consider the stability of shock waves. 

To have a stable shock wave it is necessary that 
the number of waves of infinitely small intensity 


(2.15) 


which diverge from the surface of the discontinuity ~ | 


be equal to the number of independent boundary 


4 
| 
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conditions which relate the magnetohydrodynamic 
quantities at both sides of the discontinuity sur- 
face. On the basis of the considerations given in 
reference 15 we find that there are two kinds of 
stable magnetohydrodynamic shock waves: slow 
shock waves, for which 


Vem Uy << Vwi. Vox << Vex, (2.16) 
and fast shock waves, for which 
Vi, <Ujyx, Vaax Ua << Vou (2.17) 


In accordance with Eq. (2.16), for slow shock 
waves there is a reference system in which the 
velocity of the liquid is parallel to the magnetic 
field. 

In the case of fast shock waves the inequality 
in (2.10) need not necessarily hold and in this 
case such a reference system does not exist. 


3. ZEMPLEN THEOREM* 


We now show that in relativistic magnetohydro- 
dynamics, just as in ordinary relativistic hydrody- 
namics,?® there is a Zemplen theorem, according 
to which the pressure and density in a shock wave 
increase if the conditions in (1.16) hold and if 


(As i OP) win = 0. (Sab) 


The proof goes as follows. 

In the absence of a magnetic field H=0, along 
the thermodynamically stable portion of the shock 
adiabat (s. >s,) the following relations hold: 
Pe > Py, W2/Ng < wy /ny. 

There is no portion of the shock adiabat for 
which w,/n, >w,/ny, Po < py since this corre- 
sponds to a shock wave for which the entropy is 
reduced (s_ < s;). By virtue of the inequality in 
(3.1) this section of the shock adiabat lies in the 
(w/n, p) plane below the Poisson adiabat (s = 
const). We show that in the presence of a mag- 
netic field the portion of the shock adiabat which 
corresponds to a rarefaction shock wave w2/n» 
>w;,/n, lies still lower. From this it will follow 
that on this section the entropy is reduced (Sp < 
S;), and this is impossible. 


*The Zemplen Theorem was proved by Iordanskii1® and 
Polovin and Lyubarskii!7,18 in nonrelativistic magnetohydro- 
dynamics for shock waves of arbitrary intensity. 

tFor a relativistic ideal gas 


ice 2(2—7) 4 / as\ Bea A 
ey zope ).= eG), kdp/ae = yd Zr 


These expressions are positive since the quantity y lies 
in the interval29 1<7~< 5/3. In addition to the inequalities 
in (1.16) and (3.1), just as in references 19 and 21 we show 
that the pressure increases monotorically along a shock 
adiabat. 
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For the proof we write the equation of the shock 
adiabat in the presence of a magnetic field 


w3— wi — (P2— pi) (@1/ m4 + W/m) =Q, (3.2) 


o= He, (2 / nz)? (0,, / Vy, — 1)? (Wr / m1 — We / ne) 
8m (we / Me — H® | 4nj?)? 

Equations (3.2) and (3.3) are obtained from the 
boundary conditions (2.1) — (2.9) by eliminating the 
variables. When w;,/n; < w,/n, the quantity Q 
is negative if Hyy ~ 0, whereas when Hjyy =0 
the quantity Q vanishes. 

We shall now investigate the behavior of the 
curve (3.2), (3.3) (in the w,/n,, p, plane) if Q, 
which we take as a parameter, vanishes. Differ- 
tiating Eq. (3.3) with respect to p, at constant 
W,/Ny, we have 


‘AQ i: Ow w OP) 
alee i 20g alee a i a =) ‘ 


On the other hand we have the thermodynamic 
relation 


(3.3) 


(Ow me re Pei: OS) 
" else i r 


whence 


{OQ [We w)\ SS See 
(Fase ae ee a 


W'o/ Io 


By virtue of (3.1), when w,/n, >w,/ny, this 
quantity is positive. The fact that the derivative 
(8Q/ dp, )wo/ng is positive indicates that with fixed 
w,/n, a reduction of Q means a reduction in pp. 
In other words, a curve of the shock adiabat (3.2) 
and (3.3) for Ay * 0 actually lies lower than the 
shock adiabat in the absence of the magnetic field. 

Thus, in the shock wave the pressure and the 
quantity n/w increase 


Po > Py, We/MNe <I Wy/ M4. (3.4) 
Using the Zemplen theorem we can draw cer- 

tain conclusions concerning the behavior of the 

magnetic field in shock waves.* In a slow shock 

wave it is possible to go over to a reference sys- 

tem in which the velocity of the liquid is parallel 

to the magnetic field. In this case, from the bound- 


ary conditions we have 


*Landau and Lifshitz21 have investigated the change of 
magnetic field in nonrelativistic magnetohydrodynamic shock 
waves of low intensity and in nonrelativistic waves of arbi- 
trary intensity for the case in which H? <p. An increase in 
the magnetic field in fast nonrelativistic magnetohydrodynamic 
shock waves for H? <p has been noted by Helfer. 22 

The change in the magnetic field in nonrelativistic mag- 
netohydrodynamic shock waves has been considered by 
Lyubarskii and Polovin.18 The relativistic case for which 
H,, = 0 has been treated by Stanyukovich. 23 
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wy | my — A? | Ani? 


Hay = Ay (3.5) 


we / na — A | 4nj? 

From the Zemplen theorem (3.4), the condition 
of stability for a slow shock wave (2.16), and the 
relation in (3.5) it follows that in a slow shock 
wave the tangential magnetic field does not change 
direction and is reduced. This statement is valid 
also for the moving reference system since the 
magnetic field is the same in this system as in the 
reference system in which the velocity of the liquid 
is parallel to the magnetic field. 

For a fast shock wave, as has already been in- 
dicated, there may not be a reference system in 
which v is parallel to H. Hence the relation in 
(3.5) must be replaced by the more complicated 
relations 


' / 2 Tiz 
WV; , | N2Vo~— Ay. | Axj 


Hoy = Hay (3.6) 


We | ng — H® | 4nj? 


4rj? (wy / Ny — w20,, / N2Vy,) (We / M2 — Hz / 4nj?) 


(we / M2) (%,/ Ys, — 1) 


Oily = (3.7) 


? 


which follow from the boundary conditions in (2.2), 
(2.4), (2.7), and (2.9). Since the shock wave is a 
compression wave (W, > Wy, Ny >ny) from (2.5), 
(2.9), and (3.7) it follows that 


Uy > Uo, (3.8) 


Vix > Vox. 


Equation (3.6) together with the stability condi- 
tions (2.17) indicate that in a fast shock wave the 
tangential magnetic field does not change direc- 
tion and is increased. The last statement applies 
in a reference system in which the equality in 
(2.9) is satisfied. Carrying out a Lorentz trans- 
formation to the moving reference system and 
using (3.8) we find that the magnetic field also 
increases in this system. 

The author is indebted to A. I. Akhiezer and 
G. Ya. Lyubarskil for valuable discussions. 
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The angular distribution of the radiation produced by a charged particle which passes 
through the interface between a vacuum and an isotropic ferrite is considered; the case 
of a vacuum and a crystalline dielectric is also considered. It is shown that the radia- 
tion depends on the sign of the group velocity. The transition radiation is considered in 
connection with the characteristics of Cerenkov radiation in crystals and in isotropic 
media in the frequency region characterized by negative group velocities. The “inverse” 


Doppler effect is considered. 


1. INTRODUCTION 


‘Transrrion radiation of a charged particle which 
moves perpendicularly to the boundary between two 
media with different dielectric constants was first 
considered by Ginzburg and Frank.'! The problem 
has also been treated by other methods in later 
work.?~5 

In the present paper we consider transition ra- 
diation, taking account of the magnetic permeabil- 
_ ity. It is shown that this radiation is affected sig- 

nificantly by the sign of the group velocity. We 

also consider transition radiation in connection 
with the characteristics of Cerenkov radiation 
in frequency regions associated with negative 
group velocities. In these regions the solutions 
of Maxwell’s equations appear as advanced poten- 
tials which carry energy from the radiator; it is 
found that the Cerenkov ray forms an obtuse angle 
with the direction of motion of the particle. In this 
case a sharp intensity peak (in the transition radi- 
ation) due to the generation of Cerenkov radiation 
in the medium should be observed in the vacuum if 
the particle moves from vacuum into the medium. 

We also consider the radiation of a charged par- 
ticle which moves perpendicularly to the boundary 
between a vacuum and a uniaxial crystalline die- 
lectric. This problem is of interest in connection 
with Cerenkov radiation in crystals because in cer- 
tain frequency regions the radiation is described by 
an advanced potential characterized by a phase 
which moves along the particle trajectory. There 
is also a frequency region in which the Cerenkov 
ray forms an obtuse angle with the direction of 
motion of the charged particle (cf. reference 6). 

In an isotropic medium these characteristics 


of the Cerenkov radiation are found in a single 
frequency region — the region in which the group 
velocity is negative. 

In conclusion we consider the so-called “in- 
verse” Doppler effect — low-frequency radiation 
in the forward direction. From the inverse Dop- 
pler effect it follows that in the case of a source 
of zero frequency which moves with a velocity 
greater than the phase velocity of light the Ceren- 
kov radiation which is produced should form an 
obtuse angle with respect to the direction of 
motion. 


2. RADIATION OF A CHARGED PARTICLE THAT 
PASSES THROUGH THE BOUNDARY BETWEEN 
A VACUUM AND AN ISOTROPIC FERRITE 


The problem is solved conveniently in cylin- 
drical coordinates. Taking the z axis in the 
direction of the particle velocity v we write the 
current density, as in reference 3, in the following 
form: 

Pes eae \ Bie E A) ids \ ado (ar) dx. (1) 


— oo 0 


Introducing the Hertz vector in accordance with the 
expression 


w2 


Ee = - grad divi. de C2 Ns, H.= = curl Th.,, (2) 


we obtain the following solution for Maxwell’s 
equations: 


+ oo co 
a 


7 fis By plot ish a eS e 
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— co 0 


+- Aexp (2V = — eu c ) 


+ Bexp(—z V 2— suv? //C?) ae, (3) 
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where the last two terms satisfy the source free 
equation and are determined from the boundary 
conditions. The Hertz vector has only one non- 
vanishing component; this is along the z axis 
(in Eq. (3) we have dropped the z subscript). 

We shall assume that the boundary coincides 
with the plane z=0 and that the ferrite occupies 
the semi-space z< 0. In the vacuum region 
(z > 0) the solution is expressed by Eq. (3) if we 
tanere =), and p= 12 If 


Re V a2 — eth 2/C® >0 
to satisfy the requirement that the solution be 
finite at infinity we take Bg=0 and Ay=0. 
Using the boundary conditions* 


aie OT 
ee eee, (4) 


2 Oz 02. 
we find the components Ag and By, which differ 
from zero. 

In what follows we shall be interested in the ra- 
diation energy in the vacuum region. The radiation 
field in the vacuum is completely described by the 
term which contains By, which does not become 
infinite if the ferrite has losses. In this case the 
integration over a can be carried out by the 
method of stationary phase. The important con- 
tribution in the integral is due to a small region 
of order Vw/cR close to a= (w/c) sind, 
where R is the distance from the origin of coor- 
dinates to the point of observation. Hence, at large 
distances from the origin integration over a 
means approximately that we replace a by 
(w/c) sin 3. Carrying out this integration and 
computing the Poynting vector flux through an iso- 
lated hemisphere we obtain the vacuum radiation 
energy for a charged particle which moves from 
the ferrite into the vacuum: 


dd 4° cos? 0)? 
0 
ys EY ee St Eee NGS 
'(1 —3 [sp —sin® $) (e cos 9 4+- Veep — sin? 9) | 


where £=v/c is the ratio of the particle velocity 
to the velocity of light in vacuum and ¥# is the 
angle between the z axis and the direction of 
observation. 

In the case in which the particle moves from 
vacuum into the ferrite, the vacuum radiation en- 
ergy is obtained from Eq. (5) by replacing 8 by 
—B. When p=1, Eq. (5) becomes the equation 


*The subscript “f” corresponds to quantities taken in the 
region z < 0, occupied by the ferrite, while the subscript “v” 
corresponds to vacuum quantities (z > 0). 
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which has been obtained earlier (cf. references 
1—5). Equation (5) describes the entire energy 
which appears in the vacuum region, including the 
Cerenkov radiation generated in the medium.* 

The integration over qa (to within a numerical 
factor ) leads to the replacement of a by (w/c) sin 3. | 
Whence it follows that the inequality which we have 
taken above (Re V a2 — eyuw2/c2 > 0) corresponds 
to the following inequality: 


ImY en. — sin? d < 0. (6) 


Equation (5), which is written under the assumption 
that (6) holds, is valid over the entire frequency 
range, including the range in which the group ve- 
locity is negative. 

We may note that in principle the group veloc- 
ity ina ferrite (« #1, u #1) can be negative. 
In order to show this, we substitute a plane wave 
in Maxwell’s equations (E, H ~ exp [i (wt —kr)]) 
in which case the following vector relation holds: 


kE? = (mp/c) [Ex H] == (@u/4n)S, 


ee 
2 = wl ew/c, 


where § is the Poynting vector. Undamped elec- 
tromagnetic waves can exist both for €>0, uw>0 
as well as for ¢€ <0, uw< 0 since the index of re- 
fraction n= Veu isa real quantity in both of 
these cases. It is apparent from the last relation 
that in the first case the Poynting vector coincides 
in direction with the wave vector k; in the second 
case S and k point in opposite directions, i.e., 
the group velocity is negative. In the frequency 
region in which the following relation is not sat- 
isfied: Re (dw/8k) > Im (0w/8k) the concept of 
group velocity has no meaning. In this case the 
term “positive (negative ) group velocity” is no 
longer meaningful in the above sense. 

In the frequency region in which the group ve- 


*In this connection we wish to point out an error in the in- 
terpretation of the corresponding result in reference 4, where 
an analysis is made of the radiation of a charged particle 
which moves through a vacuum-dielectric boundary and it is 
asserted that the Cerenkov waves do not make a contribution 
in the first integral in Eq. (27). At the large distances for 
which the first integral in Eq. (27) is computed in reference 4 
the cylindrical Cerenkov wave is transformed into a spherical 
wave and the second integral can be neglected. To convince 
ourselves of this it is only necessary to take account of the 
fact that the residue at the pole in the integration over x in 
Eq. (23) is to be taken only when the pole in the complex 
plane lies between the real axis and the line of steepest de- 
scent (if there is damping, in Eq. (27) of reference 4 the quan- 
tity € should be used instead of ©’. 

tThe group velocity can also be negative in a medium with 
spatial dispersion (cf. reference 7). The features associated 
with a negative group velocity which are being considered in 
the present paper are quite general. 
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locity is negative the solution is given by advanced 
potentials, with phases which do not move away 
from the radiator but approach it. In this case 
one expects peculiar features for the radiation in 
moving systems. In the figure is shown a diagram 
of the propagation of waves which are excited by 

a uniformly moving particle which interacts with 
the electromagnetic field. If the velocity of the 
particle exceeds the phase velocity of light (ng 

> 1) then in the direction given by ¥, which sat- 
isfies the relation n8 cos ¥=1, all the elemen- 
tary waves are propagated in the same phase. The 
Cerenkov waves formed in this way exhibit a sur- 
face of uniform phase in the form of a cone with the 
vertex in the forward direction. The phase ve- 
locity forms an acute angle 3 with the direction 
of motion of the particle. However, the energy 
flow is in the opposite direction. As a result a 
narrow peak in the transition radiation intensity, 
due to the Cerenkov radiation, should be observed 
in vacuum when the particle moves from vacuum 
into the medium. One is easily convinced of this 
if one introduces damping ¢ = «’—-ie”, w=yp' —iy”, 
where «” >0 and pu” > 0. In this case, in the re- 
gion of negative group velocity (6) corresponds to 
the inequality Re Veu—sin?v’ <0. Taking account 
of this situation and replacing B by -—B we see 
that Eq. (5) yields a narrow maximum ( B? (eu 

= sin’ 3c) = 1) in the direction of the refracted 
Cerenkov angle. Under these conditions, in the 
vacuum at small distances from the medium there 
will be a converging cylindrical Cerenkov wave 
which, after intersecting the normal to the boundary, 
diverges and fills the inner part of the Cerenkov 
cone. One is easily convinced of this result from 
an analysis of the diffraction of the plane waves at 
the boundary. 

In actual ferrites there is no frequency region 
in which «<0 and w< 0; however these mate- 
rials do net represent the only possibility. As we 
have noted above, the group velocity can be nega- 
tive in a medium characterized by spatial disper- 
sion.* 


3. RADIATION OF A CHARGED PARTICLE 
WHICH MOVES THROUGH A VACUUM- 
CRYSTAL BOUNDARY 


As has been indicated in reference 6, the Ceren- 
kov ray generated in a crystalline dielectric may 


*In reference 8 the Cerenkov radiation has been consid- 
ered for isotropic gyrotropic media in which spatial dispersion 
is taken into account. The energy in reference 8 which corre- 
sponds to the Cerenkov radiation in the region of negative 
group velocity moves at an obtuse angle with respect to the 
direction of motion of the particle. 


1323 


form an obtuse angle with the direction of motion 
of the charged particle. It is of interest to con- 
sider the radiation of a point charge which passes 
through a vacuum-crystal boundary in connection 
with this feature of Cerenkov radiation. 

We take the velocity to be along the z axis and 
introduce the Hertz vector: 


\ on., @? 
J] a es one ee 
iS grad = aa Ma, 


H,. == — curls) a) 
Cc 


for a uniaxial crystal with axis in the z direction 
we obtain the following solution for Maxwell’s equa- 
tions: 


ie nae plot i ae lwz/o 
= = \ igs div Tle (Ae) | go? (e,@2/ e902) (1 — £03?) 
—<o 0 
“ Aexp [z V (a? — eun2/c?) €y/€6] 
4+. Bexp | —2V (a2 Sc,07/@) ened) da, (8) 


where ¢€) and €g@ are the transverse (to the crys- 
tal axis) and longitudinal components of the dielec- 
tric primitivity tensor. The Hertz vector has one 
non-vanishing component (along the z-axis) so 
that we drop the index (also the vector nature of 
Tisys 

We assume that the crystal fills the half-space 
z <0 and that the region for which z>0O isa 
vacuum. Assuming that 


Re V (oo — €,0)7/C*) 3, Z¢ 


00) (9) 


we determine the solution completely by requiring 
that the solution be finite at infinity (the vacuum 
wave diverges from the origin), using the conti- 
nuity conditions on the tangential components of 
the electric and magnetic fields; these are equiva- 
lent to the relations 


SACS ee Wie ly 


where the subscript “c” denotes quantities taken 
in the crystal. 

Carrying out the calculations as in the preced- 
ing section we obtain the vacuum radiation energy 
for a charged particle which moves from the crys- 
tal into the vacuum: 
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(10) 


The vacuum radiation energy for the case of 
motion of a particle from vacuum into a crystal 
is obtained from Eq. (10) by replacing B by —8. 
When ¢€) =€g=1 the quantity W vanishes as is 
to be expected and when €) =€e=e Eq. (10) gives 
the familiar result (cf. references 1 —5). 

In the integration over a, as in the preceding 
section, the important region is the small region 
in the vicinity of the point of stationary phase and 


, Ween 
in integrating over @ we replace a by ae sin v. 
Hence the relation in (9) becomes: 


InVe— (€9/&e) Sin? + < 0. (513) 


In Eq. (10) it is assumed that this inequality is sat- 
isfied. 

As has already been shown in reference 6, the 
Cerenkov ray forms an obtuse angle in the fre- 
quency region in which €y<0 and €g>0. By 
introducing a small damping factor (€9,¢ = Ep,e 
-i€fe, €0,e > 9) we can show that when €y < 0 
and €e > 0 the following inequality is satisfied 


ReV & — (&/&e) sin? } < 0, (12) 


where @ is the refracted Cerenkov angle which, 
as has been shown, satisfies the equation 


hee 
Bebo ——"e sins | ==4) 
\ e / 


(13) 


Making use of Eq. (12) and replacing B by —-8, 
from Eq. (10) we can show that in the direction of 
the refracted Cerenkov ray there should be a sharp 
radiation maximum because in this frequency re- 
gion the Cerenkov ray forms an obtuse angle with 
the direction of motion. 


4, “INVERSE” DOPPLER EFFECT 


In the frequency region in which the Cerenkov 
ray forms an obtuse angle with the direction of 
motion one also expects peculiar properties for 
the radiation of a moving oscillator. This is ap- 
parent from the Doppler formula 
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| og — kv | = , (14) 
where w, is the source frequency in the rest sys- 
tem, v is the velocity, k is the wave vector: 
k = wyn (wy, 3)/c (% is the angle between the 
vectors k and v). It is apparent from Eq. (14) 
that in the frequency region in which the projec- 
tions of the wave vector and the group velocity on 
the direction of motion have different signs lower 
frequencies are radiated in the forward direction 
(‘inverse” Doppler effect).* From the “inverse” 
Doppler effect it follows that for zero frequency 
of a source which moves with a velocity exceed- 
ing the phase velocity of light the Cerenkov radi- 
ation forms an obtuse angle with the direction of 
motion.t 

In conclusion the author wishes to thank V. L. 
Ginzburg for a number of valuable comments and 
a discussion of these results. 
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*The “inverse” Doppler effect in anisotropic gyrotropic 
media has been considered in reference 9. 

tThe role of the group velocity in the radiation of a moving 
oscillator has been discussed by Frank, 10 
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We have used Low’s method to evaluate in the intermediate coupling approximation the scattering 
amplitude for the scattering of a phonon by an exciton by expressing it in the form of a matrix 
element between exact eigenfunctions of the energy operator corresponding to the initial and final 
states of the exciton. Our basic approximation consists in the use of Haken’s functions for the 
exciton wave functions. We have carried out detailed calculations for the case of large quantum 
numbers and for the ground state of the exciton. It is shown that the mean free path remains finite 
also for the case where the effective masses of the electron and of the hole are the same. 


Tue Wannier-Mott approximation, according to 
which the exciton is a system of an electron and a 
positively charged hole with a Coulomb interaction 


between the two, is valid for excitons of large radii. 


The periodic field of the lattice is, as usual, taken 
into account by introducing effective masses which 
may be assumed to be isotropic if we consider a 
crystal of cuprous oxide. 

Both particles, the electron and the hole, inter- 
act with the crystalline lattice, and in polar crys- 
tals and the main interaction is the one, known 
from polaron theory, of the particles with the 
longitudinal optical phonons.! The existence of a 
phonon interaction leads according to Haken? to 
the fact that the potential is of the form -e’/er, 
at large distances and —e’/n’r at small ones. 
Describing the relative motion of the electron and 
hole in classical terms one can say that at small 
distances the motion is fast and the ions do not 
have time to shift from their equilibrium positions. 
The potential is thus equal to —e’/n’r where the 
index of refraction n takes the polarization of the 
electron shells of the atoms into account. At large 
distances, however, the motion is slow and the in- 
teraction is characterized by the static dielectric 
constant €. 

This difference in the character of the interac- 
tion is automatically obtained if one takes into ac-~ 
count the recoil connected with the emission of 
phonons. Y 


It is essential to note that if the effective masses 


of the electron and of the hole are equal, as will 
be the case in cuprous oxide,’ the phonon interac- 
tion does not vanish, and the exciton still causes a 
polarization of the lattice. The statements to the 
opposite which are in the literature’ are based 


upon the approximation which writes the wave 
function of the system in the form 


Ye (20) =o, (7) 22:(@), (1) 


where 7,(r) is a function of the spatial coordinates 
r, (a) a functional depending only on the phonon 
field variables a. 

Approximation (1) leads to the fact that when the 
effective masses are equal the probability for a 
collision of a phonon with the exciton turns out to 
be equal to zero and the mean free path tends to 
infinity .°» Taking the interaction of the exciton 
with the acoustic lattice vibrations into account 
cannot change this result as in the approximation 
of a continuous medium the constants for the in- 
teraction of an electron and a hole with the phonons 
turn out to be equal, and under those conditions the 
mean free path is also equal to infinity .° 

To obtain a finite collision probability one must 
use more exact functionals for the exciton state 
which take into account not the polarization in the 
medium, but the polarization produced by each of 
the particles separately. 

The most convenient mathematical apparatus to 
consider this problem is Low’s method,® which 
makes it possible to evaluate the phonon scattering 
cross section without using the usual perturbation 
theory set-up. This fact is of the greatest impor- 
tance for polar crystals as in that case the coupling 
is either strong or intermediate. The evaluation 
of the matrix elements is performed with respect 
to the phonon field in the same approximation as 
in the paper by Low and Pines’? where the scat~ 
tering of a phonon by a polaron was considered. 
The results obtained are valid in the intermediate 
coupling region. 
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The energy operator for an exciton in the 
Wannier-Mott model is of the form 
4 . 4 e 


2 2 
om VR aM Vr ar 


see 


+ Bajar + BVa(netttan + Veen 8a). @) 
Our notation is the following (fi = 1):M = m,; + my, 
is the total mass, M’ the reduced mass, w the 
limiting frequency for the longitudinal optical vi- 
brations, ait and a, the creation and annihilation 
operators for the phonons, R =/14r; +2, the 
center of mass coordinate, pj =mj;/M, r=r;, — 1%, 
the coefficient V, is equal to 


(3) 
(4) 


V,.= Yk (efkrus — p= cei ye 


tk = —i p(2mo) —"(4na/V)", 


@ plays the role of the coupling constant: 


a = 1/,e? (2m/w)? (1/n? — 1/e). (5) 


One can easily show that the matrix element of 
the scattering matrix S corresponding to a transi- 
tion from a state with phonon momentum ky and 
total exciton momentum Py to a state k,P is equal 
to (see references 8 and 9) 


Snn = 1— 2ni8 (EM — EM)T, (6) 
where T is the following matrix: 
: —ikRY* 4 ; : 
= \@R \ ar (¥pe kRY* ey es Y, ) 


+ (ar lar (Wye ee 


Vis HEP ome 
(7) 
In Eq. (7) Wj and Wry are the exact eigenfunctions 
of the initial and final states, € is an infinitesimal 
quantity which leads to an outgoing wave in coordi- 
nate representation, EB) and B®) are the en- 
ergies of the initial and final states* 


E\”) a P2/2M* +En=E, (8) 


Ey is the exciton energy in the n-th state. We 
shall use for the functionals ¥j and Wp those ob- 
tained by Haken?t 


esl i(P.— Mika, ax ) R|Uda(r) By (9) 


\ 


where 
U =exp (Da; Oe ls ap Py =0, 
k / 


ekr Hy 


(Py 7, 
Pee ee ees \ 2 PEC) | 
oS NOE eae Meo 


*We have omitted from the expression for the energy an ad- 
ditive constant which is inessential for our problem. 
tHaken considered the case P=0 in the paper quoted. 


=Sil 
ey) 
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The functions f, and g,(r) satisfy the following 
equations 


{ kz Pk * 
in Veta + (@ Tce ee, (1 — 1) ) fr +V,=9, 


+ Dihor(o + 37) + DteOVs 


+ feOVE + zyp DY FeO) Ph de = Ente (11) 
The functional (9) is obtained by assuming that 
W,(r) is a spherically symmetric function. If we 
evaluate the expectation value of the energy using 
the functional (9) and after that using the functional 
(1), it turns out that the value will be less in the 
latter case. The choice of the solution in the form 
(9) is thus the more correct one. The value of the 
renormalization constant 7 will be found below. 

For small momenta Py) which are different 
from zero there will only be the first term in (7). 
To evaluate this expression we take the terms de- 
pending on Py through the operator (H — E - w)! 
and integrate over d’R. We get as a result 


S—1] = — i(2n)*8(E;— E;)8 (Pp + ky —P—k)Q, (12) 


where 


Qe \ Dr Doda, VU" (P) a ge U (Po) Vi, eas 


H (Po) = H (Po + ky — 2 ka; ay) (13) 


It is convenient to write the quantity Q as a sum 
of two terms Q= Q; + Q,, corresponding to the two 
terms in (3): 


Qs = 14, \ dr (Oyhn,V; U7 (P) 


x — + __U (Pp) etry Dy 9. 


=F —o— ie Gay 


Q, is obtained from Q, by the substitution 
exp{ikpri} — exp{—ikyru,}. We shall consider the 
evaluation of Q». 

We shall transfer the operator U from the 
right to the left. We must, of course, be careful 
when differentiating U, since VU does not commute 
with U. We shall use the general formula 


e eX) = pdx) 


/ ' i , A 
Pr or [Ps I + xlle’, 91.41 sei (15) 


From (15) it follows that 
oe ul» Vie — The + Ye ie \. 
R 


jn =f, Vie— fe Vip: 
The expression div j, can be rewritten in the form 
—— (1/2M") div je = "/2(fiVie — fi, V;, ). 


because of (11). The average value of div jx eval- 
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uated over a spherically symmetric function tends 
to zero. We shall now transfer the factor 
exp{ikyr.} in (14) from the right to the left. As a 
result of this we can write Q, in the form 


4 
Hy + Hy —E—wo 


On = ve \ a'r { Dodn, V;, efkores = dn@y >. 


(16) 


Considering in the following the case of small 
momenta we have replaced U7 !(P,)U(Py) by unity. 
This is permissible since the only expression 
where it is important that P be finite is the de- 
nominator in the integrand of (14), which can be 
studied separately. Hy = H§"’ + H!?) is the fol- 
lowing operator 


Ho = —- yr VI + 2 Vale Vil 


2 Thai? + 


a 


= eS WA’ Ap 
b R 


- ene oa) + Ha 
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(kky) a, as) = 


7 kay ae Dk | fel? 
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— a Blkke) fait +3 (Dk?) (17) 


o> 


DI je (P) ? (@ — kP/M + 


k?/2M) = 2 fe (0) |2 (@ + R2/2M) + 3(1— 4) M? 2 [re |? (KP)? (@ + &2/2M) (v~4 (0) +. 
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The splitting up of the operator Hy into Hy) and 
Hj’ is done as follows. Each of the last three 
terms in (17) can be written as a sum of two 
terms: the first which is independent of r must 
be assigned to H{), and the second one to H?), 
In the other terms f, = fj,(P) and |f,,( (P)|? must. 
be expanded in power series in P, while f,(O), 
and |f},(O)|? must be assigned to Hit), Terms 
quadratic in P can in turn be split into two parts; 
terms which do not contain an r-dependence are 
assigned to H1), and the rest to HY). it turns out 
that the latter are unimportant in the following. 
Let us, for instance consider the expression 


Se | fe 2 wis Dik | Yk i? { ae ob ve eee Vaio (eer ae es tkryy 

: ; (18) 
If we make the transition from a summation to an 
integration between infinite limits, the first two: 
terms in (18) give 


(2m) k | yal? (v2 ype) BR 


=Panf(2 Peele a 


Similarly, up to terms of OP’) 


v4 (0)) 


—2(1—7)M? > | te? (KP)? (v3 (0) +- v73(0)) + terms depending upon the spatial coordinates. 
h A R : 


Taking away the terms quadratic in the momen- 
tum we get, apart from an additive constant, 


e 
0 


chy fo 


kPo kko ke 
+ Qa a (o WM) > OM 
R 


ke  koPo hd AST 2 
cae ae +a (Beal an), (20) 


where 


ogy es as sr 221 V fe? 


nr 


+ Di fel (0+ spp) + SHVet HV 


If m, = mp», the potential W(r) is of the form” 
W(r) = —e/er — (1/n? — 1/e)r* exp(—1V/2ma)- 
From (19) we have 


M** = M7 {1 — Ya. (m) (1 — 9) (rm /m)"* ry M 


++ (ms/my/: m,/M]}. aie 


4 


The mass Mj; is somewhat different from by 
Let us consider the operator Hy = Ht + Hy 4 


te = 2 O71 ie a, Li — 271,714, k Ger 


aie WA Va PER } oM ea (kk’) {Faby a, a, 


Pie xe to fe oe i + 7+ 
TP Fy ye “Lb Fig bgp Uy TP Py Uy UM fy @,@, @,} 


\ 


— FD (eke) gf + of F,) — ap UT Ha — Vi ah 


me 

8% * 5 iN! St wat 
ASG Sa ae 
x diy ~ 2M NE h VE, te 

SL Poke & k 2 
+a, Vi th (Om ay tom) | ne Ket 


2 (ko). (22) 


4 Slive ipo 5 
5 De = a sl 
k R 
Using the equation for the function f, we can write 


the last three sums in the expression for Ht” in 
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the following form: 


\ 
aap Wenge Ntay Ap? bec itta ys Dinan. (23) 
2 


We shall show in the following that one can neglect 
the term =kly,|2vj v7 tetkta, in (22). Let us now 
turn to Eq. (16). For the evaluation of the matrix 
element we shall follow Low and Pines’? and intro- 
duce a functional ¥ by 


CD == Ye Oe Hie E08) a Dee ead) 
which satisfies the following integral equation 
Wb Dg =a HOE @ — ie) (AC Hyd, 

ct = RY 2M + ku2/2M! + koPo/M* —o. (25) 


Putting Y = u(r)&) + Dv (r) az) we can obtain the 


following set of integro-differential equations for 
the functions u(r) and v(r): 


{ 


ro ; 
H ott are = u= = bn it i 2 (Kkko) fy, 8% =F ap Dik V fie 


5 23 ip V Up Sen OA Tey Os HY? Nu 


— (9, HO.) u— See. (26) 
R 


Hoe + AEe = yt (Kke) fr - 


ako fe —H@v,—Lat By, Hat By) vg 


oe a fek pa Kp ee — - Vie ZV fiee , (27) 
where 
Shy = — V?7/2M’ + W (r) — En; 
AE = k?/2M +- k? is /2M’ -- k?/2M 

— kko/M + Po (ky — k)/M* —ie. (28) 


Let us consider the case of most interest, when 
the effective masses of the electron and of the hole 
are the same. From (18) and (17), 


<Gj Do, Hat @,) === (k — ke) > k'v=2 (Po) 2cos k’r. 


If we write the function vy as v; = exp(— —ikr/2) vj (1) 
we get for u and vit the following equations 


Rigas Ly) 
Holt + = U= =~ Yn — — (kko) g,0)) 


= rie Vie) (Je tere) + 


a (ky\/) u en Zeer, 


(26a) 
He (k — kp) Jot AE (Py)o) 
Tt © (k — Ko) pa k’v,? (Po) 2cos k’r of) =: — (kk) ¢% 
1 8, 
— a (1 —e-*) of (ku) 
pete ok 4 2 k’¢p (1 + exp {ir (k —— k’)}) oD, (27a) 


she ; 4 We 
oO ip es WO Tee 
M M 7" 


BOOM s+ USO 


where 
Ge = ta(o + R7/2m)?, 

AE() (Py) = (Ko — k)?/2m + (Po/M*) (ko — k) — ie. (28a) 
One can neglect the Py dependence of the functions 
~, for small Pp. 

We shall expand the functions u and vi) i in terms 
of a complete set of functions of the operator H: 


i et AnYn, vo) = D One dn: (29) 


Since at large distances the potential W(r) be- 
haves like —e?/er we can take for the exciton wave 
functions ~, for the states with n = 2,3,4,... hy- 
drogen functions, taking the radius of the Bohr 
orbit to be equal to ¢/me’. If we substitute, for 

the zeroth approximation, u = ay), into the right 
hand side of (27a), it is clear that the coefficient bp 
will be the main one. Multiplying the left and right 
hand side of (27a) by py and integrating over the 
coordinates we obtain an equation for the coefficient 
Dnk- The magnitude of the renormalized exciton 
mass will then be determined by the expression 


: { Me a 
Po/Mn = P/M ee > k 1 Yeo (2 ve? (Po) 
k 


— 2Qvz” (Po) <n| cos kr | n)). 


One can show (see Appendix) that <njexp(siler)|n > 
tends to zero as n, The limiting value of My 
will thus be equal to M*. It is, on the other naa 
obvious that for large quantum numbers the elec- 
tron and the hole move so slowly that they have 
time to polarize not only the atomic shells, but 
also to shift the ions. For large n the exciton 
mass must therefore be equal to twice the polaron 
mass. The latter is, for instance, in the Lee, Low, 
and Pines approximation! connected with the 
coupling constant a by the relation m* = m(1+a/6) 
so that the parameter 7 in (9) and (19) will be 
equal to 7 = (/6)(1 + a/6)"'!. We shall consider 
the solution of Eqs. (26a) and (27a) in the limiting 
cases of large and small quantum numbers n. 

In the case of large n the quantity <n|exp(+ikr)|n> 
can be considered to be small compared to unity. 
The equations for the coefficients an and bnk take 
the form 


An = ] = — pa (kko) Gp layarns (26b) 


a, * dt % \) ; 
AEN” boa = — TP (Kko)pe— iz Gk 2k’ Gubng (27D) 


The solution of this set ye ees is of the form* 


-o)"g 


0)? | Pe PimAEO (P (31) 


I = Dy(kk 


k 


0) a 1, ats Us, 


*The P, dependence is only contained in AE“? (P,). 


THE MEAN FREE PATH OF. AN EXCITON IN A POLAR CRYSTAL 


where I, is proportional to Pos 


2aw? m 
(2mo)'? (@ + k2/2m)2 M* 


O° 


The required matrix element Q. is thus equal 
to 


age — 
Q= + Q=ltal*(sere7— 0) ‘pnlbo), (82) 
where 


pr (Fa) = Ita? bn (7) Va, (7) Par. (33) 


The first factor in (32) has the same form as the 
amplitude for the scattering of a phonon by a 
polaron!® while the factor Py(Ko) plays the role of 
a form factor. 

Integrating (13) over the final state and over the 
initial phonon momentum ky we get the following 
expression for the scattering probability 1/7 per 
unit time 


4 Mn \ 42 kT 
= = Ra Pode, |* Pn (Ro) e-% 


Pine, 


mi+T 


7 “d3ky. (34) 


The factor exp(—w/kT) gives the volume depend- 
ence of the number of phonons on the temperature 
T. For small Py) we get by using the well known 
limit lim €/(x’ + €”) = 16 (x) 
Ree, 
A (FP) 7S c- oT (Opn (hod)? (35) 
where f(a) is a slowly changing function of a, the 


value of which was given in reference 10. The 
mean free path 7 is connected with 1/7 through 


the relation l =vtT where v is the exciton velocity. 


We shall now consider the exciton ground state. 
The exciton dimensions in the ground state are 
several times less than the characteristic length 
ko = (2mw)7" 2; if we take the wave function in the 
form %(r) = (rx) 12 exp(—r/r,) the constant ro 
must then satisfy the inequality kry <1. Taking 
this inequality into account one can put 


<to | exp (4 ir (k —k’)) | $oy = 1+ O(R 10), 


and the equations for the coefficients ay and bo, 
take the form 


dp= i—~ Dh (kk) Pe or, 
k 
* 2 7 : 
AE bor = — = (kko)pa— 7 Ge k DK gee Gor (36) 
From (36) we get 
Clg = (Ro/2m (1 + 21) — w) ho. (37) 


The renormalized exciton mass is in the case of 
the ground state up to terms of O(rjk’) equal to the 
unrenormalized one according to (30). This result 
corresponds to the intuitive feeling that in the 
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ground state both particles move “fast” and they 
do not have time to shift the average positions of 
the neighboring ions. The function p(k) can for 
the ground state be approximately replaced by 
rk? Calculations analogous to the foregoing ones 
lead to the following value of 1/7: 


1 /t = Qawe-/kT 4 (k,ro)* / (a), (38) 
where 
O(a)es (1 axel xe = xO fox: (39) 
Xy is the root of the equation 


to lee Tale.) s x = ky / V 2mo. (40) 
The root of Eq. (40) is close to unity so that when 
we estimate the order of smallness of different 
terms we can—as we did in the foregoing—substi- 
tute instead of k, the value k. The function g(a) 
is close to unity and changes slowly with a. 

Representing the crystal as a continuous me- 
dium and assuming the mass to be isotropic is, 
of course, crude for a consideration of the exciton 
ground state.” 

Nevertheless, for a qualitative description of 
the character of the interaction of an exciton in 
the ground state with the crystalline lattice, the 
Wannier-Mott model can be useful. According to 
Zhilich’s calculations’ the wave function of an 
electron forming an exciton state has its main 
maximum at a distance of approximately 4.3 
atomic units from the central oxygen ion O ina 
Cu,0O crystal. This means that the electron moves 
essentially at the boundaries of the four copper 
ions which are the nearest neighbors of O . If 
we use an approximate representation for the 
electron and the hole the main part of their inter- 
action will be described by a potential —e’/n’r, 
where the refractive index n takes into account 
the polarization of the copper atoms. The potential 
W(r) considered above behaved for small r just 
like —e’/n’r. When rp is decreased the exciton is 
by and large more and more a neutral system, and 
the probability for collision with a phonon will 
according to (38) decrease fast. 

For excitons with large radii the mean free path 
is of the same order of magnitude as the polaron 
mean free path. 

This result is explained by the fact that the 
electron and the hole polarize the crystal individu- 
ally [the function U in (9) depends on the spatial 
coordinates]. Even though the exciton is an elec- 
trically neutral system, it deforms the lattice none 
the less, even if m; = Mp», and the phonons are 
scattered by the deformed lattice. The usual per- 
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turbation theory is not able to take this effect cor- 
rectly into account which for m; = mg, also leads 
to an infinitely large mean free path. 

In conclusion I express my sincere gratitude to 
Academician V. A. Fock for a discussion of the 
present paper. 


APPENDIX 


We shall consider the evaluation of the integral 
Jy(k) = <nlexp ikr[n>, where |n> is a spherically 
symmetric function of the discrete hydrogen atom 
spectrum 


in> = NLA (p)e-"?, p= 2r/na, a=elme?. 


Using the integral representation of the Laguerre 
polynomials 


Ln(e) = a ° ee hee We neat, 


G 


where the contour C encloses the coordinate ori- 
gin, we can perform first of all the integration 
over the spatial coordinates 


Abs (R) = N?nxa3 os und ae u)” du 


< mpon( i. y)f ieee dv, 
ie [(u + 0+ 1)? + RP 


Ry, = kan/2. 


The integration over dv is easily performed if the 
integration contour is pulled towards the poles of 
the function [(u + v + 1)? + kK] “2 A change of vari- 
ables u = ik,t/(t —1—ik,) reduces the integral 
over du to a hypergeometric function 

ee) et 


7 
4k, 


(1 2 )-"-14(1 + ik)? — (1 — ik,)2") 
x F (Ln, Ltn, 231 ke) )- 


As n—~®© the function Jyj(k) tends to zero. If we 
expand Jy(k) in a power series in k we can ob- 


AG VoL Us 


's_ I, Pekar, Uccnenopanusa 10 91eKTPOHHOK Teopmn 


tain from the expression given here the well known ., 


equations for r’, r’, and so on. 
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The variational principle proposed by N. N. Bogolyubov and the physical ideas and mathemati- 
cal methods developed in the theory of superconductivity are applied to a study of the proper- 
ties of a heavy nucleus. Using the nuclear shell model we consider the residual interactions 
of nucleons in an outer shell; this leads to the appearance of a superfluid state of the nucleus. 
We have evaluated the energy of the superfluid ground state and those of a number of excited 
states both in the case of an even and in the case of an odd number of nucleons in the shell. 
We found some regularities in the level spectrum of even-even nuclei and of odd A nuclei. 

Changes in the nuclear ground state energy were evaluated for the case where the number 
of outer shell nucleons was changed by one; this made it possible to conclude that even-even 
nuclei are more stable than odd-odd nuclei as regards B decay, which agrees numerically 
with von Weizsacker’s semi-empirical formula. The results obtained depend little on the 
nuclear model chosen, and they are also valid for highly deformed nuclei. 


A certain similarity between the properties of the 
Fermi-systems in a nucleus and in a metal makes 
it possible to apply the physical ideas and mathe- 
matical methods developed in the theory of super- 
conductivity! to a study of nuclear matter and of a 
finite nucleus. ?~! Belyaev® and the author” have 
used the nuclear shell model to show that the inter- 
actions between the outer shell nucleons lead to a 
superfluid nuclear state (a state energetically 
lower than the one with a completely degenerate 
Fermi-~-gas). 

In the present paper we continue the study of the 
superfluid nuclear state and, in particular, the 
energies of the excited states of shells both with 
an even and with an odd number of nucleons will be 
evaluated and the problem of the stability of nuclear 
isobars as regards £ decay will be considered. 


1. THE SUPERFLUID GROUND STATE 


We shall investigate the superfluid state of an 
atomic nucleus using a new variational principle 
proposed by Bogolyubov® which is a generalization 
of Fock’s well-known method.? 

We take the following model of a heavy nucleus: 
the nucleons which form the inner shells produce a 
central-symmetrical field which is somewhat dis- 
torted by the outer shell nucleons. Let us consider 
the residual interactions between the nucleons (pro- 
tons or neutrons) which are in the outer nuclear 
shells. We shall characterize the nucleon state by a 
set of quantum numbers s and by the quantum num- 


ber m of the total angular momentum component 
along the symmetry axis of the nucleus. 

Let us consider the residua! interactions of 
nucleons which are in the immediate vicinity of the 
energy of the Fermi surface with a Hamiltonian 


H = Di{E(s, m) — 2} Ome (S)+ ame (S) 


th ee Be EEN coal: 
ee oe J (Sy, S281, $2 101/71, P2M2; 01, My, Pz Mz) Amo, ($1) 


rea t 


X Amyps($2)*Am,p, (S)@m_104(S,).- (1) 


The summation is here carried out over all values 
of all numbers s, Sj, S2, ..., over positive values of 
the numbers m, mj, Mm,, ... and over the values +1 
of the numbers p which characterize the sign of m, 
where 


Pyfily —~ Polly = Py Tl, >> Pz Ma, 0, FP, My; 


amp (ayn amp (s) are the creation and annihilation 
operators for the nucleons; E(s,m) is the energy of 
a nucleon in the outer shell in an s, m state; A isa 
parameter which plays the role of the chemical po- 
tential and which is determined from the condition 


i > Gnp(s) aap is). (2) 
$,nl,0 


We shall, morevoer, perform a linear canonical 
transformation of the Fermi amplitudes, as in ref- 


erences 5 and 7 
Ame (s) = Um (s) Am,—e (Ss) : 90m (s) Aine Sie (3) 


we shall define a new vacuum state am (s) ¥=0, and 
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find the average value of the energy operator H over 
this state. We shall determine us), Vin(8) from re- 
quiring H to be a minimum, and as a result we get 
the following equation 


™ i} / / / 
CS) > 5 Yr J(s,s’|m, — m;m’', — m’) 


Sin 


* Cm (s’V/V Cm(s’)? > Em (s’)? (4) 


where 
7s) — >, J (s, s'!m, — m; m’, — m’) Um (S’)0m (s’), (5) 


s’m’ 


Sa(s)i= E (s,m) —h —"/5..) (J (s, 8'3).5",.5 | m, m3.) 


sim’ 
a J (s, Ss; s', s | m, ae it, go Tite m)} Um’ (s’}% 
e(s, m) = V Cm (8)? + Em(s), 
ead (S,.8 lian os 


(6) 


GAS S8 5S; | 


We note that if the total angular momentum j is a 
good quantum number we only need sum over m!’ in 
(4). The trivial solution of (4) Cy,(s) = 0 corre- 
sponds to the state of the completely degenerate 
Fermi gas. It was shown in references 4 and 7 that 
it is necessary that J < 0 for energies near the 
Fermi surface in order that there be a non-trivial 
solution of (4). 

In reference 5 we obtained the asymptotic solu- 
tion of (4)(as J — 0) and showed that the interac- 
tions of nucleons with equal and opposite angular 
momentum components along the symmetry axis of 
the nucleus play the leading part. In references 6 
and 7 solutions of (4) were found assuming that 
J(s, s'|m, —m; m’,—m/’) did not depend on s, 8’, 
m;m’, and it was shown that in this crude approxi- 
mation the main properties of the asymptotic solu- 
tion were retained. 

Let us consider the approximation 


y= const, 6 = const, 


(7) 
i.e., J and the level density p(E) do not depend on 
E. 

We can neglect the interactions of nucleons with 
different m, s since it was shown in reference 5 that 
they will give a small correction which can be evalu- 
ated by perturbation theory. We have then 


Gia. (See (8, 


The energy of nucleons in the outer shell is in the 
neighborhood of the Fermi surface, i.e., 


Ep —8<E (s,m) < Er + A. 


We go over in (4) from a sum to an integral and 
get 


Vi. GOSODOV ZEN, 


Eines 
Gils eee \ dE'o(E") J (ss"|m, — m;mm’,.-- m’) 
~ Eg—8 
x Cm(s’/V Care aars (E=)), (4’) 
where i is determined from the equation 
Ert+A 
Ne dE o(E){1 —(E— 2); V Cm (s)? + (E— 4)?}- (8) 


In the approximation (7) the solutions of (4’) and 
(8) will be found in the following form 


cw Ve n) og, (9) 
pi(eve— ft) 
Q—n nN 
fe iG Ss, Se 10 
er nec (eX = t) Zo” ee 
where G=-— p J, n is the number of nucleons, and 


Q the number of levels in the outer nuclear shell. 
In the approximation 


Gels | Enos Emin i< QG/2p (1 1) 


we have 
= QG/2p. 


We note that if j.is a good quantum number the form 
of Eqs. (9)—(12) remains the same, but p,n, and Q 
refer to levels with a given value of j. 


2. EXCITED STATES 


We shall calculate the energy of the excited nu- 
clear states, taking into account the interaction of 
the nucleons in the outer shell. It is well known that 
the wave function W& of the new vacuum state is a 
superposition of states with an even number of nu- 
cleons; in this connection the wave function of the 
ground state of a system with an odd number of par- 
ticles is Amp (s) WY. 

We shall evaluate the energy of the excited states 
of a shell with an even number of nucleons in it. The 
difference AE! between the energy of the first ex- 
cited state @m+(s)? @m-(s) TW and that of the 
superfluid ground state W is of the form 


ANY 2? See ORS CAS (70) (13) 


The addition to (13) is small in the case of different 
values of s and m. The first excited state is thus in 
shells with an even number of nucleons separated by 
a gap from the ground state, and then there follows 

a number of levels with successively increasing spin 
values which are lying close to one another. We 
shall investigate the problem of the further sequence 


(12) - 
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of excited states of the form* 
Ome, (S1)* Xmree (So)* mses (Ss)* Kinyo, (S,) oaks. 


We shall therefore evaluate the difference AEU be- 
tween excited states of such a kind and excited states 
Ay ~(S)* @m+(s)* ¥, namely 


AEM ¢(s,m) +- ¢(s’,.m’) 


Grats Gn (S) 


&(s’, m’) e(s, m 


+ y J (s, s'|m, —m,m', — m’). (14) 
In the approximations of (7) and (11), Eq. (14) is 
appreciably simplified 

(2Q —n)n \ 


Q2 } ¥ (14’) 


pines (2 2 
e 


Terms which lead to a decrease of AE!! in the ap- 
proximation (7), (11) are relatively small, the 
greatest decrease of AE arising when the levels of 
the shell are half filled. 

We have thus the following picture of the excited 
states of even-even nuclei: the first excited state is 
separated from the ground state by a distinctly ex- 
pressed gap, there follow then a number of excited 
states with successively increasing spin values, af- 
ter which there occur levels with small spin values 
corresponding to the break-up of a second pair, and 
the lowest of these is separated by AE! from the 
first excited state. Levels with high spin values may 
not show up experimentally and it may thus look as if 
there is a second gap. For energies larger than the 
ground state energy by AE! + AE!! the level density 
must at least increase appreciably. 

We shall now calculate the energies of the excited 
states of a shell with an odd number of nucleons. The 
ground state wave function is Otel W if 
E(So9,Mo)< E(s,m). When the system is excited 
it must go over from the state @m)p)(So) & 
to a state Am,p,¥ where E(s;,m,) > E(so, mo), 
and so on, while the spins of the states will also 
increase. The more strongly excited states will be 
states of the form 


Gm, 0, (s3)* Hmnsoo (S2)* Ame, (s,)* nee 


The difference AE between the energy of an excited 
state of this kind and the ground state energy will 
be obtained in the following form 


AE =e(s, m) + ¢(s’, m’) 


Cin! (s‘) Ge (s) 
e (s’, m’) €(s, m) 


i(s, $s lm, — mim’, —m), (15) 


*] express my sincere gratitude to Prof. B. S. Dzhelepov 
who drew my attention to the possibility of the appearance of 


a “second gap.” 
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and in the approximations (7) and (11) 


(15) 


We are thus led to the following picture in the 
case of odd nuclei: in the immediate neighborhood 
of the ground state there is a number of excited 
states with successively increasing spin values. If 
states with high spin values do not appear experi- 
mentally there will not be levels somewhat below 
the energy of the excited states of an even shell. 
Moreover, the level density must increase strongly. 

It should be noted that in Bogolyubov’s new vari- 
ational principle® the form of the canonical transfor- 
mation picks out the important part of the inter- 
action in the Hamiltonian. In the case considered, 
the canonical transformation picks out the inter- 
actions of nucleons with equal and opposite values 
of the angular momentum component along the sym- 
metry axis of the nucleus while the other quantum 
numbers are equal, if j is a good quantum number, 
and with arbitrary values of the other quantum num- 
bers in the opposite case while the results depend 
very little on the actual values of the other quantum 
numbers and thus also on the details of the nuclear 
model. It is therefore essential both for the results 
obtained earlier and for the results of the next sec- 
tion to distinguish the quantum number m from all 
other quantum numbers of the nucleons near the 
energy of the Fermi surface. The details of the 
nuclear model are thus inessential and the results 
obtained can therefore also be applied to the case 
of highly deformed nuclei. 


3. THE STABILITY OF NUCLEAR ISOBARS 
AS REGARDS BETA DECAY 


The fact that even-even nuclei are more stable 
against B decay than odd-odd nuclei is reflected in 
von Weizsacker’s semi-empirical formula for nu- 
clear masses by the introduction of a term +6/2A, 
where the positive sign refers to the odd-odd isobar, 
and the negative one to the even-even one. We shall 
investigate the problem of how the stability of iso- 
bars, with regard to B decay, is influenced by taking 
the interaction of the nucleons in the outer nuclear 
shell into account. Let us calculate for this purpose 
the change in the ground state energy if the number 
of nucleons in the outer shell is changed by one. The 
difference in the energies of shells containing 2n) +1 
and 2n, nucleons is expressed as follows 


& (Qo + 1) — & (29) = A (2ng + 1) —H (2m) 4- &(s, m). (16) 


In the approximations (7) and (11) this expression 
takes on a very simple form, namely, 
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é (2n ae 1) —é. (27) a (Q — 2ny — 2) /0 (e2/G a tis 
& (Qny — 1) — S (2M) = (Q 4-29 — 1/2)/p (e /F — 1). 


(17) 
(17’) 


From (17) and (17’) it is clear that the addition of 
one nucleon to an even shell does not change the 
energy of the shell appreciably, while, on the other 
hand, one needs to spend a considerable energy to 
take one nucleon away from an even shell. More- 
over, the addition of one nucleon to an odd shell 
causes a considerable release of energy, while one 
needs spend only a small amount of energy to re- 
move one nucleon from an odd shell. 

If we determine G roughly from the magnitude 
of the gap in even-even nuclei and evaluate by using 
(17) and (17’) the difference in mass of the even- 
even and odd-odd isobars, we obtain a rough nu- 
merical agreement with the experimental data as 
reflected in Weizsacker’s formula. 

One can easily show that one can not reach any 
clear-cut conclusions from (17) and (17’) about 
the relative stability of odd nuclei. 

We have considered a rather idealized nuclear 
model and obtained a number of regularities which 
follow automatically from the properties of nuclear 
superfluidity. These regularities should be made 
more precise and concrete by using a more compli- 
cated nuclear model, by improving the approxima- 
tion, and by comparison with the experimental data. 

The investigations carried out in this paper and 
in references 3—7 confirm the fruitfulness of apply- 
ing the physical ideas and mathematical methods 
developed in the theory of superconductivity to a 
study of the properties of the atomic nucleus. 

In conclusion I express my sincere thanks to 


VIG SOO Visa, 


N. N. Bogolyubov and D. F. Zaretskii for very in-  . 
teresting discussions. 
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Elastic and inelastic scattering of fast charged particles on black nonspherical nuclei is investi- 
gated in the diffraction approximation. The radius of the nucleus and its nonsphericity parameter 
can be determined by comparing the calculations with experimental data. 


1. INTRODUCTION 


Exerrarion of collective states in the nucleus 
takes place during the scattering of nucleons on 
nonspherical nuclei by the process of direct inter- 
action of the incident particle with the nuclear 
surface. In this connection we will investigate the 
scattering of charged particles (protons, alpha 
particles) with an energy E which considerably 
exceeds the coulomb barrier ZZ’e?/R when con- 
dition (1) is fulfilled 


kR > 1, (1) 


where 7 = ZZ'’e*/fiv is the Coulomb parameter, k 
is the wave number of the incident particle, and 

R is the radius of the nucleus. Assuming that 

the nucleus is black, we find the differential cross 
section for elastic and inelastic scattering with 
excitation of the first rotational level of an even- 
odd nucleus. If, in addition to (1), condition (2) is 
fulfilled 


RRAEE <1, (2) 


where AE is the energy of the excited level, then 
in the process of scattering the nucleus can be 
considered immovable and the change in the en- 
ergy of the particles in inelastic scattering can be 
ignored. In this case the adiabatic approximation 
is applicable, according to which the solution of the 
scattering problem reduces to finding the scatter- 
ing arnplitudes f(Q,w) of particles from a fixed 
nucleus, where the angles 9 = (6,¢) determine 
the direction of scattering and the angles w= (#,¢) 
show the orientation of the axis of symmetry of the 
nucleus. Formula (3) gives the differential scat- 
tering cross section with excitation of the rota- 
tional level of the even-odd nucleus with momen- 


tum A. 


DiC) { (2,0) Yoo P (3) 


u 


33, (U) 
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If condition (1) is fulfilled, it is possible to calcu- 
late the scattering amplitude f(Q2,w) from the fixed 
black nucleus using the diffraction theory method'~4 
in which the energy of interaction is considered as 
excitation. 


2. SCATTERING AMPLITUDE 


i} 


If the energy of the particles considerably ex- 
ceeds the coulomb barrier (1) then the wave func- 
tion describing the scattering of charged particles 
from a black nucleus, in cylindrical coordinates 
with the polar axis z along the wave vector k of 
the incident particles, has the form! 


W(e, 2) Qejiexpz [ke ae \ U (p, z) dz |. (4) 
Here, 2(p) is the function which accounts for the 
characteristics of a black nucleus: to the right of 
the nucleus (z >0), Q(p) =1 on all planes z = const, 
aside from the shadow of the nucleus within whose 
limits Q(p) = 0. The function U(02z) is the energy 
of the electric interaction of the particle with the 
nucleus. If the equation of the nuclear surface, in 
the coordinate system connected with the axis of 
symmetry of the nucleus, can be written in the 
form r(p) = R(1 + a,P(v)), A= 2, then for small 
nonsphericity parameters a, we have 
iO BEE 
eae ye 


Oter2) = LHe la me (u)). (5) 


/ 


in formula (4) Z) signifies a rather large scatter- 
ing to the left of the nucleus for which the wave 
function satisfies the condition 


ul@icero) Some (6) 


According to Akhiezer and Sitenko” the scattering 
amplitude for particles from a fixed nucleus can 
be represented in the following form: 
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F(O, o) = — 5 \ dpe-i¥o [Wy (p, 2) ee — 1}, (7) 


where k’ is the wave vector of the scattered parti- 


cle, and the integration is done over the entire 
plane. The square brackets contain the expression 
which represents the scattered wave. 

For scattering through the angles 6 # 0, the last 
term in square brackets can be omitted. In addi- 
tion, using (4), (5) with z) ~* we have 


eto Y. (p, 20) = {2 (p) exp < — in E In 2kz — 2ln ko 


fae aed iN 

Eel ore] @ 
In discarding the inessential phase factor 

exp(-i2nln2kz)) and changing the variable of in- 

tegration, we obtain with the help of (7) and (8) 

the following expression for the scattering ampli- 

tude: 


- ike r 1 . 2 
f(Q,0) = — 5 \ de’ \ dep (ke) 
0 e(¢") 
: Lng REY Ts 
x exp\—i [ze 08 cos (p’ —p) + +12 ae Yau (@) 
t 
X \ (1 aS p’2)A2—1 Wns (i o’) du’ |} ‘ (9) 


crf 
In this formula the integration is done over the 
entire plane except for the nuclear shadow. It is 
not difficult to show that in the linear approxima- 
tion for small non-sphericity parameters aj 
the nuclear shadow on the plane perpendicular to 
the vector k has the following form 


7 Yiu (o) Yul Fo’): 


o(¢') =R +> Ra Mae (10) 
To find the cross section for elastic or in- 

_ elastic scattering (3), we expand amplitude (9) into 
a series for small non-sphericity parameters a), 
which are limited by the linear approximation. 


According to reference 5 this can be done if 


aRRO< | (11) 


As a result of this expansion the integrals appear 
in the form 


ae dg exp i (ue —zcos¢) = i-* J, (2), 
0 


which reduce to Bessel functions. Thus we obtain 
the following expression for the scattering ampli- 
tude of charged particles from a fixed nucleus 
O22); 


DROZDOV 


co 


ft (Q, 0) = - (RR)2a+™) \— (RRO)—20-+ia) \ xir2in J, (x) dx| 


RRO 


+ # (BR) ye Soe ee Y3., (w)et? i-¥ 


re 
ore 3 
x {Vou (F 0) Ju (RRO) + 4 ey 
A =a 
% \ Yau (H', 0) du’ (RRB)~2 \ atau (x) doe ¢. (12) 
=i RRO 


Using the formula in reference 6 
\onaral J a(x) de = 2578 LE (ea leet (eo) 
0 
we obtain from (12) the following expression for 
the elastic scattering amplitude 


CY oof (22, ©) Yoo = feo (9) 


RRO 
+ 5 (RR)20+9 (RRO-204) \ xtt2in Jo (x) dx, (14) 
0 
where fp(9) is the scattering amplitude in the 
field ZZ’ e’/r: 
r+ 
feo (8) = — a exp ie 2iy In +) nro (15) 


Thus the amplitude of elastié scattering consists 

of the amplitude of elastic scattering in the electric 
field of the nucleus and the nuclear part of the 
elastic scattering amplitude. 

In the linear approximation for a small non- 
sphericity parameter a) the ane distributions 
for elastic scattering on spherical’ and non-spheri- 
cal nuclei are the same. 

The amplitude of inelastic scattering, as a re- 
sult of which the nucleus transfers from the ground 
State to the rotational state Y),(w) has the follow- 
ing matrix element: 


CY iu (©) f (Q, ©) Yood 


ae (itén) (4nj)'a = 
ay rt Yom (F +0) Ju (#RO) 


~ SOEs jv-+1 


1 (ee) 
ting \ You (u's 0) dy’ (RRO) * | x4" J, (x) dx], 


Ea RRO 

(16) 
Tee integral in this formula can be put in the form 
{£() dx - fries after which the first integral is 
done with the help of formula (13). We obtain 
Cre ©) Yoo» 


= <Y ule, 0) Veo = XY ahaa (17) 


‘ 
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_ The first term in the right hand part of this for- 


mula as shown in the Appendix is the amplitude of 
electric quadrupole excitation. According to for- 
mulas (13) and (16) it looks like 


(Yiu (©) fe (Q, ©) Yo) 


/3 fi a, kR? 


con eae a(l + én) 
pee (5 (22 “s 4)'l2 


1+ 7? 


(1 + in) 


xexp (— 2iy In mie iy (18) 


The second term of formula (17), which can be 
called the nuclear part of the inelastic scattering 
amplitude, can be described by the expression 


CGA i (Oro Varee te ERE 2 
k (2% + 1)'2 
a 4 \'l2 % , 
‘lCarqa) You (+0) J, RO) 
RRO 
Ee Rae Ratt a 9, Gy die] > 19) 


0 


With 7 = 0 formula (19) describes the inelastic 
scattering of neutrons.” 


3. SCATTERING CROSS SECTION 


The differential cross section for inelastic 
scattering of charged particles with excitation of 
the first rotational level of the even-odd nucleus 
is determined by the square of the absolute value 
of the amplitude (17): 


2th (8) == (yay (0) + Spr (8) -+ Sinta (8); 


(kR)* an? 
op (6) = a3 B2 (20 +1)3 1+ 72? 


nn (0) = a ARM {7 [U5 (ARO) + 343 (RO) 


ess 2K 


— ae i [s 1G | F(RR®) | +Jo (ARO) Im F (eR 8); 


sint 2 (8) = —— 0 (2+ 1? 14 7" (asin x 
_ 24 9 
+ cos oe j Re F (kR8) 
-+- (ycos 7 — sin x) 5 oS Im F (RR@) + (£0) | 
(20) 


Here 


F (a) = g-2n \ xen dfs (x) ax; 


0 
5 =argI'(1 -+ in). 

Thus, the cross section for inelastic scattering 
0, (6) is the sum of the cross section for coulomb 


excitation of (0), the nuclear part of the inelastic 
scattering cross section 0,(@) and the interfer- 


kRO 
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ence term Ojnt, (0). At sufficiently great magni- 
tudes of ZZ’ all these functions are of the first 
order of magnitude with the exception of the inter- 
ference term which, as can be seen from formula 
(20), can be disregarded in the region of very small 
scattering angles kR@ « 1. We should also men- 
tion that the form of the angular distribution of in- 
elastically scattered particles (20), is not depend- 
ent on the nonsphericity parameter a of the nu- 
cleus and is determined by the parameters kR and 
7. With » = 0 formula (2) describes the angular 
distribution of neutrons scattering inelastically 
with excitation of the first collective level of the 
even-odd nucleus:? 
5 RR) 

nn (0) = 2 ae i) 
assuming that kR >1 and a, kRé «1. 

The angular distribution of particles scattering 
inelastically with excitation of the first rotational 
level of the even-odd nucleus as shown in reference 
5, under corresponding conditions, coincides with 
the angular distribution of particles scattering 
with excitation of the first vibrational level. 


[Jo (RRO) -+- 3J2 (RR8)], (21) 


4, RESULTS OF CALCULATION AND COMPARI- 
SON WITH EXPERIMENTAL DATA 


The complex function F(a) in formula (20) for 
angular distributions, on the basis of the known 
relationship 


(oe) a” de (a) hy x2 \ 7 

> m! gm ( a2 ) 

and the characteristics of I functions, can be rep- 
resented in the form 


mm 


sas A) pie 
F (a) a 2 gmt TT (p y2+ 72° (22) 


Me) 


For instance, witha =< 8, oe eines the real 
and imaginary part of the function F(a) with good 
accuracy it is sufficient to use the first eight 
terms of sum (22). 

The angular distributions of charged particles 
from inelastic scattering on non-spherical nuclei 
calculated according to formulas (20) and (22) are 
shown in Figs. 1—3. A comparison of theoretical 
and experimental®”® data for angular distributions 
of protons and alpha-particles inelastically scat- 
tered by the nucleus Mg?4 (Figs. 1 and 2) makes it 
possible to evaluate the non-sphericity parameter 
of this nucleus: Q = 0.17 to 0.20. 

In conclusion I wish to thank L. D. Landau, B. 
T. Geilikman, K. A. Ter-Martirosyan for their 
fruitful advice on this work and also T. V. Novikov 
and A. V. Cherenkov who did the numerical cal- 
culations. 
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FIG. 1. Functions a, (0), Op (9), Tie 39), ox, (9) in units 
a’, (kR)*/5k?, describing the angular distribution of 31.5-Mev 
alpha particles inelastically scattered from M7} with excita- 
tion of its first collective level. The calculation was done 
with R = 4.9 x 107° cm (curve 2) and R = 5.3 x 107° cm 
(curve 1). Small circles indicate experimental data.*° Compar- 
ison of theoretical and experimental data gives the value of 


the parameter of nonsphericity of the nucleus Mgyj: «, = 0.17 
to 0.20 
uf Uy 2 30 40 50°0 
FIG. 2. Functions a, (8), Ono 9), int 2), 7 (@) in 


units o«3(kR)*/5k’, describing the angular dist bution of 18- 
Mev protons (p) inelastically scattered from Mg?4 with excita- 
tion of its first collective level. For comparison the angular 
distribution of inelastically scattering neutrons o,(0) are 
presented (n) in the same units. The calculation was done 
with R = 4.7 x 107** cm. The small circles show experimental 
data.” The discrepancy between theoretical and experimental 
data at @< 20° can possibly be explained by the fact that 
we were unable to separate experimentally the group of elas- 
tically scattered protons from the inelastically scattered 
group. Therefore the comparison of experimental and theoret- 
ical data with 0 = 30 to 50° gives a value of the parameter of 
non-sphericity of the nucleus Mgi3, «, = 0.31, which exceeds 
a, obtained from an analysis of experiments on the scattering 
of alpha particles (see Fig. 1). 
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FIG. 3. Graphs of the 
same quantities as in Fig. 
2, for the case of inelas- 
tic scattering of protons 
and neutrons, with ener- 
gies of 20 Mev (1) and 30 
Mev (2), from the nucleus 
Gd!®: R = 1.3 x 107° A% 
cm. 


APPENDIX 


We shall show that formula (18) determines the 
amplitude of electric quadrupole excitation for 
small scattering angles 0 «1 in the adiabatic 
approximation when the corresponding parameter’ 
is & = nAE/2E « 1. Actually, if the condition 
Qon « 1 is fulfilled’ then the amplitude of scat- 
tering in the electrical field of the nucleus (5) in 
the first approximation of the theory of excitation 
can be presented in the form (A = 2): 


fe (2, ©) = feo (9) 


Sie Yau (0) Cy |r Yow (F) Ke, a) 


where kj, kg are the wave vectors of the incident 
and scattered particle; |k >is the Coulomb wave 
function. From (1.1) we obtain the following ex- 
pression for the amplitude of inelastic scattering 
in the adiabatic approximation: 
Oey () fe (Q, @) Yoo» 
6a, nkR* 
SS 5 OL AI ao\ hes 
oad (20 + 1)? (4x)'!2 nA | j he & y | k.>. (i) 


Selecting kj as a polar axis and using expansions 
of Coulomb functions |k > in spherical functions we 
have (See reference 10, page 449): 


emacs 


a 4x \'/2 -L;—L- ¢(8,+8 | 
Ps (xa) ai FEED (2h; + 1) (2 + 1) 


(ly —v)! i 


“Cr wine fotyn | Gor Ge iy (cos®) Miz tps (1.3) 


where Myie is the radial matrix element 


C7imjleme are the Clebsh-Gordan coefficients, 
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6j = argI'(1 + J; + in). 

The large magnitudes of 1;, lg play a basic role 
in sum (1.3) when we observe scattering through 
small angles. Therefore, independently of the mag- 
nitude of 7 (according to reference 10, page 456) 
the radial matrix elements are 


pit pr—2 
Mi = ——— Iam (8, 0), tan =, 
[+ 1, 
f t 
f= 5 ,nm= L = tte (1.4) 


Where I) m(¥, é) are the orbital integrals of the 
theory of coulomb excitation (reference 10, page 
482) where in this case the parameter of adiabati- 
city is € = 0. In addition we can use the following 
asymptotic characteristics of the IT function, spher- 
ical functions and Clebsh-Gordan coefficients!°>!!: 
(l; p)! 
Gieenn 


BEM. $0) Pa(O-$-0} as 


ei thy) _ pn. hs Pi, (cos 9) = J, (19), 


PX) Au 
Ci;otpo Cizolpu == 


Where D* um(~i, %1, P2) are generalized spherical 
functions. mi Substituting (1.4) and (1.5) into (1.3) 
and changing the double sum over Jj, J to the in- 
tegral over 1 = (l¢ + 1;)/2 and changing the sum 
over m = lf - 1j we obtain 


ks] PV ng (F its ee ljtewe & 
\ 


xi" Din (0, $+ 0) . 


Ie (2h-+ 1)" 


x | at42e" J, (29) Lam (8; 0) de, (1.6) 
0 

where tan(#/2) = 7/x. Since in the integral over 

x, x ~ 2n/@ with 6 « 1 plays an important role, 

the function x* I, m(¥, 0) can be expanded in a 

series for small n/x. According to reference 10 

(page 482) with > =2 we have 


Aina (SRO ne, | Kon (8,0) = 22 
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By applying the well-known values of the functions’! 


Dim (0, t/2, 0) we obtain from (1.6) and (13) for- 
mula (18) for the amplitude of electric quadrupole 
excitation with scattering through small angles in 
adiabatic approximation. 
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The radiative corrections to the Dirac equation in a Coulomb field are examined for distances 

r < t/mc. The calculations are carried to the first order in e?/fic and the second order in Ze’/fic. 
The resulting change in the Coulomb singularity of the wave functions is small and is hard to dis- 
tinguish from the effects of the finite size of the nucleus. 


k For an electron moving in an external field the 
radiative corrections are made up of two qualita- 
tively different effects: the polarization of the 
electron-positron vacuum by the external field, 

and the interaction with the fluctuations of the 
photon vacuum. The first of these effects strength- 
ens the interaction, since the electron penetrates 
inside the screening cloud, and in the domain of 
applicability of perturbation theory the vacuum- 
polarization potential has the form:! 


Za7 2 1 5 \ 
Vpol = r 30 (In mr 6 —Int), 
eC lee yg — ale Ol 
i? Ai CoS HS YATE (1) 


The photon fluctuations, on the other hand, lead to 
a “trembling” of the electron, weaken the coupling 
of the electron with the external field, and de- 
crease the interaction. In the region of nonrelativ- 
istic motion of the electron, r >1/m, the effect of 
the trembling on the behavior of the electron can 
be described’ by replacing the potential energy by 
its average value over the fluctuation motion in the 
photon vacuum 


V (r) —> <V (r + Ar) a 


= — 24. 44 exp (qr —g? (ar*> /6), (2) 
where 
Ar = ae SVV 22 / Rex (ax — ax), 
k 
z max 
(ary = = | $= Sn. 


Rmin 


In this way, as is well known, one gets the correct 
result for the Lamb shift. But if one applies Eq. 
(2) for r < 1/m, then beginning at a distance 

san ao Ar’ >) ~alh /m the Coulomb rise of 
the potential is arrested, and the 1/r law is re- 


placed by a constant, 1/r — 1/re. This would mean 
that at distances 10 times nuclear dimensions the 
effective potential acting on the electron has nothing 
in common with the Coulomb potential and has no 
singularity. Such a result comes naturally from 

the argument in question, since the potential is 
averaged over the region of the “trembling” of the 
electron, of the order of re, and an electron near 
the nucleus is constantly carried out of the region 
of small r by the oscillations in the photon vacuum, 
so that the “average over the oscillations” 
<V(r+Ar)> is finite even for r = 0. This approach 
is that of the “adiabatic” problem, in which the 
potential for a slow motion is obtained by averaging 
over a fast motion. Actually the region r < 1/m 
corresponds to ultrarelativistic motion of the elec- 
tron, so that the “frequency” of its motion, ~ 1/r, 
exceeds the characteristic frequency of the virtual 
quanta, w ~ m, and the oscillations have little ef- 
fect on the motion. We can say that in this region 
the strong Coulomb field damps the fluctuation mo- 
tion of the electron, and reduces the “smearing 
out.” It turns out that the effective fluctuation ra- 
dius for r < 1/m, falls off linearly with the dis- 
tance: (< Ar’>) 2 ~ ra‘. The resultant “correc- 
tion to the potential” is of the order 


<V (r ++ Ar)) —V(r) = <Ar?) ~ ar? _ = a 

i.e., unlike the effect of vacuum polarization the 
correction from the photon fluctuations is small 
compared with V for all r. Therefore the weaken- 
ing of the interaction because of the oscillations 
remains finite at extremely small distances, and 
is described by perturbation theory for arbitrary 
r (the asymptotic values of T'(p;, py) and G(p) for 
p-> © are equal to their “null” values to accuracy 
ef < ye 

It is not only as a matter of principle that the 
study of the radiative deviations from the Coulomb 
law at small r is of interest. In electron-nuclear _ 
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phenomena (8 decay, K capture, the conversion of 
high-energy quanta) the behavior of the electron 
wave function for r ~ rnyc ~ 10 '? cm is very im- 
portant. These functions have a Coulomb relativ- 
istic singularity at r = 0 


¥~ (rae) "FE — exp {1 — YT Paryin 


Ay = 1/mZu. 


The quantity In (a)/rnyc) is about 5 for intermedi- 
ate and large Z. Noting that measurable quantities 
involve squares and fourth powers of the wave func- 
tions, we may suppose that a change of the singu- 
larity by a quantity of the order a will be observ- 
able and comparable with, for example, the effect 
of the finite size of the nucleus. 

In the language of diagrams we want to find the 
corrected “end” of the electron line in the Coulomb 
field for the case of processes taking place in the 
region r >> 1/m, that is, p > m. The result in 
the form of a “corrected wave function” can be 
substituted into the various transition amplitudes. 
In many-step transitions, for example conver- 
sions, additional virtual processes are possible, 
and then the corresponding radiative corrections 
must be added to those we have found here. 

Calculations of the vacuum-polarization poten- 
tial have been made previously (see the papers of 
Schwinger! and of Wichmann and Kroll‘).* There- 
fore it suffices to find the correction associated 
with the “trembling.” The sign of the effect will of 
course be opposite to that of the effect of the vac- 
uum; there is after all still a “weakening” of the 
external field. 

2. We start with Schwinger’s equation for the 
motion of an electron in an external field:°”® 


[i(p—eA—eA,) + m}9(x) +\ M(x, yo (y)dty =0. (3) 


Here Ap is the potential of the vacuum polari- 
zation, and M(x, y) is the mass operator. In the 
first radiative approximation 


M (x, y) == 8m (x — y) — 4riayuG (x, ¥) twD(x—y). (A) 
Here G(x, y) is the Green’s function of the elec- 
tron in the external field: 

[i (p — eA) +m} G (x, y) = 8(x— 9); 


D(x —y) is the Green’s function of the quanta: 


*The effect of the finiteness of the nuclear radius, which 
diminishes the interaction for t < tpyc, on the motion is op- 
posite to that of the “incomplete screening” associated with 
the polarization of the vacuum. Therefore the result of refer- 
ence 4, that these effects have different signs, is obvious 
without calculation. 
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D(x — y) = (2z)-4 \ D (k) ei! 9) d4k =(2n)~4 \ dk tk (x—y) 


R , 


and 6m, is the renormalization constant—the dif- 
ference of the “bare” and observed masses. In the 
renormalization we follow Karplus and Klein® and 
Feynman." Let us consider the mass operator in 
the first radiative approximation; then in the mass 
term we take the unperturbed Coulomb wave func- 
tion, which satisfies the equation 


[i(p— eA) + mj de(x) = 0 (5a) 


or in the momentum representation 
{ 472 18 (Pi — ps) (ipa + m)— ieAp,—pxl $e (Ps) = 0- (5b) 


Further let us introduce instead of the function 
D(k) the cut-off function Da, (k) =k °A?/(A? + k’), 
presuming that at the end of the calculations A > ~, 
Then the constant 6m)(A) is chosen so that in the 
absence of the external field Eq. (3) would go over 
into the Dirac equation with the observed mass m: 
tiga m= (In +7). (6) 
Then on using Eqs. (5) and (6) in the mass term 
and letting A go to ~, we get an unambiguous 
final result, which describes the interaction of the 
particle with the vacuum fluctuations. The mass 
operator acting on the Dirac wave functions ab- 
sorbs within itself in gauge-invariant form all the 
divergences of the proper energy and vertex parts, 
and gives the physical effects directly. 

The interpretation of the mass term in Eq. (3) 
is obvious from a comparison of Eq. (3) with Eq. 
(2): it is the exact relativistic analogue of the ex- 
pression (< V(r + Ar)>— V(r))¥(r), i.e., the smear- 
ing out of the external field by the “trembling,” 
which is valid in the relativistic domain. 

Going over to the momentum representation, we 
get 


M (pi, Pz) = (2774 dtm9 (A) 8 (Pp; — Po) 


7 


379 (A) = mM 


— Arias \dte 1G (pr — k, Po—k) Tua (2). 

In what follows we shall be interested in dis- 
tances r « 1/m, i.e., py, pp > m. Therefore we 
shall set m = 0 everywhere in the mass operator. 
At the same time the constant 6m, also vanishes: 
its divergent part would in any case cancel out, 
and the finite part is proportional to m. The mass 
operator takes the form 


a (de A2 ; 4 
M (Pu, Pa) =— gar \ INSET te (sa), ae ) 
p Vem oo) 2 a 
OTe ~ 
a dtk A2 4 
M (pr, P2) = 7 Gen \ 2 A2® 4+ p2 Yu E (Pi — Pe) pie 
4 A at 
——x €CAp,—p, a eee 7b 
Bee Aare p2—k | ve 
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ieA, = Za8 (qo) 8 / 2n°q?. 


After integration over the time Eq. (3) goes over 
into the equation 


(ap — Voor + Bn) (r) + \Me, r)o(r’) dr’ =0, (8) 


where 9n(r, x’) = fdpdp’ Mp, p’)etPY ~ IP’, with 


eo} d*k A? f i il \ 
Me Pe) =— sa |e si a Sey ee 
a d*k A? 4 
= sie | BP Me Bru [8 (Pi — Pz) Sr 


pPi—k o—k 
hr Al 
ats Ae \ dq Ay -4.a—p CAg pe 
— ae 


= Oe SIMs: 


ieAy = BZa. / 2n2q?; Pio = {P12 — 18&o & YP; (9) 


y, B are the Dirac matrices; €) is the energy of 
the bound state. 

3. By introducing Feynman ordering indices? it 
is easy to carry out the integration over the mo- 
menta k of the quanta in Eq. (7a), and even to 
perform the renormalization. [Here one uses 
(p - eA)Ve = 0, so that terms of the form const 
x (6 —eA) are dropped] 

It is, however, more difficult to “disentangle” 
the resulting symbolic expression, even by expan- 
sion in powers of Za, that to calculate the terms 
of the series (7b) directly. Therefore we use the 
expansion (9). The calculations will be carried to 
terms in Z’a?, inclusive; as will be shown, the 
change of the wave function at the origin begins 
only with terms ~ Za”, so that it is necessary to 
go to the second approximation. Since because of 
the presence of a numerical factor 1/27 as a com- 
mon multiplier the effect is a small one, calcula- 
tion of the terms ~ Z’a° and of higher orders can 
hardly be of interest, although experimental man- 
ifestation of the effect could be expected only for 
large Z. 

Let us find mm; to make the method (cf., e.g., 
reference 9) clear we shall do the calculation in 
detail, although the result is known.® 


Me (py, Po) = a (2n)-48 (p; — po) BJo (p,), 


0 0 


Js(p) = — itn 22 de a dy de ak exp {— iF? (x + y +2) 
0 
—k 


— 2kpx + al! (Pn — Rn) 


salt © dxdullz (y +z) 
(*¥+y+ 2)? 


exp { i(p? eee 


+ Aty)}. 


VAKS 


Let us introduce the variable u = y + z, du = dy, 
and then integrate with respect to z: 


oe) 


Jel) = ip \ de te eee Pe 2, 


Setting now x = ut, dx = udt and integrating with 
respect to u, we find 


ean. de A® + pe/(t+1) _. | Zh ) 
Jo(p) = i \ ea In GED ya ee 
0 


Thus we have 
7) BéP2. (10) 
According to Eq. (5b), in our case the operator 


f(p;) 6 (Py — Pe) iby is equivalent to f(p)) ieAp, - D»? 
and therefore (°) can also be represented in the 


form 


Me (Pi, Ps) = Gap 5 (Pr — Po) (In 


3 
M (Py Pa) = Gia Piedy, p.(In = A +3) 4) 


Pr 
Applying the method described above, we find 


(1) a dk A2 
We : (Pi, Pz) =" z 25726 3 Ve “Re N22 
fie P2 ay 
4 > eA Se eo Le 
XY (p= Pi—P2 (py — RP Ts 
pe RE aly iN lb beg ei 
5 j00 peAy =p: | In ipa pil aa Ji (Pi, P2) , (12) 
where 
hi i re d2dl lis (Pi ae p5t) =F Pe pik (13) 
(Pa Bs) 5+ \ Gr aed (ot gee oh 


Combining Eqs. (11) and (12), we now get the 
following expression for the mass operator in 
first approximation ina and Za for py,p, > 
m, |pil, Ipy] > po = €or 


Mes (Py, Po) = MO + MN 
g Die Deil ea enn 
Ve, —P2 oar (in - Pi aro dead Jy (Ps, p.) | S (14) 
For the Coulomb field eVp,—p, = Za /2m"|p; — py|’. 


The gauge invariance of Eq. (14) can be checked 
easily: for Vp,—p, ~5(p, — P2) the expression 
(14) goes to zero. 

We shall not give here the cumbersome form of 
the operator IN,(r4, 2) in the coordinate repre- 
sentation. We remark only that it can be seen from 
Eq. (9) that for the Coulomb field Mr;, ro) is a 
homogeneous function of r;, rp of degree — 4. 
From Fqs. (14) and (13) it follows further that for 
r; > 0, Dt diverges not more strongly than as 
1/r;. Therefore it is clear that for the values of 
r; and r) in question the mass operator contains 
6 (xr; — Y2)/r, and analogous expressions. For ex- 
ample, the last term in J,(p;, p») gives in the co- 
ordinate representation 
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Za? She : 
= — \ dp, dp, exp (pyr, — ipsr.) 


oO aA 
. Ede dt Do Pr 
(Soh Oe 1? (p? + p2t)E + (1 — pe)? t 


0 


pal La . | 
xe (2x)? a oe) (V5) rie (fi + re + rie) 
Tyo —— Rist a Tal; Vio OP Ory 5: 


Consequently the important region in the inte- 
gration of the expression JIN(rj, Yo) ~e(r2)dr_ over 
r, is that in which |r; —r,| < r,. In the nonrela- 
tivistic case r;>1/m the important region is that 
in which |r; —r,| < 1/m.® The difference is due 
to the difference we have mentioned between the 
natures of the fluctuation motion for r>1/m and 
r < 1/m: for r < 1/m the “radius of fluctuation” 
is proportional to r. 

4. In order to find the change of the Coulomb 
singularity of the S and PY states, in what fol- 
lows we shall seek to obtain directly the quantity 
J M (rp, Yo) Pe(x,)dr_ in Eq. (8); here Ye(r) is 
the Coulomb function. If we consider elements 
other than the very lightest, so that rm ~ rnucm 
<< Za, the wave function in which we are interested 
has the form (for definiteness we shall speak of 
the S state): 


uo 


eS pay 
$e (r) = const -r figs / Za) (or)uof rj 


{ 0° 
upeaigiror (ir) (15a) 
or in the momentum representation 
ae ci (Za) to 
4 Nt a ee Peat, a (TSP) 


where y =1-(1- Za)’, and c; and cy are 
certain functions of Za. 

Since ~c(p) and Yt are homogeneous functions 
of p;, Pz, the quantity Jon( (Pi. P2) Ye(P2)dp, is ob- 
viously preportional to p;’; that is, in the coordi- 
nate representation 


ry \ Ye (F1) 


\ Mn, Pr) $e (T2) dry = = B (22. ee) eee (16) 


ry 
where B is a certain spinor operator; the factor 
a /2r is separated out for convenience. From what 
has been said there follows the assertion used 
earlier, that for p,; > m‘values p, ~ py > Mm are 
also important in It(p,, P)): the integral 
{IM (Pi, Pe) Y c(P2)dP. converges in the region 
Po ~ Pi - 

From the invariance of the complete equation 
(3), (8) under rotational and space-time reflections 
it follows that the operator B in Eq. (16) has the 
form 
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B (22, .) = Zap, (Z’0?) +i = Z%02f,(Z%a2), (17) 
where f;, f, are real even functions of Za. 

We shall calculate the operator B to accuracy 
Zor} Using the fact that the difference between 
each component of the wave function and the first 
term of its expansion in powers of Za is a quan- 
tity ~y ~ Za’, and that the operator IM already 
contains Za, in finding B we can replace the wave 
function (15) in the mass integral by the first terms 
of the expansion: 

be (r) = do (at” wy ) = const - fe ees uo ) 


(Or uo) jr, 


0) u 
) i be / 7°ps aie) 
Having so obtained the answer in the form of 
Eq. (16) with ~ as given in Eq. (18), we shall de- 
termine the first terms of the expansion of B, 
i.e., of the functions f,; and f, in Eq. (17). Having 
found B, we can again use Eq. (16) with the exact 
Coulomb function %e(r). This decidedly simpli- 
fies the calculations; to use the formulas (15) in 
finding B would be to get useless further accuracy, 
since B is subject to expansion in powers of Za. 
Thus Eq. (8) with IN from Eq. (14) is now 
written 


Daa (Zor Vpo1) ¢ 4- mp 


Ge (P) —> o (P) = const- ( (1 74 


* \ mt, (r, r’) ¢o(r’) dr’ =0, (19a) 
opp — (Za 'r + Vpol) 7 — my 
i joe (r, ’) y(t’) dr’ = 0. (19b) 


The mass term in Eq. (19a) is found immediately: 


Z24> 1 ~( dpidpy exp (épir) (| | pi — Pe | J 
50 : = m —- 
eee ra \ (Pi — Pz)? Pi ler 


14 (pt + pat) — pops \ 
(pL Pal) Seas) a? 


x 8 (p.) = = g(t): G0) 
The direct calculation of the mass term in Eq. (19b) 
is rather cumbersome. Using Eqs. (17) and (20), 
however, we at once conclude that this term is 
(Zo? /2rv)y (x). 

Thus, combining the results of the first approx- 
imation, we have for the equation (8), with ac- 
curacy Za? 


(op -- $m — Za /r—Vpoi + Lo” Der) ed (ir) 0, 


5. In finding the next approximation we again 
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use Eq. (17); we shall carry through the calcula- 
tion only for the integral For®)(p, p "\ (2m)? 6(p’)dp’. 
According to Eq. (9) we have 


as 


(27) Mi (p, 0) = ZZ 8B 
¢ dip tales o 9 —k 4 ah dq 91 
\ Be Yu (p — k)?2 Fat —ky? t Re Tp q? (p — q)? ( ) 


(throughout, the two-dimensional part of the prod- 


uct of the four-rowed matrices is to be understood). 


It is convenient to separate the factor —k =—yk 
— Bk, into its space and time parts and calculate 


the corresponding integrals Ja and Jp separately: 


(2x)? M® (p, 0) = F— BU a+ Ja), 
sae dq By 9 
JAB= sea | g2 (p — q)2 YuaP {mi 
dtk (212) OD): 
Ae tk, — Bes) t2-G— pe gm? (22) 


Applying the method that has been described for 
the integration over k, using the equation df/dk 
x (p —k) = — 0f(p—k)/dp in the calculation of Ja, 
and noting in the calculation of Jp that the fourth 
components of p and q are absent, i.e., the terms 
linear in ky are to be set equal to zero, we get 


j dq 4 
t= tie Bt) op 
i (27 )4 oq. ae (p=)? 
co mere 
x \ ad Vig (p* = g*t) "Sq p 
CEE ar tyes (peerignt) 2 (pig) be 
dq Edédt p+ qt 
ee 
ss Bee ut(e 4) (6422-21)? Gaeta! 
0 


a a. 


1 
P q) gt) € + (p—q)*t ~ 


(23) 


The calculation of the integrals Ja, Jp is ac- 
complished by integration by parts, change of 
variables, and integration in the complex plane; 
because of the special nature of the expressions 
we omit the calculations. The results are: 


5 ap Te LN 
EAD apt ( Zz)? 


\ 


2 ap iso 5 
eo 4xps (5 4 ) - (24) 


Equating the Fourier transform of Eq. (17) to Eqs. 
(24), (22), we find 


f,(Z?a?) = — n®9— 4 + 0 (2x). (24’) 


The expansion of the vacuum-polarization po- 
tential contains only odd powers of Za,* so that to 
our present accuracy Eq. (8) for small distances 
can be written 


; 2 Za. 
lap et lee ee V pot 


Le far Z%a3/ x2 SN 
fe 


as 2ur r r2 2n \ 6 (25) 


Viz (Gey Bs 


For the main component g(r) of the wave func- 
tion we get in the region in question 


o(r) / $l) = 1 + Sp por/ Pe — OP 41 / Pe 
pero ce ey 1 4 
elie 2m \ 3 [in im In rm a zZ 
5 4 rik 4 
—(4 +In1) In S| ( Gua In aE Ge) 


For Z= 92, 0 ano = OF 10°'3 cm the right 
member of Eq. (26) differs from unity by 
89 (Tnuc) / Fe Gary) =a Aa (27) 

At present such a small change of the wave 
function cannot be distinguished from the effects of 
the finite dimensions of the nucleus, the distribu- 
tion of charge in the nucleus, etc., and is obviously 
unobservable. 
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It is shown that a study of the reactions y+poptatt+ a, ptr t+ ow, n + t+ + 7° near 
threshold should allow the determination of the r—7 zero energy scattering amplitudes if the 
m—m interaction has resonance character, and the determination of a certain combination of 
these amplitudes if the interaction does not have resonance character. 


A present there does fhot exist any conclusive 
evidence on the interaction between 7 mesons. It is 
therefore of importance to find any parameters 
which are connected with this interaction. In the 
present paper it is shown that an experimental in- 
vestigation of the photoproduction of two mesons 
near the threshold can yield information on the 
zero energy m—7 scattering amplitude. 

In the following we shall consider two cases: 

1) The interaction between m7 mesons does not 
have resonance character at small energies. In 
this case the energy and angular distribution of 
the reaction can be obtained by the method de- 
veloped in references 1-3. 

- However, the case of photoproduction of two 
m mesons differs considerably from the decay of 
the tT meson which was treated in references 1-3. 
It allows generally an easier way to determine 
the r—7 scattering amplitudes. 

2) The t—7z scattering at small energies is of 
resonance character. The characteristic energy 
dependence associated with this case has been 
already investigated for other reactions.‘ Since 
at resonance the final state interaction of the 
m mesons produces an effect of the order of magni- 
tude unity this case would be particularly favorable 
from the experimental point of view. 


1. THE CASE OF A NONRESONATING INTER- 
ACTION 


In references 1-3 it has been shown that in re- 
actions involving the creation of three particles a 
final state interaction leads to considerable changes 
in the angular and energy distributions. In particu- 
lar, at energies close to threshold when terms up to 
the first power in kry have been retained (k —mo- 
mentum corresponding in order of magnitude to the 
energy excess above the threshold; rp —range of the 
interaction) the matrix element of the S matrix has 


the form 


<i s 


t> = (1 + iRyoAy, + ikysQy3 + ikz3Qe9) <fo| S| i>, (1) 


where kj), ky3, Ko3 and aj), ay3, 293 are the relative 
momenta and the scattering amplitudes between two 
particles respectively and the wave function of the 
final state in the matrix element of the right hand 
side f), is to be taken at zero energy of the three 
particles. The quantity <f)|S|i> nevertheless still 
depends on the energy through the initial state wave- 
function | i>. However, close to threshold the ma- 
trix element <f)|S|i> is an analytic function of 
the energy E and thus différs from the matrix ele- 
ment at threshold <f9|S|ig> by a term of the 
order ~ AE’~ k*. Therefore for an accuracy linear 
in k one can set <fy| S| i> =<fp|Slip >. The fact 
that <f)|S|i> is analytical can be understood if one 
recalls that the branch points in matrix elements of 
the type <f|S|i> at the thresholds usually are due 
to the final state. This can be demonstrated using a 
method analogous to the method which was used by 
Lehmann? to show the analyticity of the scattering 
amplitude as a function of the momentum transfer. 
It has been shown”? for the case of T-meson de- 
cay that, owing to the reality of the matrix elements 
of the type <fy|S|i>, the terms linear in k vanish 
in the expressions for the probability of the process. 
This circumstance not only considerably decreases 
the magnitude of the effect but also leads to the 
necessity of a much more detailed investigation of 
the final three-particle state. For this situation in 
the expressions for the probability there are two 
types of terms which are quadratic in k. They are, 
first, terms which determine the correlations be- 
tween the outgoing particles, and which can be ex- 
pressed in terms of the scattering amplitudes be- 
tween pairs of particles, and second, terms which 
cannot be evaluated but which do not influence the 
angular distributions. Thus one cannot obtain the 
energy distributions near the threshold. It is there- 
fore of value only to study the angular correlations. 
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It will be shown below that in the case of photo- 
production of two 7 mesons the terms linear in k 
are present in the expression for the probability of 
the process when the reaction has a real inter- 
mediate state which differs from the initial and the 
final state (viz., in the present case, a nucleon plus 
a m meson) and when the reaction can go via chan- 
nels which differ in the charge of the created par- 
ticles. The relations given below allow in principle 
to determine a certain combination of the 1—7 
scattering amplitudes without a detailed investiga- 
tion of the angular correlations of the reaction. 

There are three possible reactions of production 
of two 7 mesons by y quanta: 


voip sp ee (2.1) 
yt poptr4t 2, (2.2) 
Cee ese (2.3) 


We shall denote the respective matrix elements 
at zero energy by 


hi = pr exp (igi), Ae = P2eXP (72), Ag = Pg EXP (743). 


Utilizing the method which was applied in refer- 
ence (2) to the decay of the T meson one can easily 
obtain expressions for the squares of the matrix 
elements of the reactions (2) with an accuracy of 
terms linear in k: 


\Kpntn | S| py>|> = pi [! “> Piz SIN yp = Rig (42 — Ao) 

~~ 013 SIN 13° = V 2 kos (bs, — by.) | , 
| <pnn?| S| py) |? = 93 | + Par Sin Ga1+ 5 Raz (2 — 0) 

+ Pog SiN Gog: =V 2 (his + Rog) (by, — br»)| , 
| <nx*x°| S| py> |? = ps E -- P31 SIN Pay ¢ = V 2 Rog (bs), — bry) 

+ Pgg SiN G2 ° = V 2hs (6, — by) | ’ 
Dik = Pr/ Pi, Pik = Pi— Pr (3) 

Here ap and a, are the r—7 mesons scattering 

amplitudes at zero energy for states with isotopic 
spin 0 and 2 (since the z mesons close to threshold 
are created in a relative S-state an isotopic spin 1 
is impossible), while by/, and b3/, are 1-7 
meson scattering amplitudes at zero energy for 
states with isotopic spin 1/2 and 3/2. In ky, kys, 
and ko; the indices 1 and 2 refer to mesons, the in- 
dex 3 to the nucleon. Comparing with the case of 
the T-meson decay, one sees that the quantities 
A,» Ag, and A3 are not real and have relative phases 
differing from zero. They can be expressed in 


terms of measurable quantities. By studying all 
three reactions (2) we can determine the charge 
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exchange amplitudes (a; — a9) /3 and (V¥2/3) 
x (b3/2 — by /2). However, since the amplitudes b3/2 
and b, /2 are well known it is possible to simplify 
the analysis considerably by utilizing the isotopic 
invariance. So one can determine (a, — a9) /3 by 
studying only one reaction(e.g. y + p > p + m++17). 
The electromagnetic interaction is the sum of an 

isotopic scalar and a vector. Therefore the final stat 
isotopic spin can be 1/2 or 3/2 (but not 5/2). Each of 
the final states (2) can be expanded as the sum of 
two states. In one of them the isotopic spin of the 
two t mesons Tj, = 0 and the total isotopic spin 
T = 1/2; in the other Ty, = 2, T = 3/2. We can easily 
verify that the following relation between )4, Az and A; 
arises: 

he = — (hr + 2) /V 2, (4) 


from which follows, for example 


Pi2 SIN Gyo = —V 2px Sin $3. (5) 


This relation allows us to determine a,—ay from 
only the first reaction if the coefficients of ky, and 
ky3 have been found experimentally. 


2. THE CASE OF A RESONATING INTERACTION 


The formulae given above concern the case where 
the r—7 interaction at small energies does not have 
a resonance character, i.e., if the 7 —7z scattering 
amplitude is of the order of the range of the forces 
(Compton wavelength of the m meson): a = rp = 1/p. 
We now assume the opposite case, i.e., we take a 
>> Yo and, as before, kry « 1 while we assume 
ka*=1. In this case the 7-nucleon interaction evi- 
dently does not play such an important role as the 
m—7 interaction since the former as is well known 
does not have a resonance character at zero energy. 
Effects of this type have been already treated re- 
peatedly.4 We therefore give only the final results. 
For the three processes (2) we have in this case 
[instead of (3)]: 


|Kpx*n | S| yp>|? = pr (1 + Rieao) "(1 + Risa) 

x {{1 + = pre Sin Poke (a2 — a)}" 

+ Rip ie (2a + a) — | P12 COS $42 (42 — A) ie , 
[<pnn?| S| yp> |? = 93 (1 + Ried)? (1 + Rivas) 

x iE ae > Pop SithGogkiy (a 0)" 
ee E (az + 2a) — = p21 COS 1 (Ap — a)|"\ ; 


| <an*n? | S| yp)? = 93 (1 + 2a), (6) 
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The difficulties encountered in five-optics in formulation of the spinor equations are surmounted 
in the present paper. It is shown that the requirement of invariance with respect to physically 
permissible transformations leads to correct spinor equations. 

The requirement of physical admissibility separates subgroups of general transformations of 
the four-dimensional space-time and gauge transformations from the general transformation 
group of five-dimensional space. Restriction of the group of permissible transformations does 
in no means signify that the five-dimensional conception is not valid in principle. The most 
important feature of the five-dimensional theory is the periodic dependence (with period h) of 
the fields on the action coordinate. This fact and its consequences cannot be reduced to a 
simple unification of the four-coordinate point-transformation group with the gauge-transfor- 
mation group. Another essentially five-dimensional effect is the existence of the scalar 
X-field whose appearance in the theory of the field of a charged material particle yields formu- 
las that differ from those of present-day gravitation theory. 


1, INTRODUCTION 


Pive-dimensional optics,! the subject of this series 
of communications (1949—1953), begins with the 
observed deep symmetry of the laws of nature in 
three spatial coordinates, time, and action. This 
symmetry permits the relativistic problem (classi- 
cal and quantum) of the motion of a charged ma- 
terial point in a specified gravitational and electro- 
magnetic field to be formulated as a problem in 
five-dimensional optics (geometrical and wave), 
concerning the propagation of wave fields in the 
Riemann configuration space of coordinates, time, 
and action. The metric tensor of this space is 


S(t) oe, 


(1 ai x) Ep 
). an 


Ore ik (+x) 
where gjk are gravitational potentials, gi =(e/mc?) Aj 
are electromagnetic potentials, and x is a new 
scalar field that appears in five-dimensional optics. 

The five-dimensional space of five-optics is 
topologically closed in the fifth action coordinate, 
and the period of the fifth coordinate is equal to 
Planck’s constant h. This means that all the com- 
ponents of the metric tensor Guv are periodic 
functions of the fifth coordinate, with a period equal 
to: h. 

In the classical approximation h — 0 the periodi- 
city condition imposed on the field Guv» degenerates 
into a condition that all G,,, be independent of the 


fifth action coordinate, i.e., into the so-called cy- 
lindricity condition of the earlier five-dimensional 
theories (Kalutza-Klein-Fock). 

It has been shown in the papers of this series 
that in the case of tensor particles (particles with 
integral spin) an account of the external gravita- 
tional and electromagnetic fields is made possible 
by a general covariant formulation of the equations 
of motion for a free particle. A connection was 
established between five-dimensional tensor analy- 
sis and the so-called D-formalism (replacement of 
the operators 0, by the operators Operi (e/fic) Aj). 

In the previous papers “general covariance of 
five-dimensional equations” meant covariance under 
general transformations of all five coordinates 
(xi, x? =S) 


xi = xt + f(x, x2, x8, x4, S), 


S Fa] (ne yO) (1.2) 


with that substantial limitation, that only those 
functions fi, f are admitted, which are periodic 
with respect to the coordinate S (with period h), 


ACES <i ah Sy. 


Caer Sen oh 1) Penna fey eS (1.3) 
since only such transformations are admitted by 
the topological structure of five-dimensional space. 

In the case of spinor particles (particles with 
half-integer spin), five-optics encountered a con- _ 
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siderable difficulty, which was emphasized in the 
papers of this series and remained unsurmountable. 
Specifically, the general-covariant formulation of 
the equation for the free electron has led to an in- 
correct expression for the current-density vector 


bre + . Or (d (yee — Tee) OI, 


in which the second term differs from that in the 
correct expression. Further, in the presence of 
an external electromagnetic field, the following in- 
correct expression was obtained 


(1.4) 


{Y% (Ox — i@Ay) + m— (ie/8 m)ye(iFe}>=O0. (1.5) 


This differs from the correct one by a term pro- 
portional to F, ,. 

We shall show in the present communication 
where the error lies in the general-covariant 
formulation of the field equations, and shall de- 
rive correct equations for spinor particles. 


2. PHYSICALLY-ADMISSIBLE TRANSFORMA- 
TIONS OF FIVE-DIMENSIONAL SPACE 


Let us investigate whether all the transforma- 
tions of group (1.2) are physically admissible. 
We start with the premise that if the metric po- 
tentials G,,, do not depend on the fifth action 
coordinate, and consequently transitions of par- 
ticles from one charged state into another with 
emission of charged quanta are forbidden, then 
this forbiddenness should be retained in any other 
physically admissible coordinate system. 

This requirement is incompatible with the re- 
quirement of covariance with respect to the gen- 
eral transformations (1.2), and leads to a nar- 
rowing of this group to two subgroups: groups of 
point transformations of space-time, and groups 
of gauge transformations 


mi ea uxt Xe ee, X*) 9S Ss of (Xo, ee, x4). (2.1) 


The narrowing of the group of admissible trans- 
formation does not mean giving up five-dimension- 
ality. The most important feature of the five-di- 
mensional theory is the periodic dependence of the 
fields on the action coordinate, with period h. This 
fact and its consequences cannot be reduced to a 
simple unification of a group of point transforma- 
tions of four coordinates with a group of gauge 
transformations. 

An important five-dimensional effect is also the 
scalar y-field, the appearance of which in the prob- 
lem of the field of a charged material point leads 
to formulas that differ from the formulas of modern 
theory of gravitation. 

Thus, the geometry of five-dimensional space 
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of five-optics is Riemannian only in a limited sense. 
A two-dimensional model of such a space is a 
cylinder with a constant radius h/27. The admis- 
sible transformations represent all possible exten- 
sions along the axis of the cylinder and “rotation of 
wheels”. These lead to changes in the coordinate 
lines on the surface. Here, however, cross sec- 
tions perpendicular to the axis cylinder transform 
into themselves, while the radius of the cylinder 
remains unchanged. Thus, Planck’s constant h has 
an invariant geometrical meaning only for the sub- 
group of physically admissible transformations. 

Many authors have noted that spinor fields can 
be introduced into Riemann space only with the aid 
of local systems of orthogonal references, which 
admit local rotations. A systematic reference- 
system analysis, which permits unique formulation 
of the equations for tensor and spinor fields, was 
proposed by the author.” The principal premises 
and formulas of the reference-system analysis are 
given in the appendix. 

Let us now consider the physical limitations 
that are superimposed on the choice of local co- 
ordinate systems, i.e., on the rotation of four- 
dimensional references. 

In the four-dimensional case the choice of one 
of the vectors of the reference is limited to the 
physical condition that the fourth vector of the 
reference must be time-like, thus restricting the 
permissible rotations of the reference. A transi- 
tion from one reference to another one, connected 
with the initial orthogonal transformation, denotes 
physically the transition from one Einsteinian lift 
into another one, moving uniformly and in a straight 
line relative to the first one. The group of local 
rotations is none other than the local Lorentz group. 

In special relativity theory the equations of the 
field are invariant under two groups of transfor- 
mations: a) translation group, xl’ = xl +al, with 
which the laws of energy and momentum conserva- 
tion are related, b) Lorentz group xl’ = D4 xk, 
with which are connected the laws of conservation 
of angular momentum and the symmetry of the 
energy-momentum tensor. 

In general relativity theory, the roles of these 
two groups are assumed by the following: a) group 
of general transformations of coordinates, 

xl’ = xi + ficx!, x2, x3, x4) and b) local Lorentz 
group 21" (k) =L (k,l) Qi(l). Were the world to 
contain only tensor fields and no spinor ones, it 
would not be necessary to introduce the Lorentz 
local group, and only transformations of group a) 
need be considered. 

The existence of spinor fields, the components 
of which transform in accordance with the repre- 
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sentations of the local Lorentz groups, indicates 
the fundamental significance of this group also in 
general relativity theory. 

In the case of five-dimensional space, one of the 
directions—the “direction” of action—is physically 
separate. While the space-time coordinates can be 
measured by physical instruments, the action co- 
ordinate cannot be measured by an instrument. The 
restriction to the group of admissible transforma- 
tions (2.1) shows that the “direction” of action is 
conserved under all admissible point transforma- 
tions. We can therefore choose for the fifth vector 
2°(5) a vector tangent to the coordinate line xe, 
and admit only orthogonal transformations that 
leave the vector Q° (5) invariant. Obviously, the 
group of these transformations is indeed the 
Lorentz group of local transformations, i.e., the 
transition from one Einstein lift to another. 

We have formulated above a principle, by which 
the metric or the components of the reference are 
independent of the fifth coordinate in physically 
admissible coordinate system regardless of the 
choice of the system. It follows therefore that the 
coefficients of orthogonal transformations L (n, m) 
cannot depend on the fifth coordinate x° if this 
transformation is physically admissible. 

In our earlier papers, the physical limitations 
on the group of point transformations and the group 
of reference relations were not considered. It was 
assumed that the equation should be covariant with 
respect to extensive groups of all point transforma- 
tions (1.2) and five-dimensional rotations of the 
reference. This has led to an incorrect equation for 
Spinor particles. We shall show that the restriction 
to groups of permissible transformations makes it 


possible to obtain a correct equation for the electron. 


w (1) w! (2) 
w? (1) w? (2) 
Qs (a) = w? (1) w? (2) 
w4 (1) w4 (2) 

—wo' (1)g, —o!(2)g, 


Reference tensor analysis (see Appendix) intro- 
duces, along with ordinary derivatives dg,» the refer- 
ence derivatives D(a) = 27(a) 8g. We note that 
reference derivatives D(a), for the foregoing choice 
of the five-dimensional reference, have the form 

D(k) = 0 (k) (0:— gids), -D(5)=(1+y)~#0; (2.7) 

If we neglect the y -field, confine ourselves to a 
harmonic dependence of the functions on the coordi- 
nate x°, and replace the operators ds by im, then 
D(k) goes into the operator of generalized momen- 
tum of a particle in an electromagnetic field. 

We shall henceforth consider only reference- 
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Let us construct, in accordance with the above, 
a reference field. 

Let x! x’, x, x! be space-time coordinates, 
which determine the localization of an event in 
space-time, and x® the action coordinate. Then the 
components of the metric five-tensor Gyp are 
periodic functions of the coordinate x°. To separate 
in the five-dimensional space the four-dimensional 
subspace (space + time) and the orthogonal linear 
action subspace, which is orthogonal to the other 
subspace, we begin to orthogonalize the metric 
tensor 


oun (ST ee 

For this purpose we chose a unit vector 2° (5) 

tangent to the action lines 

Q2 (5)= (0, 0,0,0,1/V1+ 4), 

Q, (5) = Vit+x 81> V1+ xe, 
Vi+x8s,Vitzes.VI+ 4). (2.3) 


We choose four unit vectors Qg(n), (n=1, 2, 3, 4), 
orthogonal to each other and orthogonal to the vec- 


tor 2°(5). In virtue of 2° (5) Qg (n) = 6(5, n), all the 


components of Qs5 (n) should vanish. Denoting 


Qa, (n) = {w; (n), 0}, (2.4) 
we have 
(1) @1(2) (3) (4) Vityer 
2 (1) w2(2) 2(3) 2(4) Vit xg 
Qo (a) =| oa (1) 03(2) 3(3) o3(4) ViFxXes (2.5) 
4 (1) @4(2) o4(38) 4(4) VI+X 8a 
0 0 0 OF tee 


Calculation of the covariant components of the ref- 
erence field yields 


w} (3) w! (4) 0 

wo” (3) w? (4) 9 

«3 (3) w? (4) 0 (2.6) 
w4 (3) w4 (4) 0 

wo (3)g, —o(4)g, 1/V 14%) 


a ee eee 
component quantities since spinors have only refer- 
ence components. 

If we restrict ourselves to physically admissible 
transformations, the quantities that are invariants 
of point transformations and tensors of local rota- 
tions are 


T(), D(S)T@), 


v (8) T («), (2.8) 


where T(q) are the invariant components of the ten- 
sors, D(a) is the reference derivative, and V(q) is 


‘ 


the invariant derivative. Definitions of these quanti-— 


ties and their properties are given in the Appendix, 
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3. FIVE-DIMENSIONAL FIELD EQUATIONS 


According to five-optics, allowance is: made in 
particle wave equations for the external electro- 
magnetic field by a general-covariant formulation 
(with the limitations indicated in Sec. 2) of the equa- 
tions for the free particles in the Riemannian five- 
dimensional space. We agree from now on to dis- 
tinguish between “five-dimensional” quantities or 
operators, which will be denoted by capital letters, 
and “four-dimensional” quantities or operators, 
denoted by lower-case letters (see Appendix for 
symbols). 

Five-dimensional quantities: 


Grp 2K), Gis, (a, 8, 7), A = del (Q,(a)) = 21 + x. 
Four-dimensional quantities: 
840: (R), Vin, 8(i, &, D, & = det jo, (kj. 
Five-dimensional operators: 
D(«), 


Vio) 2 BG). 


Four-dimensional operators: 
d(k), 


d(Rk), O(R). 


Let us consider the five-dimensional Lagrange 
interal 


J= = \ d®xA {Wu (a) (D(x) W) — (D(a) W) u(x) W}, (3.1) 
Dee waccordine to (2.7) 
D(k)W = (d(k) W — g(k)0,W), 
D(k)W = (d(k) VW — g (8) 65), 
DoW = +) *0.W, Db&)V =U+7) *0,¥. 
The integral (3.1) can be written in the form 
J = 5 \ dt a V TF 7 6 (d (B) — g (h) 05) 9 (8) W 
— [(d (k) —g (2) 05) Wu (ke) W 
4 —+ (Wu (5) d,W — (2,17) ». (5) W)}. (3.2) 


Vi-+yx 


The integral (3.2) is invariant under general admis- 
sible point coordinate transformations (2.1), but still 
does not admit of a free four-dimensional rotatabil- 
ity of the reference field in space-time. This free 
rotatability, however, appears immediately if we re- 
place the reference derivatives in (3.2) by invariant 
derivatives: 


d(k) W = 8(k)W =d(e)W—d(z)W, 


d (k) W —>8(k) W = d(k) W + Wo (k). (3.3) 


We obtain a new Lagrange integral J, which differs 
from the integral J by the additional term 


1351 


J J =F \ der. VIF ZI (5b) + 6(e) a) W), 
i (3.4) 

The Lagrangian J satisfies all the requirements 
of five-optic covariance, i.e., it remains invariant 
under transformations of the (local) Lorentz group 
and under transformations of groups (2.1). 

If the metric fields are independent of the coor- 
dinate x, then the transitions from one charged 
state into another are forbidden, and the spinors W, 
W depend harmonically on the coordinate x°. 


WOKE, HER ERIN TILE 


V=U (A) COXON aetna): (3.5) 


Inserting (3.5) into (3.4) and integrating over x*® we 
get 
ye x d'x- KV 1+ x {w! (k) Uu (k) (6, — img U) 

+ = Uy. (5)U — ool (h) (0 + img) (VU 

aoe 
—U (u (hk) b(R) + 6 (Rp (&)) UY. (3.6) 
We now introduce the notation 
U=, y(5)=9, in(k)n6)=71@), 
V 1 + yo! (k) = 0! (2) 

and rewrite (3.6) in the form 
T= p\ d'xd (08 (® [br (® (04 — img d) 

— (0, + img) (k) 4 

A. 2m — G(x (kb () + 6 (R) + (R)) 4). (3.7) 


We see that the external electromagnetic field is 
computed by formulating equations for the free elec- 
tron, covariant with respect to groups of admissible 
transformations. The scalar y-field, which is spe- 
cific for five-optics, is calculated by replacing the 
true gravitational references wi (k) by the effective 
gravitational references wl (k). 

It was shown in the earlier communications that 
in five-optics the energy-momentum four-tensor and 
the current vector are combined into a common 
energy-momentum-charge five-tensor: 


0° (a) = A 87,60, (x), (3.8) 
where i is an invariant Lagrange integral 
i \ dex. AL. (3.9) 


It was also shown that the invariance of the Lagran- 
gian £ with respect to the group of local five-dimen- 
sional rotations leads to the symmetry of the five- 
tensor 6(a, 8) = @(B, a). 
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We restrict ourselves to requiring invariance 
with respect to physically admissible rotations, i.e., 
the four-dimensional Lorentz group. Therefore the 
five-tensor of the energy-momentum-charge, gen- 
erally speaking, will not be symmetrical. Only the 
energy-momentum four-tensor will be symmetrical, 
6 (m,n) = 6 (n,m) (m,n =1, 2,3, 4), but in general 
6(5,n) # 6(n, 5). Thus in accordance with the gen- 
eral theory of relativity, we obtain a symmetrical 
energy-momentum tensor. In our previous papers 
we obtained an incorrect expression for the electron 
current vector, since the Lagrange integral was as- 
sumed invariant with respect to the five-dimensional 
rotation group. We obtain a correct expression by 
calculating the functional derivative of J with re- 
spect to 2;(5) =gjvl+y. From (3.6) we get 


AO! (5) = 87 / 8Q, (5) 
= — rmUu (k) of (k)U = xm (by (R) 9). (3.10) 
Taking (2.5) into account, we obtain 
@5 = Q5 (x) 6 (a) = Q5 (5) 0° (5) = mo’ (k) (by (A) 9), (3-11) 


i.e., a correct expression for the current vector. 

We see that by giving up the extensive group of 
transformations (1.2) and restricting ourselves to 
the narrower transformation group (2.1), together 
with foregoing the free rotatability of the five-refer- 
ence, we obtain correct equations for the spinor field 
in the presence of an external field. The absence of 
invariance relative to five-dimensional (local) 
Lorentz group and the general group of point trans- 
formations of all five coordinates is a manifestation 
of the absence of a principle of equivalence for the 
electromagnetic field. The absoluteness of the “di- 
rection” of the lines of action and “the relativity” of. 
the directions of all the remaining coordinates lines 
indeed shows the impossibility of producing a coordi- 
nate system in which the electromagnetic field (in the 
small) would be “transformed.” 

Proceeding to tensor fields, we note that a par- 
ticular case is possible when the requirement of 
covariance of the field equations with respect to the 
narrow group of transformations (2.1) involves auto- 
matically the covariance with respect to the total 
group (1.2). This case occurs for the meson field 
considered in the earlier communications. 

For example, the equations for scalar and vector 
meson fields in five-dimensional covariant notation 
have the form 


AVIGIW*=ViGlQ, A.Wxi—aW,=0, (3.12) 
On V\ejw™ a V(G1Q% 
OW xa OW ist On Win == Os (3.13) 
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In these cases it makes no difference whether weuse « 
“five-dimensional” or “four-dimensional” covariant 
differentiation, inasmuch as the Christoffel sym- 
bols cancel each other out. The situation is an- 
alogous for equations for pseudo-vector and pseudo- 
scalar meson fields. 

Consequently, everything said in the preceding 
communications with respect to meson fields re- 
mains fully in force, the energy-momentum-charge 
five-tensor remains symmetrical, and the equa- 
tions for the fields are correct. 


APPENDIX 


At each point of space we introduce a field of 
covariant reference 2;(n). We denote by Q4(n) the 
reciprocal reference, satisfying the condition 


Q; (n) (oy (m) = 6(n, m). (Al) 


If we express 2/(n) in terms of the contravariant 
components of the vector Qj(n), we introduce into 
the space a Riemannian matrix, whose metric tensor 
&i; is determined by 


Bip = Qi () Qe (n) 


(we agree to drop the summation sign over the 
reference indices). The metric is invariant with 
respect to local orthogonal transformation of refer- 
ences: 


(A2) 


Q (n) = L(n, m) Q! (m). (A3) 


Along with the covariant and contravariant tensor 
components we introduce invariant components, in 
accordance with the formula 


T (k) = Q;(R)T' = Q! (R) T;. (A4) 


The quantities T(n) are invariants of the group of 
point transformations and tensors of the local 
Lorentz group. 

Along with the ordinary derivative 0, we intro- 
duce the reference derivative 


D(n) = Q* (n) dy. (A5) 


Quantities of the type D(n) T(m) are invariants 
of the group of point transformations, but are not 
the tensors of the local Lorentz group if the coef- 
ficients L(n,m) depend on the coordinates. It is 


possible to introduce an invariant vector derivative 
defined by 


V (n) T (m) = Q' (n) Q* (m) VL», (A6) 


where V; is a symbol of covariant vector differ- 
entiation of a vector. This quantity is an invariant 
of point transformations and a tensor of second 
rank of the rotation group. Calculation yields 


ACTION AS A SPACE 


V(n) T (m) = D(n)T (m)— A(n, m, IT (0), (A7) 


where A (n,m, 1) =—A (n, 1, m) are called Ricci 
symbols and are expressed in terms of components 
of the reference Q}(n) in the following manner: 


A (n, m, 1) = 1/2 {(Q° (m) Q (L) — Q¥ (L) Q (m)) A, (n) 
++ (QF (0) QF (n) — O8 (n) Q (1) 52, (m) 
— (8 (n) Q (m) — OF (mm) Q" (n)) 2, (D)}. (A8) 
In reference analysis, the A(n,m,1) play a role 


analogous to the Christoffel symbols in tensor an- 
alysis. 

The spinors ) and ? are defined as quantities 
having the following transformation properties: 

a) They are invariant under general point co- 
ordinate transformations 


V(x)=O(x), (x) =$(x). 
b) Under free rotations of the reference 21 (n) 
=L(m,n) 2!(m) they transform in accordance with 
y=Sp, $= gS%, 
where the matrices S are connected with the ma- 
trix || L (m,n)|| by the ordinary relation 


(A9) 


(A10) 


S~'y (n) S = L(n, m)y(m), (A11) 


where y(k) are four matrices that satisfy the con- 
ditions 


1 (2) x (m) + ¥ (mM) ¥ (1) = 28 (n, m). 


From the laws of spinor transformations it fol- 
lows that the quantities Jy(k) ~ form a four-vector 
with reference components. The components of the 
spinor are analogues of the reference components 
of the tensors with that substantial difference, that 
for spinors there exist no contravariant or covariant 
components, and that it is therefore impossible to 
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introduce spinors in Riemann spaces, retaining the 
introduction of the metric with the aid of the ten- 
sor field gi,. 

The reference derivative of a spinor is deter- 
mined by the formula 


D (k) > = Q'(k) Oe, (A12) 
which remains invariant under point transformation 
of the coordinates. 


The invariant derivative of a spinor is introduced 
by the formula 


V (A) p = D(k)>— B(k)d, 

V(t) = D(k)> + $B (fh), 
and the matrices B (k) are defined such as‘to ob- 
tain the correct expression for the invariant 


derivative of the vector. 
We have 


V (R) (Pr (n) $) = D (R) (Oy (2) 9) 


(A13) 


— A(R, n, m) (by (m) 0), (A14) 
from which it follows that 
B(k) =*/4A(k, 1, m) 4 (2) ¥ (m). (A15) 


'Yu. B. Rumer. Uccnegopanns no 5-ontTuke, 
(Investigations in 5-Optics), GTTI, 1956. This 
monograph contains all the previous articles of 
this series, which have been revised and supple- 
mented. 

2vu. B. Rumer, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 25, 271 (1953). 


Translated by J. G. Adashko 
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The continuous-spectrum wave function that describes S scattering is expanded in series in 
terms of a system of wave functions of quasi-stationary states with complex energies. The 
validity of the expansion is established by a study of the analytic properties of the solution. 
The resulting dispersion formulas express the energy dependence of the cross section in a 
more convenient way than that provided by previous theories. 


ike theory generally used at present to explain the 
existence of resonances in the cross sections for 
scattering and nuclear reactions is that of Wigner 
and Eisenbud.'? Only a formal significance, how- 
ever, attaches to the energy levels of the compound 
system and the widths of the resonance curves as 
obtained in this theory, since the system of basis 
functions used for the expansion is chosen arbi- 
trarily, without any correspondence to the physical 
meaning of the problem. It would be natural to try 
to expand the solution in terms of the actual wave 
functions of the quasi-stationary states that satisfy 
the Schrédinger equation with complex energies.? 
There are difficulties here, however, owing to the 
fact that the system of such functions (nonorthogonal 
and linearly dependent) may be incomplete. In the 
present paper these difficulties are overcome by 
means of a study of the asymptotic properties of 

the solution in the complex-energy region. 


THE PROPERTIES OF THE ANALYTIC CONTIN- 
UATION 2 (x, k) 


We write down the Schrodinger equation for 

our case: 

(d?/dx? -+k?)b = Vo. (1) 
Here ~(x, k) is the solution of the scattering 
problem for complex k, and V is the interaction 
operator. Since the nuclear forces fall off sharply 
at a certain boundary, we assume that V vanishes 
at the distance x; the kernel V(x, x’) = 0 for 
RONG a XG: 

We prescribe the boundary conditions in the form 
(0,2) = 0, —O(x,k)—sinkx~e** forx > x). (2) 
Equation (1) and the boundary conditions lead to two 

symmetry relations: 


h(x, k) = — 9" (x, —F’). (3) 


Here S(k) = e2l6 is the one-dimensional scattering 
matrix. At a point k, of the complex k plane 
where S(k) has a pole, (x, k) also has a pole, and 
the function [Res » (x, k)]ky contains only an out- 
going wave and describes the quasi-stationary state 
X. For convenience in what follows we choose the 
wave functions of the quasi-stationary states in the 
following way: 


Cx (*) = [Res p(x, &) e**],, , 


p(x, k) = —S(k) b(x, —&), 


, (Xo) = I. (4) 


We retain this definition of the function (x) and 
coefficients c, also for the nondecaying stationary 
states, which are characterized by poles in the up- 
per half of the complex k plane. From Eq. (38) it 
follows that the poles occur in pairs, so that to 
every pole k, there corresponds a pole —k}. Cor- 
responding to the function c,%(x) is the function 
CrP} (x). 

The coefficients c, are determined by the re- 
lations 

2ky | $2 (x) dx +i = —hy/ey. 


1) 


(5) 


If a pole in the lower haif-plane comes close to 
the real axis, Im k, = 0, resonances occur in the 
cross section. From Eq. (1) we can derive the 
relation for the functions (x) and p¥(x): 

21m k,\ \> (oP de+1=0. 
0 > 
It can be seen that for Im (k, x9) « 1 the wave func- 
tion is relatively large in the inner region x < Xo. 
Let us separate the function ~ (x) into its real and 
imaginary parts: 


,, () = Pp (x) + id, (x). 


Applying Green’s formula, we get 


(6) 
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= 2Rek, Imk, \ |», (x) Pdx. (7) 
0 
In the approximation of small width of the re- 


eS (x) 


bp (x) — 9, (% 


sonance level, 


| Re (Aax0) Im (Rn.%0)| <1 (LT, <y/mx?), 


it follows from Eq. (7) and the stipulation (4) that. 
p> (x) is real. This corresponds physically to the 
formation of a standing wave inside the nucleus. For 
the case in which 7) (x) is real right up to the very 
edge, we can find from Eqs. (5) and (6) the approxi- 
mate value of c): 


~ hk, Imk,/Re kis (8) 


For stationary states the c), are easily calcu- 
lated by means of the integral equation of Gell-Mann 
and Goldberger (cf., e.g., reference 4). 

In what follows we shall assume that (x, k) for 
|k| < © has only simple poles. The correctness of 
this proposition has been proved only for potentials 
with infinitely small radius of action.® The condition 
for the presence of a pole of higher order is 


dhy | 4s (x) dx + i= 0. 
0 
Comparing Eqs.(5) and (6) we can see that poles 
near the real axis are not of order higher than the 
first. As for distant poles of nth order, they can be 
split up into sets of n closely spaced poles of first 
order by a small change of the potential. 


THE ASYMPTOTIC PROPERTIES 


The behavior of ~(x, k) for k — © in the complex 
plane depends on the differential properties of the 
kernel V(x, x’), or of the function V(x), if V = V(x). 
The integral equations for the scattering hold in the 
upper half-plane, and the asymptotic properties of 
w(x, k) for k ~ » are determined by the Born ap- 
proximation 


(x, k) = sin kx +\\¢ (GEG (ae ) sit Rade ax,” 3(9) 


where 


\(e* (x+-x") __ etk|x—x Ate 


G(X) = 
The passage to re ee half of the complex 
plane is made by means of Eq. (3). By using Eq. (9) 
we can also find out the asymptotic properties of the 
S matrix. For k — ~ along upward rays (Imk/Rek 
=const, Ink > 0) the main term of the function S(k) 
has the form 


S(k) = 


rl oe ekxo oe x) 


» Ea ie nia: ax'ax'” v (10) 


‘ 
aa xx’ 0 


Die Whee V(x); then 
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Ae ams ie (x) ] 


Cyr | Wor a 


The right members of Eqs. (10) and (11) contain the 
first nonvanishing derivatives, m, n > 0. For the 
passage to the lower half-plane we have only to use 
the formula S(k)S(-k) = 1. Equation (9) enables us 
to find the asymptotic distribution of the zeroes of 
S(k) in the upper half-plane, and at the same time 
the poles for Ink) < 0: 


Rek, = +t rh/x), Imky= (w|A|)/2X%, hoo, (12) 


where A is an integer, and s=m+n+ 3 orn + 2. 
Since 


ba (%) = — 27 exp {(— ikaxo} > (%,— Aa), 
we have for } — ~ 


dy (4) =e OXP {ia (0 — Xo)} — Exp {= en eg) 


Furthermore, using Eq. (5), we can calculate the 
index of increase of the coefficients c) : c, * k§, 
A> %. 

In what follows we shall find it advantageous for 
the coefficients c, not to increase too rapidly. On 
the other hand, physical considerations suggest that 
the behavior at infinity must not depend in any es- 
sential way on the interaction in the region of finite 
energy. Let us add to the potential-energy operator 
a small quantity 6V = €6(x—x,). The change of the 
S matrix will then be 


= (22/ik) [) (Xo, &)). 
The nature of the increase of the coefficients c), 


however, is decidedly changed. Using Eqs.(5) and 
(13), we find 
= — thy/2xoe. (14) 
The asymptotic relations that hold for ki — 
along upward rays are: 


S (Rk) e%* ~ const/k; p(x, k) e** ~ const/k, 


£< Xo W (Xp, R) = — 1/2i. 


Along downward rays: 


S(k) er —~—k; (x, k) e***» ~ const, 


56K Kye (Xo, k) et ~ k, 


Let us now expand S(k) e2ikxo in a Mittag-Leffler 
series: 


S (k) ert = Qi Y) ken/ky (R— ky) ~ F(R). (15) 
r 


According to Eqs. (2) and (4) the sum over all 


is the principal part of S(k)e24kX0 near the poles. 
Using Eqs. (12) and (14) we can show that this sum 
increases as —ik/e for k — © along rays not co- 
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inciding with the real axis. F(k) is an integral an- 
alytic function of k. For k — ~ along a ray, F(k) 
does not increase faster than k, and therefore F(k) 
= ik/e + C. Setting k = 0, we find that C =1. The 
Mittag-Leffler series for ~(x, k) eikxy has the form 


fees: k ©¥a (x) 


= )— 3 16 
i, k— hy as) 


d(x, ke 


According to Eqs. (12), (13), and (14) the sum on 
the right is bounded for x < xg and k — ~ alonga 
ray; the corresponding integral function goes to 
zero. Equations (15) and (16) are the desired ex- 
pansion of %(x, k) in terms of the system of wave 
functions (x) for x < Xp, and it follows from Eq. 
(16) that the system 7%) (x) is complete. The equation 


Leth (x), (x) =—8(x—x'),  4<X. 


can be established by direct verification. 

It is interesting to check directly that the wave 
function (16) that has been constructed satisfies the 
Schroddinger equation and the boundary conditions. 


For this purpose we consider the series ZC (x) /ky- 


By applying Eqs. (12) — (14) we can show that this 
series converges for all x < xg, and forms a 6 
functions for x = x9. The coefficient of 6(x — x9) is 
— i/e. By manipulating the expression 


Xo 
2 


\ (died, @)/ ku +28 (e—40)) 9, (x) dx, (17) 
we verify that 
y! 8 (x) ee = 8 (x — X) (18) 


It can be seen from Eqs. (15) and (16) that the 
wave function that describes scattering at zero en- 
ergy is given by 
DCE 


3 C79 (X) 


ae AC 
eee: args ee ese ame) 
! 7 Seat mt 
Yo (Xo) be >. (20) 


The series (19) converges nonuniformly at x = xy 
and may have a discontinuity at this point. Deter- 
mining the discontinuity from Eq. (18), we find the 
limit for x — x) — 0: 


lim $o (%) = — lim c, kx), (x) = Go (Xo). 


Let us calculate the derivative of Eq. (19) at the 
point Xp: 


5 dt ; Cre LOX 
ee eee ee ( 


eeethee dx - ky dx 


— ita, (2)) = 1 —eb9 (x). 
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Thus it can be seen that Eq. (19) is continuous at .« 
the point x» and satisfies the boundary condition (2) 
to accuracy €¢. 

The function (x) must satisfy the Schrodinger 
equation for zero energy. As the result of formal 
application of Eq. (1) to Eq. (18) we get 


(sa —V) bo Het): 


The series on the right diverges; we can, how- 
ever, introduce the generalized sum (for example, by 
Abel’s method): 


Deyh, (0) = lim Y8%e,4, (2), <1, 
r Fi ik 


Calculation shows that this sum is equal to zero 
everywhere for x < xg. This completes the proof 
that w(x) is the solution of the scattering problem 
for zero energy. In the case k # 0 we rewrite Eq. 
(16) in the form 


| XT RE Ca¥ (4) 
(6, B) = Rho) +E 


r 


(21) 


The series converges well enough, and direct 
verification shows that ~(x, k) defined by Eq. (20) 
satisfies the equation (1) and the conditions (2). 


THE DISPERSION FORMULAS 


According to Eqs. (15) and (20) the scattering 
amplitude (2ik) ~!. (S(k)—1) is given by 


ceomn (gy a, 


S (RP (R—R) / 


eT ekx ey 
f(t) = (22) 
In the case of small widths the coefficients Cy 
are determined from Eq. (8). The resulting formula 
is 
—oikx, (/2) 


i) = folk) + ae 


| Sis 
: |, | » 


(23) 


Here E = k*, Ty, = 4kImky < 0, and the sum in- 
cludes the poles located in the half-plane Re ky, > 0; 
fy (k) is the remaining slowly varying part of f(k). 
The cross section for S scattering has the form 


« (k) = 99 (R) 


_ Ch) Tr 
4n > /2 
iE 

r 


Yr, 
(ES feRyVE Tee Bees 


—(E — |E,)) sin 2kx5). (24) 


The dispersion formula shows that in the case in 
which the standing wave inside the nucleus occupies 
the entire region x < xp the potential part of the 
scattering corresponds exactly to the scattering by 
an impentrable sphere of radius xj. Integrating 
Eq. (23), we get the dispersion relations 


4 


/ 


+o 


k’ e2ik’ ei ate Rt =e k DUR ee ) 
ae \ Feeney + ihe Pe eaay 
oe dk c 
ij (0) pe qa ery \ f (R) ee Ss 2 >, = 3 
ener Im ky>o “A 


In these relations the oscillating exponential 
plays an essential part; this makes them useless 
in practice for calculations in nuclear physics. In 
special cases, however, one can write dispersion 
relations without the exponential factor.® From 
Eqs. (15) and (20) there follows the sum rule 


Ry Deu / Ru (Rx + ku) = 1 / ik, + Xo + f (0), 
uw 


and for the poles located near the origin 


f (0) + %) = — Sou Ra 
uw 


The present expansions (22) and (24) differ 
from the corresponding formulas of Wigner and 
Eisenbud! by their simplicity and intuitive physical 
meaning. The positions and widths of the resonance 
levels are directly connected with the energies and 
lifetimes of the decaying states. The specific dif- 


ficulties of the expansion in terms of nonorthogonal 
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functions reduce mainly to the study of the asym- 
ptotic behavior of the solution for large energies, 
which is not dealt with at all in references i and 2. 
The development of an analogous formalism for the 
general case of an arbitrary nuclear reaction in- 
volving charged particles and higher spins and angu- 
lar momenta would evidently make it possible to 
construct a version of the formal theory of reson- 
ance nuclear reactions without using the concept of 
the R matrix. 


1 -P, Wigner and L. Eisenbud, Phys. Rev. 72, 


29 (1947). 

2A. M. Lane and R. G. Thomas, Rev. Mod. Phys. 
30, 257 (1958). 

3A. J. F. Siegert, Phys. Rev. 56, 750 (1939). 

41. D. Faddeev, J. Exptl. Theoret. Phys. (U.S.S.R.) 
35, 433 (1958). Soviet Phys. JETP 8, 299 (1959). 

*Ning Hu, Phys. Rev. 74, 131 (1948). 

6. I. Serdobol’skil, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 38, 1268 (1957). Soviet Phys. JETP 6, 975 
(1958). 


Translated by W. H. Furry 
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The possibility of accelerating completely ionized quasi-neutral plasmoids in moving high- 
frequency potential wells is indicated. If such wells are formed by two fields of different fre- 
quency the plasmoids can be accelerated by changing the frequency of one of the fields or by using 
a waveguide of variable cross section. Certain features of linear and cyclical plasma accelerators 


are analyzed. 
1. INTRODUCTION 


In accelerating quasi-neutral plasmoids or 
charged particles of one sign it is necessary to 
set up strong fields which provide acceleration as 
well as spatial stability. The latter requirement 
is predominant since any system which localizes 
a fixed plasmoid can, in principle, be used for ac- 
celeration if the appropriate displacement of the 
localizing fields in space can be achieved. 

There has been a great deal of recent work in 
plasma confinement in connection with the well 
known problem of a controlled thermonuclear re- 
action. One method is to use a weakly inhomoge- 
neous high-frequency electromagnetic field. The 
forces (averaged over an oscillation period) which 
act on a particle in such a field do not depend on 
the sign of the charge; this feature lies at the basis 
of all methods of using high-frequency fields for 
plasma localization.* The inhomogeneous field of 
the required configuration is produced by an ap- 
propriate distribution of sources as well as the 
perturbations introduced by the plasma itself. In 
certain cases it has been possible to obtain a self- 
consistent electrodynamic solution: a plasma 
sphere in a spherical resonator,” a plasma cylinder 
in a circular waveguide,° a two-dimensional plasma 
layer between ideal planes,t a plane plasma bound- 
ary maintained by a plane wave which is normally 
incident on it. In general form the problem can be 
solved only for a highly rarefied plasma (density 
small enough so that distortions introduced by the 
plasma can be neglected); in this case we actually 


*This feature was first pointed out by V. I. Veksler, who 
proposed the electromagnetic radiation pressure for accelera- 
tion of plasma objects.’ 

tDiplomate paper by E. I. Yakubovich, Gor’kii State Uni- 
versity, 1958, 


deal with the localization of single charged parti- 
cles.°* 

Below we consider certain principles for the ac- 
celeration of quasi-neutral plasmoids in high-fre- 
quency electromagnetic fields. The properties of 
the plasma are assumed to be as follows: a) the 
plasma is completely ionized; b) during the time in 
which the bunch is accelerated a Maxwellian dis- 
tribution over average particle velocity is main- 
tained; c) all the particles have non-relativistic 
velocities in the reference system fixed to the 
bunch; d) the dielectric permittivity of the plasma 
is approximately unity, i.e., the density of parti- 
cles N satisfies the requirement NK mew*/4rre” 
= Bll < 1073 w?, where Mg is the mass of the electron, 
e is the charge of the electron and w is the an- 
gular frequency of the external field. Although the 
last condition is not a fundamental limitation it 
does allow us to make a complete analysis of the 
kinematic part of the problem, i.e., the displace- 
ment of the localizing fields in space. 


2. LOCALIZATION OF INDIVIDUAL CHARGED 
PARTICLES 


It has been shown by Gaponov and the author®® 
that charged particles can be localized close to ab- 
solute minima* of a high-frequency potential @ de- 
fined by the relation 


D = (4? / 40?) |E/?, (1) 


where 7 is the charge-to-mass ratio and E is the 
amplitude of the electric field. If the profile of & 
is a potential well, it will trap particles that have 
velocities |vo|<V2A@ at the center (minimum 


*In the presence of a fixed magnetic field localization is 
possible in regions of maximum E under the condition that 
@ <|@y|, where wy is the cyclotron frequency.° 
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value of 6) whereA® is the minimum potential dif- 
ference between the edge and center of the well. 

We assume that this potential well is formed in 
a reference system K’ which moves in the +z di- 
rection with respect to the laboratory system K 
with a velocity v (8 =v/c) and an acceleration w 
where 


w (1 — 32)"2 = w= const. (2) 


Introducing in place of (1) some effective potential* 
©’ off, Which includes the potential of the inertia 
forces ©’ eff =’ + wz’, we find that if particles are 
to be trapped the following inequality must be ob- 
served 


|O@’ / d2"| > w. (3) 


The condition in (3) imposes an additional limita- 
tion on the potential 6’; one cannot use a ® with 
very steep slopesf: in the first place the time-of- 
flight of the particle through the region of inhomo- 
geneous field (L~&/|V4|) must be long enough to 
correspond to a large number of high-frequency 
periods (L >vo/w); secondly, the amplitude of the 
high-frequency oscillations of the particle must be 
much smaller than L, L >|nE/w’|. 


3. LOCALIZATION OF A PLASMOID 


If a potential well is filled by a rarified plasma 
characterized by a kinetic temperature T(Vip =kT/e) 
the particle density is given by the expression? 


N (r) = N (0) exp(— m,AQ, / 2kT), 


where k is the Boltzmann constant, A®, is the dif- 
ference in the high-frequency potentials between 
the pointsi r and r=0. If this difference is con- 
siderably greater than 2kT /mg in all directions 
the bunch is essentially localized at the center of 
the well. 


Suppose that the localizing field and the plasmoid 


move with accelerated motion and that the condition 
in (2) is satisfied; then, in place of the potential 6’, 
it is necessary to introduce the effective potential 
®’.r¢ (analogous to the potential for the electron) 
which takes account of the increase in the force of 


*The primed quantities refer to the moving coordinate sys- 
tem. 

tIt is precisely as a result of this situation that it is im- 
possible to trap a plasmoid with a sharply defined boundary. 

tFor simplicity, the charges of the electrons and ions are 
assumed to be the same in all cases; in the general case 
e; = Ze, in place of ADe/2 we write ZAO./(Z+ 1). We may 
note, moreover, that for dense plasmoids the potential differ- 
ence A®, must be determined from a self-consistent solution 


of the problem. 


OF PLASMOIDS 
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inertia due to the factor mj/meg (mj; is the mass of 

the ion, mj > me) 

Dest = De + (mi / me) we’. (4) 
As an example we consider a sinusoidal (in the 

z direction) potential profile 


OD’ (z') = M) + Dj cos 2h'z’. (5) 


Substituting (5) and (4) and seeking the position of 
the extrema in ©’ 


mm w 


Si hese _=% 
mt Me 2h’, 


(6) 


for a potential difference A®’orr corresponding to 
a minimum potential differential between the edge 
and the center of the well, we have* 


ADepe =20,¥ (a), (ae) =V1—a2—aarccosa. (7) 


Using these formulas it is an easy matter to 
find the maximum possible acceleration of the 
bunch since the potential difference A®’o¢e which 
appears in (7) is determined by the condition of 
partial or total localization of a plasma at temper- 
ature 1. 


4. MOVING POTENTIAL PROFILES 


As has been noted earlier,’ a simple method of 
displacing a potential profile consists of using two 
traveling waves of different frequencies. Suppose 
that in a reference system K’ moving with uniform 
motion in the z direction the field is a superposi- 
tion of two plane non-uniform waves of the same 
frequency w’: 


E=E,(x, y)exp (iw't’/— ih’z’) 

+E (x, y)exp(io't’ + ih’z’), (8) 
thenin the fixed system K this field corresponds to two 
traveling waves of different frequencies w, and uw: 
E=E_@, y)exp(io.t — th,z) 

+ E_(x, y) exp (iw_t + th_z). (9) 
The frequencies w, and the wave numbers h, are 
related to the corresponding quantities in the K’ 


‘system by the relations 


ke = (k th’) / VIB, 
ha. = (h £k'%)/VI—®, (10) 


where k, = w/e, B =v/c while v is the velocity 

of the K’ system with respect to the K system. 
Using the fields in Eq. (8) it is possible to pro- 

duce various profiles for the high-frequency poten- 

tial ’.® In particular, in a regular cylindrical 


*Here we are considering only the potential difference in 
the z direction. 
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lossless line two propagating waves of the same 
type form a Caer of the form in (5) in which 


= (4 / 2’)? [|E, |? + |E_[*], 
erase PIE PEL 


Particles can be trapped in a finite region with 
cross section z= const either by virtue of the exist- 
ence of an absolute minimum in (x, y, z’) or, if 
there is no such minimum, by means of a supple- 
mentary fixed magnetic field Ho= Hozo. The trap- 
ping in the z direction occurs as a result of the 
sinusoidal shape of the profile (5), i.e., trapping 
is possible when h’ 40. 

The waves in (9) in the K system can propagate 
in the same direction (hyh_ < 0) or in opposite di- 
rections (hyh_ > 0). Quantities referring to waves 
moving in opposite directions (anti-parallel) will 
be denoted by the subscript ‘‘a’’ while waves mov- 
ing in the same direction (parallel) will be denoted 
by the subscript ‘‘p’’. In the general case it is 
also necessary to distinguish between the so- 
called fast waves (h =k) which exist in waveguides 
and multi-conductor lines with ideal smooth con- 
ducting surfaces and the slow waves (h=k) which 
exist in systems with corrugated boundaries or 
with inhomogeneous (cross section z=const) di- 
electrics. Although in both cases the dispersion 
equation is of the form hi =k —«4, in the fast- 
wave case, if one considers waves in a lossless 
isotropic system the transverse wave number kK 
is pure real and cannot depend on frequency kK, = 
K_= K (regular waveguides); in the slow wave case 
K is an imaginary quantity and, in principle, does 
depend on frequency (k, # K_ if k, # k_). In what 
follows, for simplicity we shall limit ourselves to 
regular waveguides and fast waves; the analysis 
may be carried out in genetal form without any 
specification of the waveguide cross section or the 
field configuration. * 

Two important parameters determine the use- 
fulness of the profile (5) from the point of view of 
acceleration of charged particles: the constant, 
h’, which characterizes the slope of the walls of 
the potential well, and the quantity B =v/c, which 
determines the displacement velocity of the sos 
tial wells. Using the dispersion equation h% =k4— K? 
and paeoducing the dimensionless quantities y 


ik KS; ee = -, s=h’/k-_, from (10) we have 
B = (ki —&_)/ (jh, | +] 4_)}) 


Ee —P+V1—p’), 


(11) 


(12) 


*It should be kept in mind, however, that slow-wave sys- 
tems (helices, waveguides with ribbed walls, etc.) are prefer- 
able in certain respects. Aside from tle lower values of the 
velocity of displacement of the profiles, in the slow-wave case 
larger values of h’ are achieved. 
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FIG. 1 


s=[y— P*V OP — PA) PN / V2. (13) 
The upper sign in Eqs. (12) and (13) refers to the 
anti-parallel waves; the lower sign refers to the 
parallel waves. In Figs. 1 and 2 are shown the re- 
lations between Ba, Bp» Sa, and Sp and y for various 
values of p (the number on the curves). Inasmuch 
as exponentially decaying waves are not being con- 
sidered,* y can vary within the limits p=y < © 
where 0=p=1. Wheny =por p=1 we have a 
situation in which the waveguide is excited at one 
of its critical frequencies, i.e., one of the fields 
in (9) becomes independent of the z coordinate. 
The regions of Bg and By , and correspondingly, sa 
and Sp, are separated in Figs. 1 and 2 by dashed 
lines. 

It is apparent that Bg (y, p) = Bp (Y, p) and 
Sa (lV, p) =Sp(7; Pp), i.e., by using waves in the 
same direction it is always possible to achieve 
higher displacement velocities for the localizing 
fields; on the other hand, the anti-parallel fields 
always form potential wells with steeper sides. 
The profile with the steepest sides is formed by 
anti-parallel TEM waves which propagate with the 
velocity of light (p= «/k_= 0, h =k) for which, in 
accordance with Eq. (13), we havet Bg = Vy. For 
waves traveling in the same direction the most 
suitable mode of operation is the one with the 
maximum values of p: pmax = 1, Sp= V(y — 1)72. 

If the frequencies w4 and w_ are the same 
(y = 1) the profile 4 remains fixed (Bg = 0). The 
profile $, formally must be displaced with the 


*We assume that the quantity h’ in Eq. (8) is pure real; an 
exponentially decaying or increasing field in the z-direction 
(9) (Im h = 0) must correspond, in the K’ system, to a field 
with complex h’, as given by Eq. (10). 

+The application of slow waves makes it possible to in- 
crease the value of sa, which, as has already been noted, 
occurs at the expense of a reduction in the velocity B; if the 
dispersion equation is of the form h? = k? + %? 
place of Eq. (13), we have 


ior Sen if 


% OS FRG SER ty 
2s = [2y + p? + pi AV (y+ p}) A + pe), 


where p, = %4/k*, whence it follows that sy >y. 
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group velocity of the wave Bp = i. however the 
potential wells vanish since Sp(1, p) = 0. 

As the value of y increases the velocity of dis- 
placement of both profiles, 4 and Pp» increases, 
approaching the velocity of light; as far as purely 
technical considerations are concerned the veloc- 
ity which can be achieved is determined by the 
conditions of localization of the plasma within the 
potential well. When y > p, s is given approxi- 
mately by 


Say (te VY 1= p*)/ 2]. 


Thus s increases asymptotically in proportion 
to vy; starting at some value of the velocity the 
conditions for applicability of the average descrip- 
tion of the motion of the particles in the moving 
system L~1/h’ > vo/w’ (vo is the mean velocity 
of the electrons in a bunch) is violated: a peculiar 
“tunneling” of the particles through the potential 
barriers takes place and it becomes impossible to 
trap particles, even at very large values of 9%. 


5. ACCELERATED POTENTIAL PROFILES 


There are two possible methods for accelerat- 
ing the potential profiles formed by the fields (8). 
The first method is to vary the frequency of the 
waves (9) as a function of time; the second method 
is to vary the propagation constants h, and h_ as 
functions of the z coordinate. In order to main- 
tain the stationarity of the profile #’ (unless this 
is done the potential description loses its signifi- 
cance) these changes must be slow as compared 
with the period (27/w) or the wavelength (21/h): 
| dk/dt| « kc, | dh/dz| « h’. 

We consider the features of each of these meth- 
ods. Suppose that the frequency w_ is fixed while 
w4 = w(t); this is equivalent to a variation of y in 
Eq. (12) with p = const (cf. Fig. 1). In 8g systems 
it is possible to start the acceleration from zero 
velocity (vy = 1, Bg = 0); in Bp systems it is nec- 
essary to inject a bunch which has first been ac- 
celerated. The magnitude of the initial velocity is 
determined by the conditions under which the po- 
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tential well is formed at the input of the accelera- 
tor (Sp >0). The appropriate values of the aeceler- 
ation are found by differentiating Eq. (12). The in- 
finite increase in acceleration for y — p(cf. Fig. 1) 
excludes the possibility of choosing the variable 
frequency close to one of the critical frequencies 

of the waveguide; however, generally speaking the 
fixed frequency can be set equal to one of the critical 
frequencies (p = 1). If the frequencies coincide at the 
starting time t = 0 (y =1) and the condition tdy/dt «1 
holds over the extent of the entire cycle, the accele- 
ration, according to (12), is given by the relation 


di, /dt =1/,(1— p*)—* dy / dt, 
dBp/ dt = "fp p?(1— p®)edy / dt. 

Whence it follows, in particular, that a linear varia- 
tion of frequency corresponds in the first period of 
acceleration to uniform acceleration of the profile. 

An important feature of the second method of 
acceleration is the fact that fixed frequencies are 
used; thus it is possible to use resonance excita- 
tion of the electrodynamic system and no special 
nonlinear frequency tuning elements are required. 
A smooth variation of the propagation constant 
h(z) can be obtained in quasi-cylindrical wave- 
guides or resonators in which the cross section 
and, consequently, the transverse wave number kK, 
vary slowly in the z direction. The appropriate 
values of the velocities in acceleration are easily 
determined by Eq. (15) where d@/dt = Bc(d6/dp) 
x dp/dz. Since the parameter p must lie within 
the limits 0 =p <1 for fast propagation, the 
maximum velocity differential, i.e., the difference 
between the velocities at the input and the output 
of the accelerator, must be [from Eq. (12)): 


A(Ba)max =V(—1)/4 FD-W—1)/ +4), 


(ABp) max = 1 —V (y= 1)/(r + 1) 


In this case the initial velocities are different 
from zero, i.e., preliminary acceleration is re- 
quired. 

It should be kept in mind that in this method the 
displaced profile necessarily becomes distorted 
since the acceleration is based on a variation of 
hs and consequently h’; hence the maximum pos- 
sible velocity found from Eq. (12) may be unusable 
because the conditions required for trapping the 
bunch may no longer hold. 


6. CHOICE OF ACCELERATOR PARAMETERS 


We now analyze some of the factors that enter 
into a choice of the parameters of a high-frequency 
plasma accelerator. 

The point of departure is the fact that the con- 
ditions required for localizing the bunch must be 
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observed. Taking account of Eqs. (7) and (8) and 
the requirement® for smooth variation of the field 
amplitude E, we have 


Low? /4, >>| Es|S>V 20Vrin,¥ (a) *, (14) 


where Vp =kT/e. Taking L =) /4 = mce/2w and 
substituting n, = 5.3 x 10", we write Eq. (14) in 
the form 


5.1-10°(Y /V7)2| Bs |S>os>1.1-107}Ez |. (15) 


Whence it follows that the trapping conditions im- 
pose a rather stringent limitation on the possible 
frequency range which can be used; it is conven- 
ient to choose w close to the left-hand limit in Eq. 
(15) since the limitation on frequency from above 
is weaker. Secondly, the dimensions of the locali- 
zation region (L ~ \ /4) are actually the factors 
which determine the allowable values of the elec- 
' tric field intensity E: for example with L = 5 cm, 
(w = 10'%, Vp =3.3 cgs (10*v), © = 0.5, the field 
strength must be ~ 10? egs (3 x 10‘v/cm); with 

E = 0.1 cgs (30v/em), w * 10¢1-e.-L = 50m thus, 
to contain a bunch in a relatively small region of 
space it is necessary to use high-frequency fields 
of rather high amplitude. 

The allowable values of w can be determined 
from Eq. (6) if it is assumed that the quantity #4, 
in accordance with Eq. (11), is approximately 
&4 = 4 (Ne/w)*EXy where Ej, is the average value 
of the electric field in the traveling wave: 


Way = Yay (Me / mz) (n, / Way)- Rs Egy. 


For example, with w = 10.” GP = 45 Wo = Oa, 
mj/me = 1.8 x 10°, s = 0.6, and Eay = 10? it is 
possible to obtain an acceleration Way ~ TOs. 
cm/sec’. 

The acceleration and maximum velocity which 
can be realized in practice depend on the method 
of displacing the localizing field and on the elec- 
trodynamic nature of the system; in particular, if 
we require that there be a propagating mode of 
only one kind in the waveguide* it is necessary to 
vary the generator frequency in such a way that it 
remains between the first and second critical 
frequencies of the waveguide:} ck) = w = ck; this 


*The appearance of higher propagating modes may not only 
reduce the efficiency of the accelerator but can also cause 
delocalization of the bunch. Even if the system is excited by 
an external source which produces only the required mode the 
latter can be transformed into higher modes directly at the 
plasma bunches if the dielectric constant of these bunches 
varies greatly from unity. 

tFrom the point of view of the most favorable conditions it 
turns out best to use the TEM mode in multiconductor lines for 
which x, =0 and @ is limited ftom below only by the condi- 
tion in (15). 
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requirement and that given in (18) set additional 
limitations on the range of w and determine the 
maximum possible velocity at the output of the ac- 
celerator B max- | 

From the technical point of view perhaps the 
most important factor which limits the applicabil- 
ity of high-frequency plasma accelerators is the 
power required to form the localizing field. If 
non-resonance excitation is used this power is 
approximately equal to the mean Poynting vector 
flux in the traveling wave and can be estimated 
from the relation 

Prm = a Eo: See a EavS, (16) 
where § is the effective cross section of the wave- 
guide. 

In resonance excitation of an appropriate cylin-e 
drical configuration of length 7 the power P is es- 
timated taking account of the Q of the system: 

Po = ag \lE PAV zee (hl) Fav. 
For example with A =20 cm, S = 2/4 = 102cm’, 
h/k = 0.6 and E,,*10°cgs, Ppp * 7 x 10'4 joules 
(Tox 10° watts); similarly, for excitation of an ap- 
propriate resonator kil = 10°, Q = 10%, Pa ~6 x 1018 
joules (6 x 108 watts). A further increase in the 
amplitude of the field would require the use of 
sources of enormous power, such as are generally 
used in pulsed rather than continuous operation. 

In conclusion we present typical data for a lin- 
ear accelerator for hydrogen plasma at a temper- 
ature Vp = 10° ev, which uses anti-parallel TE, 
waves in a waveguide of rectangular cross section: 

a) w_ = 6.3 x 10'sec ! (A_ =3 em), p= 0.9; 
Aw/w = 0.27, Bmax =0.2, Say = 0.6, Egy = 10° eps, 
Way = 2 x 10'%em/sec?, Ppp 3 x 10° watts; for 
operation with pulses of duration At = 3 x10" sec 
the length of the accelerator is 7 =9 m. 

b) w = 10'°sec™! (, = 20 em), p = 0.9, Aw/w_ = 
0.27, Brrax = 0.2; Sarp = 0.6,) Bay = 10 Coe, Ware 
10° cm/sec’, Ppz =7 x 107 watts, At = 6 x 1078 
sec, 1 = 2x10? m. 


(17) 


7, POSSIBILITY OF CYCLIC ACCELERATION 
OF A PLASMA 


The basic difficulty in cyclic acceleration of a 
plasma lies in the containment of a quasi-neutral 
plasmoid over a stable closed trajectory. Although 
the use of weakly inhomogeneous high-frequency 
fields for this purpose is possible in principle, as 
will be shown below, these can only be used for 
small velocities. For example, suppose that it is 
necessary to achieve stable motion of a plasmoid 
about a circle of radius r, =r), which is consid- 
erably greater than the dimensions of the plasmoid 
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itself. We set up a toroidal channel for the high- 
frequency potential ®(r,) in such a way that the 
circle r, = Yr lies within the toroidal potential 
well.* In order to compensate for the centrifugal 
forces it is necessary that the sides of the poten- 
tial well be rather steep. In the non-relativistic 
approximation this limitation, similar in meaning 
to (3), is written in the form 


|O® / dr, re > mvs / Meo. (18) 


Here vg = Bec is the mean linear velocity of the 
plasmoid. Assuming that 0¢/dr, ~ 6/L and sub- 
stituting the value of @ in Eq. (18) from Eq. (1), 
we find the condition which limits the field in- 
tensity E from below for the field which forms 
the potential barrier with respect to r, = Yp, 


| E|/ 85 > (L/ ro) (mm; / me)'2 2a /"n,. (19) 


As an example we take the values w = 2 x 10! 
sec *, mj/m, = 1.8 x 10°, L/r, ~ 10 2. Substitu- 
tion of these values in Eq. (19) yields |E]/Bg > 10°. 
Consequently even with velocities Bg ~ 107! one ‘ 
requires fields with intensities of E~ 10°cgs 

x (3 x 10°v/em) and, by virtue of Eqs. (16) and (17), 
sources with powers of the order of 1010" 
watts. Whence it follows that in cyclical plasma 
accelerators with radial high-frequency focusing 
the velocities which can be achieved are smaller 
than those that can be obtained in corresponding 
linear accelerators; most of the power required 
from the high-frequency sources goes into the 
fields which constrain the plasmoids in the radial 
direction. 

Acceleration of plasmoids can be realized by 
displacement of supplementary potential wells pro- 
duced by waves which rotate in azimuth. In this 
connection it is interesting to note that if inside a 
waveguide system which closes on itself we excite 
two standing waves of different frequencies it is 


possible to distinguish four potential profiles, which 
rotate in pairs in opposite directions with velocities 


B= = (k,—k_)/(, +7), Bo a (k,— &_)/(h, —/), 


*A toroidal channel of this kind can be produced, for ex- 
ample, by means of a TM,, mode in a corrugated metal torus of 
circular cross section, a TE,, (usual profile) or a TE,, mode 
(inverted profile) in asmooth-walled torus of circular cross 
section; symmetric waves in a helical conducting torus, and 
so on. One of the examples of the production of a two-dimen- 
sional circular potential well in a cylindrical resonator has 
been given for example by Veksler and Kovrizhnykh.°® 
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which offers the possibility of obtaining simultan- 
eous displacement and even acceleration of 
plasmoids in opposite directions. 


8. CONCLUSION 


Thus, high-frequency weakly inhomogeneous 
fields can be used for accelerating quasi-neutral 
plasmoids. This possibility has been demonstrated 
with plasmoids of low density; however, in prin- 
ciple, many of the points relating to the accelera- 
tion mechanism, in particular the method of dis- 
placing the localizing fields, remain valid for ac- 
celeration of dense plasmoids. The high-fre- 
quency field is distorted significantly only in the 
immediate vicinity of the plasmoid; the field is 
unchanged (in the absence of higher modes) at far 
distances. Obviously, however, for a complete 
description of the characteristics of such accelera- 
tors it will be necessary to find a self-consistent 
solution of the problem of the localization of dense 
plasma inside an accelerated high frequency po- 
tential well. 

The author is indebted to A. V. Gaponov, V. B. 
Gil’denburg, and S. B. Mochenev for useful dis- 
cussion of the results. 
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It is shown that the phenomenological Ginzburg-Landau equations follow from the theory of 
superconductivity in the London temperature region in the neighborhood of Tg. In these equa- 
tions there occurs, however, twice the electronic charge; this is related to the physical mean- 
ing of ¥(x) as the wave function for Cooper pairs. The constant x turns out to be small. The 
problem of the surface energy for the boundary between the normal and superconducting 


phases in the neighborhood of Te is discussed. 


lr is well known that the behavior of superconduc- 
tors in a magnetic field in the neighborhood of the 
critical temperature is qualitatively well described 


by Ginzburg and Landau’s phenomenological theory.! 


We shall show in the present paper that equations of 
the same type as those in Ginzburg and Landau’s 
theory follow indeed from the theory of supercon- 
ductivity. 

We shall start from the Sauanons for the ther- 
 peunIC Green functions®* which we obtained 
earlier.” These equations are ina magnetic field 
of the form 


( a 
la ot ae 2m = (5 — 


- A(r) Ft (x, x’) =8(x— x’), 
le tam (Rt eA@) + ul F(x, x’) 
— AF (r) G (x, x’) = 0; (1) 


ieA (1) ) +¥| G(x, x’) 


where 
NT er Ge. es ser): (1) 


The last relation expresses A(r) in terms of the 
coupling constant and the value of the function 
F*(x, x’) for equal arguments. If there is no field, 
A = const. The quantity 2A is in that case the en- 
ergy gap in the spectrum. F*(x, x’) tends, in fact, 
logarithmically to infinity as x = x’; this corre- 
sponds to the well known logarithmic divergence in 
the equation determining the gap when one integrates 
in momentum space. In the papers by Bardeen, 
Cooper, and Schrieffer? and Bogolyuboy® this diver- 
gence was removed by cutting-off the energy of the 


interacting electrons at distances of the order of the 


Debye frequency @ from the Fermi surface; we 


shall do the same in the following. One verifies 
easily that such a cut-off corresponds in the co- 
ordinate representation to a “spread out” in Eq. (1’) 
over a distance of the order fiv/o. 

Let us go over to the Fourier components of the 
Green functions G(x, x’) and F*(x, x’) with respect ~ 
to the difference of the variables* u = tT—T’, for in- 
stance, . raat 


Gti i) aad Sa &,, (73.8); 
GSE 
G, (r, y= o en Gy hh Puy, 
Syye 
where Wp = 7(2n + 1)T-@ =~... —1, 0, 1, ...) 2 Equa= 


tions (1) go over into the following equations for 
the Fourier components ©,)(r, r’) and Ot 1o)s 


{ion ip als — ieA (r)) os u} Saris oi) 


+ A(r) Se (r, 1’) = 6 


— A* (r) G, (r, r’) = 0, (2) 
and condition (1’) can be written in the form 


r) = T S86 (r, 1). (2’) 


We introduce, finally, 6,,(r, r’), the Fourier 
component of the Green function for an electron in 
the normal metal in a magnetic field. The equation 
satisfied by G(x, r’) can be written in two ways: 


{ivo, as m(e— ie A(r r)) + aC Pees 


or 


1364 


MICROSCOPIC DERIVATION OF THE 
ie tehork te: \2 ~ f 
lon + 5p (5 + ieA (r )) +p}, (rt, ry =8(r—r’). 


It is convenient to use the function 6,(r, r’) to 
write Eqs. (2) in integral form, using the second. 
of Eqs. (3): 


G, (r, r’) = G, (r, P| 8s (r, s) A(s) ¥ (s, r) d°s, 
Sadr 1’) = | Ge (s, r’) A*(s) @_. (s, r)d°s. (4) 


Before we proceed, we find out what the func- 
tion ©,,(r, r’) is equal to. If there is no magnetic 
field, one sees from (3) that 


U 


me , ate |, 

Si (r—r’) = aR eaP LE sign @P)— | Rh. (5) 
Here 
signo=/|w|, R=|r—r'|, w= p?/2n>|o|. 


G(r, xr’) ina magnetic field differs from (5) by a 
phase factor. Indeed,* because py is a large quan- 
tity we can use the quasi-classical approximation 

to determine G(r, r’), i-e., write it in the following 
form: 


G(r, r’) =e? MS (r—r’), (tr, irae = 0. (6) 


Substituting (6) into (3) we find for the addition to 
the action of g(r, r’) 


(a, Vro(r, r’))== (a, A(r)), n=(r—r’)/|r—r’|. (7) 


Near the transition temperature A(r) (and at the 
same time oyctr, r’)) is small. We shall therefore 
expand Eq. (4) in powers of A and A* and express 
OL (r, r’) up to terms of the fourth order, and 
G(r, r’) up to terms of second order in A, inclu- 
sive. The substitution of the expression obtained 
for &3)(r, xr’) into (2’) gives one equation connecting 
A(r) and A(r): 


A*(r) = gT Y)\Gu (r, 1’) Gu (r, 1’) AY (r’) ar’ 
— gf >)\\\6. (s, r) G_. (s, 1) G. (m, 1) G_. (m, r) 


x A(s) A* (1) A*(m) d’s d'1 d?m. (8) 


The important distances in Eq. (8) are of the order 

& =fiv/T@, since it can be seen from (5) and (6) that 
the Green function Gy (r, r’) decreases exponentially 
for R > £ . At the same time, the changes in the gap 
A(r) and the field A(r) take place at distances of the 
order of the penetration depth which is much larger 
than £ near the critical temperature. For the same 
reason the phase g(r, r’) in (6) is small near Tc and 
equal to 


on t)= (Ar), tr). (9) 


*This was pointed out by L. D, Landau. 
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Using these facts we can perform the integration in 
Eq. (8). 

The first term on the right hand side is of the 
form 


g\K(r, ry (ry ar", 
where the kernel 
K (t, 1’) = Ko(r— r')exp { 


2ie - A 
—(A(r’), r— rh 
has a singularity for R = |r—r’| = 0: 

Ko (R) = mT /(22R)? sinh (22TR/v). 


This singularity is connected, as was pointed out al- 
ready in the foregoing, with the cut-off of the inter- 
action at the Debye frequencies w. 

Introducing this cut-off we get 


¢ 27 
[Ko (R) PR = Boe as 
0 
__ mpo { Qy @ __ mpy 4 T, 
= ein (oe ee Be 


where the transition temperature Tg is connected 
to the gap in the energy spectrum at absolute zero 
in the well-known way”: 
Aor, = MP, 20 

—T, ~ = in). 
Expanding the exponents in the Green functions in 
terms of g(r,r’) using the fact that A(r) and A(r) . 
vary Slowly near T,, and eliminating @ and g by 
using (10) we get the following equation 


ea (+ + 2ieA (r)) 


[ie hs C 
ERE Enaorl}e=0 on 


where A = 7 ¢(3)€p/12(r To)’ (E(x) is here Rie- 
mann’s zeta function). 

To get a second equation connecting A and A> 
we shall now calculate what the current density 
j(r) is equal to. To do this we use the relation 
expressing j(r) in terms of a Green function: 

7 2 
i) ={2 (0 — VG) — AMC Ob ig oe 
(the additional factor of 2 is due to a summation 
over spin). We note that if we substitute every- 
where the Green function for the normal metal in 
the form (6) and then sum over frequencies we get 
no contribution to the expression for the current, 
as should be the case. The total current is thus 
equal to 


i (rt) = 2 (Ve — V2) 86 (x, 2’) lex (12) 


where 
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6 G 6.4) a) \yax’ 
= T X\\ Gor, s) 8, (1, r) Ga (1, s) A* (1) A (s) ds d°1. 

n (13) 

Restricting ourselves in the expression for the 

current to terms linear in A and assuming A(r) 

to vary slowly with r in the London temperature 

range near T,, we get 


«OA 
or A =) 


4e? | A |? 
mc 


1 7¢(3) N 


16 (xT)? (14) 


te (4 oA* 


ir) = |= 


We shall introduce a “wave function” V(r), pro- 
portional to A(r): 


W (r) = A (r) V76(8) N/ 487. 


(15) 


The set of Eqs. (11) and (14) takes then a form 
completely analogous to the equations of the phe- 
nomenlogical Ginzburg-Landau theory: 


il (6) ae 2 
(one ($— 1é A(r)) 
nly 2 
$e [PrP =, 
é Was Tixman ohne OSEN e*2 
i(r) es Ts Dit (Y or ¥ or / mc A| |’, (16) 


where “ex = 2e, N is the number density of the 
electrons in the normal metal and A was defined 
after Eq. (11). There is a difference, however, in 
that (16) contains the electronic charge e twice, 
clearly owing to the physical meaning of V(r) as 
the wave function of a Cooper pair. 

These equations arise thus in a natural way in 
the theory of superconductivity in the London region* 
near Tc. The phenomenological constant defined in 
the same way as in the old theory, but with e*= 2e, 
can now be evaluated and turns out to be equal to 


x= 3T7,(n/v)%2(c/epo)V 2/76 (8). 


The region of applicability of Eqs. (16) is small 
for sharply expressed Pippard metals and occurs 
-very near T,; at large distances from T, the local 
relation (14) ceases to be valid. 

For metals of the London type the region of ap- 
plicability of (16) is determined solely by the small- 
ness of the ratio (T—T,)/Te. 

The possibility to apply (16) to describe the 
properties of thin films in a magnetic field with the 
microscopic value (17) of the constant x is limited 
by the fact that usually films are polycrystalline 
specimens with grain sizes of the order of the film 
thickness. The presence of boundaries between dif- 
ferent crystals will act like the presence of foreign 
impurities. One must therefore possibly describe 


(17) 


*In reference 5 the assumption was stated that some quan- 
tity related to the gap should play the role of the expansion 
parameter Y in the theory of reference 1. 
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‘real films in the microscopic theory from the same : 


point of view as superconducting alloys. _ 

We note now that to evaluate the difference in the 
free energy of the metal in the normal state and in 
the superconducting state in a magnetic field we can 
use the following formula: 


Fan — Fn =—(1/2N) || P(r) It der. 


Indeed, we shall use the thermodynamic relation 


(18) 


8Q./8g (r) = — < Hint (t) > / g(r), 


where according to (5) 
Hine () = Vag (r) (LF (1) (YF) P(E) FO), 


Q is the thermodynamic potential [we introduce here 
for the sake of convenience a variable “interaction 
constant” g(r)]. Taking averages we get 


g 
0a — (err) 8 


(19) 


| A(r) P. 


Equation (8) determines 1/g(r) as a functional of 
A(r) [for the sake of simplicity we shall consider the 
real solution for A(r) as is usually done in one-di- 
mensional problems]. Using (8) to integrate (19), 
and using the fact that small additions to all thermo- 
dynamic potentials in the corresponding variables 
are equal, we get Eq. (18). 

The constant x of (17) is connected with the 
magnitude of the critical field Hem of a bulk speci- 
men and the penetration depth 69 by the relation 
(which contains the charge e*): 


_ V 2e* 


. hic 


Honda: (20) 


For metals of the London type or such intermediate 
metals as tin the region of applicability of Eqs. (16) 
is fairly large and in that case we should consist- 
ently use the experimental data* for Hey, and 6? to 
compare the theory with experiments. For Pippard 
metals 69 is the penetration depth only in a very 
narrow range of temperatures near Tg. It is thus 
convenient in this case to turn to the theoretical 
formulae for a definition of x. It can easily be 
verified that (17) can be written in the form 


x= 0.96 8; / Ep, (21) 


where oT = (4m Ne*/mc”)!/2 is the London penetra- 
tion depth and £9 = 0.18 fiv/kT, is the non-localiza- 
tion parameter introduced in Bardeen, Cooper, and 
Schrieffer’s paper. Using the data given in reference 
5 we get from (21) for tin k ~ 0.14, and for aluminum 
K = 0.01. 

We note an interesting consequence of (21). The 


*A detailed study of experimental data is given in a paper ba 
by Ginzburg,’ 


MICROSCOPIC DERIVATION OF THE GINZBURG-LANDAU EQUATIONS 


condition that a superconductor be a London one re- 
quires kK ~6, /&) >1. At the same time if x > 1/V2 
a metal displays in a strong field the same behavior 
as for alloys. A metal which in weak fields at T = 0 
must be assigned to the London class will thus be- 
have in strong fields near T, as an “alloy.” At the 
same time the case of small kx corresponds to a 
Pippard metal. 

Let us now stop a moment at the problem of the 
surface energy at the boundary between the normal 
and the superconducting phase. For strongly ex- 
pressed Pippard superconductors we can, because 
k is small, use the limiting solution! 


Sng (8m / H2m) = 1.89 8p / x, (22) 


where 
Onl = 0)/V 2(11—T/T,). 


We note that for these metals the applicability of 
Eq. (22) in an appreciable temperature interval 
near T, is just connected with the fact that x is 
small, since, as was shown in reference 1, in that 
case the quantity oy, does not depend on the dis- 
tribution of the field in the transition region. 

For tin the accuracy of this equation is insuf- 
ficient and one must use the results of numerical 
calculations. Estimating o,. from Ginzburg’s 
calculations’ we get for x = 0.14 


Ons (8x / H}) = (2+ 3)-10°°/ VI—T/ Te. 
According to Sharvin’s data? 

on (or/Hy=2.5-10 */ V1 =T/T., 
and according to Faber’s data’? 


Gps (8 / H?) = 1.88-10°/Y1—T/T-. 
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These results do, apparently, not contradict the 
theory (See reference 7). 

In conclusion the author expresses his gratitude 
to Academician L. D. Landau for valuable advice 
and to V. L. Ginzburg for discussing the results of 
this paper and for helpful comments. 
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THE PROBLEM OF DETERMINING THE 
DIELECTRIC PERMITTIVITY AND MAG- 
NETIC PERMEABILITY TENSORS OF A 
MEDIUM 


G. S. KRINCHIK and M. V. CHETKIN 
Moscow State University 
Submitted to JETP editor December 29, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1924-1925 
(June, 1959) 


Ln the study of gyrotropic media, both in optical 
and in radiofrequency investigations,'? it is im- 
portant to know whether the gyrotropy of the me- 
dium is connected with its dielectric permittivity 
or with its magnetic permeability. 

By solving Maxwell’s equations in a medium 
described by tensors ¢€ and yw with the following 
nonvanishing components: 

Sxy = — Sy = —ieM, 22 = &, 


Bo =—p =—ipM', wp 
xy xy ‘ 


Cp ey = Sy 


og ma Poy = (4, 


XX 


it is not difficult to obtain the equation that deter- 
mines the index of refraction n* of such a medium: 


[oo + p (a"? + B*)] [eoy"? + 


e(a°? -+ B*)] n*4 

— feano(1 = ME) (2° + 8) 

+ exe? (1M) (a2 + 8") + Dequgsa (I + MM") 42} n° 
+ eouoe*? (1 — M?) (1 — M”) = 0, (1) 


where a*, B*, and y* are the direction cosines 
of the wave normal. The Faraday effect and the 
polar and meridional Kerr effects (in all three 
cases the magnetization vector lies in the plane 
of incidence of the light) do not permit a separa- 
tion of the effects of the parameters M and M’; 
for to the first order in M and M’, (1) gives the 
following equation for the index of refraction of 
circularly polarized waves: 


n= (lty (M+ My, 


where n= V€ Mp is the index of refraction of the 
unmagnetized medium. 

A different result is obtained for the case of 
transverse magnetization (magnetization vector 
perpendicular to the plane of incidence of the 
light). In this case y*=0, and we get from (1) 
N? = su9(1 — M?), 


L 


(2a) 
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1959 
(2b) 


DECEMBER, 
ns? == sop (1 — M"). 


It can be shown that n* relates to a wave whose 
electric vector is parallel to the plane of incidence 
(p -wave), ny to a wave whose electric vector is 
perpendicular to the plane of incidence (s-wave). 
Thus we have obtained generalized formulas for 
the Cotton-Mouton effect.* 

A similar separation of M and M’ is obtained 
also in the case of reflection of light with trans- 
verse magnetization. The condition of continuity 
of the tangential components of the electric and 
magnetic field intensities, together with the con- 
dition div B = 0, leads in the approximation of 
small M and M’ to the following reflection co- 
efficients: 


a3 Yo 


R ohooh , 

p ss ah SR as ty aa SN 83a 
a an + a Yo 2iM (an +a* 1)? (3a) 
R, an — a*e, ; aBe 

= : 3b 
A an + a*e, 2iM (an + a*e,)? ’ (3b) 


Ss 


where @=cos gy, B=sing; ¢ is the angle of 
incidence of the light. From (3b) we obtain a for- 
mula for the relative change of intensity of the re- 
flected light for a gyromagnetic medium: 


il ee 2 sin 20 


6 = 
I, (12)? 


= (Mie, — Ma (1 — ey)], 


where € = €) = €,—i€), @=Ug=1; M’ = Mj —iM3. 
The analogous formula for the p-wave was ob- 
tained in reference 4; there, however, it was in- 
correctly supposed that the formula held also for 
a gyromagnetic medium. Thus in the case of a 
gyroelectric medium, the transverse effects are 
determined by formulas (2a) and (3a); in the case 
of a gyromagnetic, by formulas (2b) and (3b). If 
the medium is bi-gyrotropic, i.e., described si- 
multaneously by the tensors ¢« and uy, then (2) 
and (3) can be used to separate the effects of the 
gyroelectric and gyromagnetic parts. 

The existing experimental material on measure- 
ment of the transverse effects allows the following 
conclusions to be drawn. Metallic ferromagnetics 
at optical frequencies possess gyroelectric prop- 
erties, since the effect determined by formula (3a) 
differs from zero.” Ferrites at superhigh frequen- 
cies possess gyromagnetic properties, since the 
effect determined by formula (2b) differs from 
zero.’ It is clear that the Hall effect should lead 
to gyroelectricity of the medium; this is appar- 
ently the origin of the gyrotropic properties of 
germanium in the same frequency range.® In this 
connection one should look for bi-gyrotropy in fer- 
rites and metallic ferromagnetics that have a 
large Hall effect. 
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*We observe that formulas similar to (1) and (2) obtained 
by Sokolov are erroneous, in consequence of the fact that the 
components of the expression curl »H—p curl H are quantities 
of the first order in M’. 


'Pp. Epstein, Usp. Fiz. Nauk 65, 283 (1958) 
[translated from Revs. Modern Phys. 28, 3 (1956)]. 
M. A. Gintsburg, Dokl. Akad. Nauk SSSR 95, 489 
(1954). 

2G. S. Krinchik, Izv. Akad. Nauk SSSR, Ser. 

Fiz. 21, 1293 (1957), Columbia Tech. Transl. 
p.1279. G. 8S. Krinchik and R. D. Nuralieva, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1022 (1959), 
Soviet Phys. JETP 9, 724 (1959). 

PAG. Sokolov, ®u3snka MeTanaoB u MeTamnoBezeHue 
(Physics of Metals and Metal Research) 3, 210 
(1956). 

Log Krinchik, ®u3uka MeraanoB u MeTannoBeneHue 
(Physics of Metals and Metal Research) 7, 181 
(1959). 

°M. T. Weiss and A. G. Fox, Phys. Rev. 88, 146 
(1952). 

6NLN. Neprimerov, Izv. Akad. Nauk SSSR, Ser. 
Fiz., 21, 1288 (1957), Columbia Tech. Transl. 
Det275; 


Translated by W. F. Brown, Jr. 
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ON THE OVERHAUSER EFFECT IN SATU- 
RATION OF FORBIDDEN RESONANCE 


L. L. BUISHVILI 
Tbilisi State University 
Submitted to JETP editor December 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1926-1927 
(June, 1959) 


Kavrtsisaviut' has considered the stationary 
Overhauser effect in saturation of an allowed tran- 
sition in paramagnetic-resonance spectrum. 

In the present paper we consider the stationary 
Overhauser effect, but in saturation of a forbidden 
transition in the paramagnetic-resonance spectrum 
(we note that Jeffries? has considered dynamic po- 
larization of the nuclei, obtained in saturation of a 
forbidden transition, but for the case when the re- 
laxation time of the nuclei is considerably longer 
than the relaxation time of the electrons ). 

Let us consider a system consisting of an elec- 
tron shell with an effective spin S of one-half and 
a nucleus with spin I placed in an external mag- 
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netic field H. Considering the external field to be 
sufficiently strong, we neglect (in the calculation 
of the level population) the energies of the spin- 
spin interaction and the Zeeman energy of the nu- 
cleus. In such an approximation, we obtain 2I+ 1 
pairs of levels, the difference in the energies of the 
components of each pair being g8H. The level 
scheme is shown in the diagram (M and m are 
the projections of the spins of the electron and 
nucleus on the external field). 


In the case of axial symmetry of the intra-crys- 
talline electric field and in the case of an external 
field H parallel to the symmetry axis (the z 
axis), we obtain transitions that satisfy the selec- 
tion rules AM = —Am = +1 if the alternating field 
is parallel to H. For other directions of H rela- 
tive to z we obtain also other forbidden transi- 
tions, in particular, transitions that satisfy the 
selection rule AM = Am = +1. 

We assume henceforth that only vertical relax- 
ation (transitions AM=+1, Am=0) and relax- 
ation due to the hyperfine interaction (transitions 
AM = —AM=:1) are present. 

For brevity we denote by w the state corre- 
sponding tc M=-—%3, m=yp, andby uw’ the state 
with M=3, m= yp. We can write for relaxation 
transitions 


W (uw) = We, W(u', pu) = We’, 


W (u,e—l')=We, Wu-—l’, p) =r-We, 
where 26 = g8H/KkT, W is a certain function of the 
temperature and of the external field, and A isa 
function of T, H, and uw. 

Let the forbidden resonance yp ==yu-1’ be satu- 
rated. We denote by W(wu) the probability of this 
transition, caused by an alternating field, per unit 
time. We introduce a resonance saturation param - 
eter s(p) in accordance with the formula 


Nv) -N—l') == 4S tanh 6[i —s()).- 


Py ee 
We can obtain the following expression for s (p) 
and the parameters that characterize the degree 
of orientation of the nuclei: 
W (vy (F+1—ve + U +H) eI] 
S4) = Tapas i—we + Fee] + aw 41)’ 
W (we) (iti—vye~ + +pyeyt (27 + 1) 


(eed: 1S ea sent 
Hi pe £4 He] 

pated (2n —41) [7 (7 + 1) — pv (v — 1)]sinh 0 
fo (u) = — s(t) Tahiti wen + +H él 


fi (v) = — s(v) 
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We also calculated the parameters f, and f, 
in saturation of one of the transitions, satisfying 
the selection rules AM =Am=4+1. However, 
these expressions are too unwieldy to repeat here. 

In conclusion, the author thanks G. R. Khutsish- 
vili for help in this work. 


1G. R. Khutsishvili, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 1031 (1958), Soviet Phys. JETP 8, 
720 (1959); Nuovo cimento, in press. 

2C.D. Jeffries, Phys. Rev. 106, 164 (1957). 


Translated by J. G. Adashko 
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ON THE “LARMORON” PLASMA THEORY 


S. A. KAPLAN 
L’vov State University 
Submitted to JETP editor January 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1927-1928 
(June, 1959) 


Tk present-day quantum theory widespread use is 
made of the method introducing quasi-particles; it 
usually leads to a more effective and visualizable 
theory. It seems probable that a similar introduc- 
tion of effective particles would also appreciably 
simplify plasma theory (albeit classical). 

We shall use the term “larmoron” to define an 
effective particle situated at the guiding center of 
the Larmor motion of the real particle with a mag- 
netic moment p= mv} /2H (where m is the par- 
ticle mass, v, the component of the velocity per- 
pendicular to magnetic field H) and an energy 
equal to the total energy of the real particle (we 
think this nomenclature more felicitous than the 
expression “Larmor circle” used elsewhere). 

The idea of larmorons has already been used often 
(but not always consistently ) in many papers (see, 
for instance, references 1, 2, and others). 

For a more consistent definition of a larmoron 
one must introduce its mean lifetime Tt and the 
average translational velocities of its motion 
(u and v are the components perpendicular to the 
field H, and w the one along H). If we assume 
that the magnetic field is uniform, the velocity of 
the motion of the real particle under the action of 
an external acceleration a (along the x axis) in 
afield H (along the z axis) is of the form 


LETTERS LO THES Denk 


0, = 02 cos wt — (uv —a/o)sinwt, v2 = 0, 


v, = v® sin ot + (vf? —a/)coswt +a/o, (1) 
where v° is the velocity of the real particle at 
time t=0; w is the Larmor frequency. Since the 
probability that a larmoron will live through the 
interval of time t to t+dt is equal to e-t/T at/r, 
we have 


ma dt o(0) _ or + at 
u=\ v,e7* —= ; 
1+ (wt)? 
0 
(0) (0) 2 
vs? + y/ot + awt (0) 
gy x i) = 2 
(C) 4 ue (wt)? ? Oz ( ) 


The total larmoron energy ¢€ can be expressed in 
terms of its velocity as follows: 


c= Fo 4 of 4 0} = FU + OP (W + 0%) 


— Qar [u + (wt) 0] + (at)? + @*}. (3) 


If we assume that the distribution function for 
the velocities v’ had a Maxwellian form the dis- 
tribution function for the velocities u, v, w is 
of the form 


fo (u, 0, w) =n (m/2nkT)” [1 + (wt)? ] 


* exp{— zur |(H V1+ (er? 


atv 2 
Fee. 
eae) co 


where n is the number of larmorons per unit vol- 
ume. The transport equation for the larmorons of 
one kind under the conditions where there is a den- 
sity and a temperature gradient along the x axis 
can be written in the form u 0f/8x = (af/dt )go}); 
since the larmoron acceleration is equal to zero 
(if a lH). If we use the usual method of Lor- 
entz’s electron theory, i.e., put f=f)+uy we 

get for the transport equation and its solution 


+ (oVT+ (op 


Ofo/ Ox = — x/t, = fo— TU Of / Ox. (5) 


Substituting (4) into (5) and then evaluating, by the 
usual equations, the fluxes of electric charge, num- 
ber of particles, and energy, we easily obtain the 
well known formulae for the coefficients of elec- 
trical conductivity, diffusion, and thermal conduc- 
tivity of a plasma. We must note that the coeffi- 
cient of electrical conductivity is evaluated with 
the first term of (5), i.e., with f) and with a= 
eE/m. 

All calculations in terms of the “larmoron” 
theory of a plasma are very simple and suffer not 
at all from the unwieldiness which is so charac- 
teristic for the transport theory of a plasma. The 
weak point of the larmoron theory, in the formu- 
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lation given here, is the definition of the mean life 
time t of alarmoron. One can as a first approx- 
imation use for T the average time of free flight 
of the real particle, evaluated without taking the 
magnetic field into account, but changing the val- 
ues of the parameters in the logarithmic term 
(the Larmor radius or the Coulomb screening dis- 
tance, depending on their relative magnitude). In 
this way we indeed get from (4) and (5) the well 
known formulae for transport phenomena in a 
dilute plasma. It is, however, possible in the 
“larmoron” theory to give also a more rigorous 
determination of the quantity 7, in particular, by 
using to this purpose the method of interpreting 
the collision terms for larmorons in a way simi- 
lar to the one used in quantum theories of transfer. 

If the magnetic field or the acceleration a are 
non-uniform and depend on the time, we must 
change (1) and (2) will as a consequence become 
more complicated. But the “larmoron” theory 
will even in that case be appreciably simpler than 
the usual transport theory of a plasma. 

I express my gratitude to A. E. Glauberman 
for discussing this paper. 


oe Spitzer Jr., Physics of Fully Ionized Gases, 
Interscience, New York, 1956, Russ. Transl. IIL, 


Meee 5i7% 

2S. T. Belyaev, ®usuka naa3Mbi 4 mpobmema 
ylpaBAAeMbIX TEpMOAAepHbIX peaxuu (Plasma Physics 
and the Problem of Controlled Thermonuclear Re- 
actions ) U.S.S.R. Acad. Sci. Press, M., 1958, pp. 
50-66. 


Translated by D.ter Haar 
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A DYNAMICAL PRINCIPLE FOR SECOND- 
ORDER EQUATIONS 
A. A. BORGARDT 

Dnepropetrovsk State University 


Submitted to JETP editor February 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1928-1929 


(June, 1959) 


A new method to construct a quantum theory of 
spinor fields based upon second order equations 
has recently been suggested.* The results of 
quantum electrodynamics are not changed in such 
an approach, but a number of interesting possibil- 
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ities arise for a more correct description of 
other processes involving spinor particles. The 
unusual commutation relations for spinor wave 
functions are due to a number of peculiarities of 
the theory. 

In this note we show that the application of 
Schwinger’s dynamical principle to systems with 
a Lagrangian of the second order gives unique 
commutation rules for fermion and boson fields. 
It is clear from the derivation that the same re- 
sult is also valid for fields with higher derivatives: 
Lagrangians of odd order lead to anticommutativ- 
ity of spinors and Lagrangians of even order re- 
quire that they commute. 

Taking the Lagrangian in the form (m is the 
eigen mass, the rest of the notation is the same 
as in reference 1): 


L(x) = (1/2m) Ou (X) Xxx (x) — # (x (*)), (1) 
we get, after taking the variation, the equation of 
motion 

Oy OvOnvy -+ mH /8y = AryyAyty + ms,H/sy = 0. (2) 


We first of all determine the commutation rule 
for x on the hypersurface o with do, — doy = do, 
using the shift operator Gy 


ie 
See ya \ sy, (OY %y OY —- Oyy Hy) 


\ Asp O,Y by %ySy. (3) 


fo 


x 
m 


\ d6,,84.%,%,0,% = 


As doy — doy) we get 


Ce J | dsd,yastedy = ~\ ds (das ya 
[apy; Gy] = aod. 

The matrices Q@y can be of two kinds: a) af = 
— Ay Dirac algebra; b) on = 1p Base al- 
gebra. In both cases ayy = (Qyay) so that 
always 

{oy, Oux] = 0. (4) 

The commutation relations are the same in both 

cases: 


(1/m) [aoy (x), Ovy (X’) ayo] = ia98. (x — x’), (5) 


Using Green’s theorem 
4 


me 


yalt) == \dou(A(x— x!) (@ue.diy, (x')) 


a 
Oo 


Be OA eo seek Ve) (6) 
we get for arbitrary points x and x’: 
[ya (x), Zp (¥')] = iagA (x — x’). (7) 


It is easy to generalize this result to charged 
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fields. In the case of integer spin the right hand 
side of (7) must be slightly more complicated to 
take the auxiliary conditions into account. 


*V. Vanyashin’s paper “Second-Order Wave Equations for 
Spinor Wave Functions” at the Conference on the Theory of 
Elementary Particles, Uzhgorod, October 1958. 


1 J, Schwinger, Phys. Rev. 91, 713 (1953). 
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COMPARISON OF THE MACROSCOPIC 
THEORY OF SUPERCONDUCTIVITY WITH 
EXPERIMENTAL DATA 


V. L. GINZBURG 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor February 19, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1930-1932 
(June, 1959) 


Gor KOV! has recently shown that the macro- 
scopic equations for superconductors, established 
earlier by Landau and the author? (see also refer- 
ences 3 and 4) follow from the current microscopic 
theory of superconductivity. He obtained then an 
essentially new result, namely a confirmation that 
the charge eeff which occurs in these equations 

is equal to twice the electronic charge, 2e. This 
result has an obvious physical meaning since the 
charge of a Cooper pair is just equal to 2e. Mean- 
while, the charge eee was previously usually put 
equal to e. It is in that connection advisable to 
consider a comparison of the macroscopic theory 
with experiments, putting eeff = 2e. The param- 
eter x entering into the theory is then equal to 


Aa V2 | Cope | 


ke Homoi = 4.32- 107 Aamir, (1) 


where Hey is the critical magnetic field and 6], 
the depth of the penetration of the field in a bulk 
metal at the given temperature T. It is now es- 
sential that the theory of reference 2 in a weak 
field goes over into the theory of F. and H. London 
and that dy, in (1) is thus the London penetration 
depth. Near the critical temperature (this will 
be the only region with which we shall be con- 
cerned) the measured penetration depth 6 is for 
all metals equal to 6j,. If, however, for tin 6 * 
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6;, for AT=Tg-—T< 0.1° with an accuracy of 
10 to 15%, then for aluminum, for instance, 6 * 
6z;, only when AT & 10°°°, As a result one can 
for tin, lead, and some other superconductors (in 
contradistinction to aluminum) determine the value 
of x near Tg directly from the experimental data 
for Hgm and 6. Such a method is very suitable 
since Eq. (1) is practically independent of any as- 
sumption when 6 =6,, and T—Tge (the result 
Ceff = 2e was obtained for an isotropic model? but 
is most probably much more generally true). 

If we use the empirical law 


8 = 80 [1 —(T/T.)*T*, 


we have near To 


4 TS dim 
6 = x 00 \/ Hom ees | dT AT, 
dH 3 
x = 1.08-10"| | To 8bo. 
For tin 
/ a fate rr tov 
[Tc = 3.73°, |= 151, 800 = 5.1-10 cm) 


we have thus kx = 0.158. The limiting field for 
supercooling Hej is for such a value of k equal 
to He;/Hem = V2k = 0.224. Experimentally® 
He;/Hem = 0.232. For the surface energy ong = 
H24mMA/8m we have! for k = 0.158 


A = 6:58, = 1.66-10°)V Tay, = 7) 


while we have experimentally, instead of 1.66, ac- 
cording to Sharvin’s data® 2.5 and according to 
Faber’s data’ 1.88. Since in both cases Te -T-> 
0.1° and we are dealing with a limiting law as 

T— Te we can as yet scarcely consider the dis- 
crepancy obtained here to be real (if we determine 
K from Faber’s data for A we get k =0.15 and 
He;/Hem = 0.212). In the isotropic model® near 
Te 


8. (T) =8, (0) VT./2AT, 87 (0) = me2/4ne2n (2) 


(n is the concentration of “free electrons”). If 
we use this expression, Eq. (1) takes the form 


x = 2.16-10? |\dHoy/dT |. T.-8? (0). (3) 


For tin 61,(0) = 3.5 x 10°, according to refer- 
ences 10 and 6, whence xk = 0.149. The value kx = 
0.15 to 0.16 for tin agrees thus with sufficient 
accuracy both with experiments and with the re- 
quirements of the macroscopic as well as of the 
microscopic theory. 

A further check must, in particular, consist in 
the measurement of a third effect: the change of 6 
with field.*"’ The increase of 6 in tin near Te 
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for an external constant field equal to Hy = Hom 
must be 3k/4V2 = 8.5% (when we measure in a 
weak variable field parallel to Hy) and «/4V2 = 
2.8% (when we measure in a weak field perpen- 
dicular to Hj). We note also that a sharp change 
in the behavior of Sn+In alloys takes place for 
2.3% In (see references 11 and 12) when x * 0.6 
since, according to Chambers,!? the penetration 
depth approximately doubles then. Theoretically, 
however, the change in the properties must oc- 
cur??!4 for xk =1/V2 = 0.707. The well known 
vagueness particular to experiments on alloys 
makes it hardly possible to speak here about a 
discrepancy between theory and experiments. In 
any case, the agreement is appreciably better for 
Ceff = 2e than for eeff=e. 

If for Al we use in (1) the experimental value 
6 = $6 9VTe/AT with 69) = 4.93 x 10 ® (and also 
Te =1.17, |dHey/dT |e = 164) we get x = 0.05. 
In that case, however, 6 =~ 6], unless we deal with 
values AT < 10 °°. We must therefore proceed 
by two other ways. First we can determine xk 
through the equation’* Ho;/Heym = V2 x from 
the experimental value® He: /Hem = 0.0363. Hence 
K = 0.0256 and, according to reference 7 and Eq. (2) 


A = 628, = 448, (0)V T./AT = 10.9-10°°V T./AT, 


since we have 61,(0) = 2.48 x 10°° if we use (3). 
Experimentally? A=9.0 x10 °VT¢/AT for 
aluminum, i.e., we get excellent agreement with 
theory.* Second, we should determine 61,(0) by 
a less consistent method of comparison from inde- 
pendent data; we make then additional assumptions 
and, according to references 10 and 5, we have for 
aluminum 6],(0) = 1.6 x 10~® and from Eq. (3) 

Kk =1.06 x 107%. Hence Hg;/Hem = 0.015 and 
A=18x10°VT¢/AT which disagrees with ex- 
periments by approximately a factor two. Since 
for aluminum and for other “Pippard” supercon- 
ductors a comparison of the theory of reference 2 
with experiments is difficult it is desirable for 
this purpose to use in the first instance “London” 
superconductors (at least for AT < 0.1°) and 
first of all lead. 

We note in conclusion that it leads to difficulties 
to use data on specimens of small dimensions 
(films and so on) for a direct comparison of the 
theory with experiments. This is connected with 
the polycrystalline structure of such specimens 
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which leads to the impossibility to consider them 
to be equivalent, thin specimens of the same metal 
in bulk, but in single crystal form. One should 
therefore in accordance with the well known con- 
siderations of Pippard and others consider thin 
polycrystalline films rather like alloys. 


*We must note that the region of applicability of the theory 
of reference 2 is considerably wider4 if we evaluate the values 
of A and Hy than if we evaluate 5. We shall therefore for Al 
use the necessary formulae of the theory of reference 2 also 
for AT ~0.1° when 


5, /%~6 x 107°/0.0256 = 2.3. 10-* > & ~ 107 (see references 
5 and 10). 


‘Pi Gor ove: Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 1918 (1959), Soviet Phys. JETP, 
this issue, p. 1364. 
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yiess BS Ginzburg, J. Exptl. Theoret. Phys. 
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4vV. L. Ginzburg, Physica 24, S42 (1958). 
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INFLUENCE OF NUCLEAR SHELLS ON THE 
DISTRIBUTION OF THE KINETIC ENERGY 
OF FRAGMENTS IN FISSION BY FAST NEU- 
TRONS 


A. N. PROTOPOPOV, I. A. BARANOV, Yu. A. 
SELITSKII, and V. P. EISMONT 


Submitted to JETP editor February 21, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1932-1933 
(June, 1959) 


A double ionization chamber was used to obtain 
data on the distribution of the total kinetic energy 
of the fragments in fission of U?® by 14.9-Mev 
neutrons. The measured values of the energy were 
corrected for the ionization defect. From the ex- 
perimental half-widths of the distribution of the 
kinetic energy we subtracted the broadening due 
to the distribution of the charge, to the effect of 
recoil from the neutrons, to fluctuations of the 
number of evaporated neutrons, to the instrumen- 
tal error, and to the averaging over the final in- 
terval of the mass ratio. The dependences thus 
obtained for the mean kinetic energy E and for 
the half-width AE of its distribution on the frag- 
ment mass ratio are shown in Fig. 1. For com- 
parison, the same figure shows the distribution 

of the kinetic energy of the fragments in fission 
of U2 by 14.1-Mev neutrons! and the distribution 
of the dispersion calculated for this case. 


E Mev 


Via en ae Ie 
Nae 


ees 


4 4 
HY TAL WR DEE EE Th AES 124, /A, 


FIG. 1. Dependence of the total kinetic energy and its 
distribution half-width on the ratio of the fragment masses. 
The positions of the “magic” fragments are noted on the 
graph by vertical arrows. 


It is seen that both E and AE have maximum 
values at a fragment mass ratio of 1.25 —1.3. The 
presence of a maximum on the curve for the de- 
pendence of the total kinetic energy on the mass 
ratio was noted earlier by Brunton and Hanna? in 
an investigation of the fission of U?*3 and uU?® py 
thermal neutrons. Similar maxima in the kinetic- 
energy distribution are observed at different mass 
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FIG. 2. Change in the total kinetic energy as a function of 
the ratio of the fragment masses. The curves were plotted 
from the experimental data of Fraser and Milton3 and Stein.4 
The positions of the “magic” fragments are indicated by 
arrows. 


ratios for all known cases of fission of heavy nuclei. 
Figure 2 shows the distributions of the kinetic en- 
ergies in fission of U5 by thermal neutrons and 
in the spontaneous fission of Cf**, obtained by 
measuring the time of flight. It is interesting to 
note that in all cases the kinetic energy has a 
maximum when the heavy fragment has a mass 
number close to 132, and probably, represents a 
nucleus with filled shells of 50 protons and 82 
neutrons. In addition, there is a certain kink at 

a fragment mass ratio corresponding to a light 
fragment with mass number 82 — 84, probably 

with a closed shell of 50 neutrons. A similar in- 
fluence of closed shells is observed also in the 
variation of the energy dispersion (AE) with the 
fragment mass ratio, which we determined for 
u?33 and U2® by processing the results of Brunton 
and Hanna. 

It can be assumed that the foregoing features 
are connected with the influence of the degree of 
filling of the nuclear shells on the shape of the 
fragment during the instant of separation. Starting 
with this assumption, qualitative conclusions can 
be drawn concerning the character of the dependence 
of the neutron emission on the fragment mass. In- 
deed, one might think that a “magic” undeformed 
fragment should emit fewer neutrons than its mate, 
the “non-magic”* one, i.e., most neutrons should 
be emitted from the lighter fragment at small mass 
ratios and from the heavier one at large mass 
ratios. Such conclusions are in agreement with the 
data of Fraser and Milton for the fission of U?*? by 
thermal neutrons® and the data of Whetstone® on 
spontaneous fission of Cf”?, 


*It is assumed here that the degree of deformation of the 
fragments during the instant of separation determines, essen- 
tially, the excitation after separation. 


'J. S. Wahl, Phys. Rev. 95, 226 (1954). 


?-D. C. Brunton and G. H. Hanna, Phys. Rev. 78, 
990 (1949). 
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na S. Fraser and J. D. C. Milton, Second UN 
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Energy, Canada, April 1958 (A/conf. 15/P/199). 

‘w.R. Stein, Phys. Rev. 108, 94 (1957). 

°J. S. Fraser and J. D.C. Milton, Phys. Rev. 
93, 818 (1954). 

ori: Whetstone, Bull. Am. Phys. Soc. 2, 3 
(1958). 
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INTERACTION OF ACCELERATED 
NITROGEN NUCLEI WITH BISMUTH 


V. A. KARNAUKHOV 


Institute of Atomic Energy, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor February 23, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1933-1935 
(June, 1959) 


Wz have investigated reactions that lead to the 
production of a -active isotopes upon interaction 
of accelerated N'* nuclei with bismuth. A stack 
of ten layers of bismuth (~ 0.8 mg/cm? each), de- 
posited on thin nickel foils (~1.5u) was exposed 
in the internal beam of the cyclotron to nitrogen 
ions with energies of ~ 102 Mev. The foils were 
attached to a special sampler in front of the cur- 
rent collector, to control the ion current to the tar- 
get during the irradiation process. The nitrogen 
ions lost approximately 3 Mev upon passing from 
one layer of bismuth to another. The results of 
Oganesyan! were used to calculate the deceleration 
of the ions. To avoid overheating the target, the 
current did not exceed 0.01 pa. 

Using a luminescent a -particle counter in- 
sensitive to the 8 and y background, we inves- 
tigated in detail the decay of the activity induced 
in the bismuth layers. The a@-particle energy 
was measured with an ionization chamber (emit- 
ters 1 and 2) anda photoemulsion (emitter 3). 
We were thus able to establish the production of 
the qa emitters, the characteristics of which 
are indicated in the table (emitters 4 and 5 were 
not investigated in detail). 

The first @ activity must be quite unambigu- 
ously ascribed to Rn?!! (T = 16 hours, Eq = 5.82 
Mev) and to the At?!! (T=7.5 hours, Eq = 5.89 
Mev) and Po*!! (T=0.5 sec, Eq = 7.43 Mev) 
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which are in equilibrium with it. Emitter 2 is ob- 
viously also a radon isotope — Rn?!” (T = 23 min, 
Eq = 6.23 Mev). ‘It must noted that Rn??? Rn? 
and Fr?!? do not differ greatly from Rn?!* in the 
half-lives and energies of the q@ particles. How- 
ever, estimates show that the contribution of these 
isotopes into the observed activities is small. The 
Rn"? may be the result of a -decay of Ra*!® (T= 
2.7 min), which is the product of the reactions 
(N, 6n) and (N, a@6n). From the yield of the a 
emitter with half-life of 2—3 minutes we can sur- 
mise that, for nitrogen ions with energy 100-Mev 
(which, obviously, corresponds to the maximum 
probability of the reaction with emission of six 
neutrons ), Rn?? can cause not more than 5 or 
10% of the observed activity with a half-life of 25 
minutes. The contribution of Rn? and Fr?!? 
should be even less, since reactions with emission 
of not less than seven nucleons would be necessary 
for their appearance. 

The dependence of the cross sections for the 
production of Rn?!* and Rn?!! on the energy of 
the nitrogen ions is shown in the diagram. The 


o, mbn 
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relative course of the curves is determined, es- 
sentially, by statistical errors, which do not ex- 
ceed 10%. The inaccuracy in determining the ab- 
solute value of the cross sections is on the order 
of 50%. It is connected with the errors that arise 
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in the measurement of the thickness of the bismuth 
layer, of the intensity of the beam, and of the effi- 
ciency of the a@-particle counter. The diagram 
indicates also the cross section of for the fission 
of the compound nucleus Th223, which is almost 
identical with the cross section for its production. 
The isotopes Rn?!? and Rn2!! may result from 
a -decay of the reaction products, with emission 
of neutrons only, (N, 3n) and (N, 4n), and may 
also be due to reactions with emission of q@ par- 
ticles, (N, xaw3n) and (N, xa4n), where x= 1 
or 2. The dependence of the cross sections for the 
production of Rn?!? and Rn?!! on the energy of the 
nitrogen nuclei makes it possible to ascertain which 
one of these reactions is the more probable. The 
diagram shows (dotted) the calculated curves for 
the cross sections of the reactions (N, 3n) and 
(N, 4n). The cross sections are given in arbitrary 
units. It has been assumed in the calculations that 
Oxn(E) ~ oc(E)wxn, where oc(E) is the cross 
section for the production of a compound nucleus 
by nitrogen ions with energy E, while w xn is 
the probability of evaporation of x neutrons ata 
corresponding excitation energy of the compound 
nucleus.» Comparison of the experimental and 
calculated curves leads to the conclusion that the 
reactions (N, 3n) and (N, 4n) can give a decisive 
contribution (> 50%) to the yield of Rn?!” and 
Rn?" only at nitrogen-ion energies less than 78 
and 86 Mev, respectively. At large energies the 
yield of this isotope is obviously determined by 
the reactions of type (N, x@3n) and (N, xa4n). 
The possible shift of the position of the maxima 
for reactions with emission of only neutrons by 
2—3 Mev towards the side of higher energies, 
which is due to the angular momentum of the com- 
pound nucleus,’ does not change the conclusions 
substantially. Considering the cross section for 
the production of Rn?! for 83-Mev nitrogen ions 
to be the upper limit for the cross section of the 
reaction (N, 4n), we can estimate the value of 
the ratio I,/I'¢ for the isotopes Th?"°-#49, namely 
Tn /T¢£ 5 (Doteke 
The isotopes with half life ~ 150 days is obvi- 
ously Po*!® (T= 140 days, E = 3.53 Mev), which 
is produced by various reactions such as (N, xan), 
(N, p4n), (N, N33), and several others. The cross 
section for the production of Po?!” increases with 
increasing energy, and reaches ~ 1072 cm? at 
E = 100 Mev. 
The author expresses deep gratitude to Profes- 
sor G. N. Flerov for useful discussions. 
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MAGNETIC MOMENTS AND CURIE POINTS 
OF FERRITES OF THE Cu-Cd SYSTEM 


N. Z. MIRYASOV and L. G. KOLOMIN 
Moscow State University 
Submitted to JETP editor February 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1935-1936 
(June, 1959) 


W: have studied the temperature dependence of 
the specific saturation magnetization og and have 
determined the magnetic moments of solid-solution 
ferrites of the system CdxCuy_xFe,O,4, in which 
the Cd*? concentration was increased beyond 10% 
of the total number of bivalent ions. As far as we 
know, no one has previously carried out such stud- 
ies of this system. 

The specific magnetization o was measured in 
the field interval 6000 to 13,000 oe, at six different 
values of temperature in the interval 78 to 293°K. 
The saturation magnetization at each temperature 
was determined by extrapolation to H =o of the 
relation o=0,(1-a/H). It was established that 
for the specimens rich in copper ions, and possess- 
ing the higher Curie points, the results of the meas- 
urements are best summarized by the formula gg 
= 0)(1-aT¥2), For the specimens rich in cad- 
mium ions, with the lower Curie points, the rela- 
tion og = 0)(1-—a@T*) holds. The absolute satu- 
ration magnetization o) at each composition was 
determined by linear extrapolation to 0°K of the 
appropriate relation between og and qT? or T, 

The curve in Fig. 1 shows the dependence of the 
magnetic moment, expressed in Bohr magnetons 
per “molecule” of the solid solution, on its compo- 
sition. The dashed line shows the values of the 
magnetic moment calculated theoretically by as- 
suming complete antiparallelism of the spins of the 
A and B sublattices. The deviations of the experi-_ - 
mental data on the magnetic moment from the theo- 
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retical values find an explanation in modern theory. 
In particular, Gorter! obtained similar moment 
curves for a number of other systems of mixed 
ferrites MeFe,0,-ZnFe,0, and provided an ex- 
planation of them from the standpoint of Néel’s 
theory; his explanation is also completely applic- 
able to our system of ferrites. 

It is known that the magnetic moment of copper 
ferrite, CuFe,O,, depends on the rate of cooling 
of the specimen. Néel explained this on the basis 
that the concentration of copper ions on A sites 
is a function of the temperature of the specimen. 
Rapid cooling to room temperature leads to reten- 
tion of the ion distribution that existed at the quench 
temperature. This produces a higher percent non- 
inversion of the ferrite and increases its magnetic 
moment. The cooling conditions for our CuFe,O, 
specimen apparently were not conducive to attain- 
ment of a stable equilibrium in the arrangement 
of ions in the lattice, since the magnetic moment 
of the specimen was abnormally large, being equal 
to 1.92 Bohr magnetons. To confirm this, we sub- 
jected our specimen to an annealing for 100 hours 
at t =370°C. Asa result of this annealing its 
magnetic moment decreased to 1.28 + 0.02 Bohr 
magnetons which agrees well with Gorter’s data.! 


U0 per 


FIG. 2 


The curve in Fig. 2 shows the Curie tempera- 
ture ® as a function of composition. A similar 
behavior of the Curie-temperature curve of this 
ferrite system was obtained earlier by Smolen- 
skii.2»3 However, for our specimen of composition 
CuFe,0,, © = 450 + 3°C, in agreement with the 
standard value of © for this composition, whereas 
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according to Smolenskii @ ~ 425°C. Accordingly 
our curve is higher in the neighborhood of the 
origin, 


'E, W. Gorter, Usp. Fiz. Nauk 57, 279 (1955) 
[translated from Phil. Res. Rep. 9, 295, 321, 403 
(1954)]. 

2G. A. Smolenskii, Dokl. Akad. Nauk SSSR 78, 
921 (1951). 

SGy A, Smolenskil, Izv. Akad. Nauk SSSR, Ser. | 
Fiz. 16, 728 (1952). 
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POLARIZATION OF PROTONS IN SCATTER- 
ING*BYzC} 


S. A. BALDIN and V. I. MAN’ KO 
Submitted to JETP editor February 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1937 
(June, 1959) 


Poors of data on the elastic scattering of 
protons makes it possible to obtain sometimes 
sufficiently complete information on the position 
and characteristics of the levels of atomic nuclei. 
One such case is the scattering by C!*, at which 
the lower levels of N** are excited. 

Reich et al.! investigated elastic scattering of 
protons by C!* in the interval from 1.5 —5.5 Mev 
and carried out a sufficiently complete phase 
analysis, whereby the following levels of N® were 
identified: 1.698 (% ); 1.748 (4°); 4.808 (% ), 
and 5.37 (%") 

Measurement of the proton polarization due to 
scattering can supplement considerably our infor- 
mation on the levels of a given nucleus. Using the 
phase analysis given in reference 1, we have cal- 
culated the dependence of the polarization and of 
the cross section on the energy in »-C! scatter- 
ing in the energy interval 2.5 —4.5 Mev at scatter- 
ing angles 0 —180°c.m.s. The principal results 
are shown in a diagram: The curves represent the 
energy dependence of the polarization at several 
scattering angles. The values of the polarization 
(particularly in the interval from 30 —90°) are 
quite sensitive to the values of the D phases: for 
example, a 5° change in the D3/z phase at 4.5 Mev 
changes the value of the polarization in the for- 
ward angles by a factor of 2 or 3, while the cross 
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sections change by merely 5 or 10%. Thus, a 
study of the polarization makes possible a much 
more accurate phase analysis and thereby estab- 
lishes more definitely the parameters of the levels 
of N‘®, From the foregoing data it is evident that 
the polarization becomes considerable in this en- 
ergy interval. Carbon can therefore be used to 
obtain and to analyze polarized proton beams with 
energies 2 —5 Mev, which in many cases is more 
convenient than the use of He’. 


! Reich, Phillips, and Russell, Phys. Rev. 104, 
TI SE(LI56). 


Translated by J. G. Adashko 
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lees existence of a level in He’ with excitation 
energy about 20 Mev is indicated by a series of 
experiments. Thus, a phase-shift analysis! of 
p-T scattering at Ey =1 to 3.5 Mev indicates 

a resonance behavior of the phase in the 'S, state. 
The large magnitude of the cross section for the 
He® (n, p)T reaction, and its deviation? from the 
1/v law in the domain Ep < 25 kev can also be 


explained by a resonance level in He’ with char- 
acteristics 0*. However, this level is not re- 
vealed in the study of reactions in which He‘ ap- 
pears as the final nucleus.’ On the other hand, 

a phase-shift analysis of p-T scattering! cannot 
be considered as undoubted proof of the existence 
of the level in He‘, in so far as the analysis is 
carried out neglecting the reaction T (p, n) He? 
and making use of simplifying assumptions on the 
phase. In this situation, considerable interest 
attaches to the measurement of the cross-section 
for p-T scattering at energies below the thresh- 
old for the reaction T(p, n)He’, where p-scat- 
tering plays a smaller role also. Since measure- 
ments in this domain are not sufficiently reliable 
or extensive, we have started to measure the p-T 
scattering cross section at low energies. 

The features of the method employed have been 
noted previously.* The target chamber was filled 
with a mixture of hydrogen and deuterium, to 
measure the incident beam with respect to the 
outgoing a -particles from the reaction T(d, n) a. 
The cross section for the elastic scattering of tri- 
tons by hydrogen was measured at bombarding en- 
ergies below 530 kev for three angles. 


peal 
* Qo 1mm. 7 50°06 


The results are shown in the figure (ordinate: 
ratio of the measured cross section to the cross 
section for scattering by a Coulomb field). Within 
experimental error, they can be described by pure 
s -scattering. The contributions to the scattering 
from higher angular momenta are seen to be in- 
Significant from a calculation of potential seatter- 
ing for p-waves. For an interaction radius a = 
8} 1078. calculations indicate that the contribu- 
tions of the p -phase to the scattering cross sec- 
tion in the energy interval under consideration does 
not exceed 1% (for Ep = 200 kev and @ = PACS 
Analogous results can also be obtained if we ex- 
trapolate the p -phases, obtained by Frank and 
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Gammel, to the energy domain below 1 Mev, using 
the theoretical energy dependence of the p -phases 
for potential scattering. In this case the maximum 
contribution of the p -phase to the scattering cross 


: Bergman, Isakov, Popov, and Shapiro, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 38, 9 (1957), Soviet Phys. 
JETP 6, 6 (1958). Tp. MockoscKkok konbepennun no 
AepHbIM peaktuam, 1957 (Trans. Moscow Conference 


section does not exceed 3%. 

A phase-shift analysis of the measured results 
was carried out, assuming pure s -scattering, for 
176.7 and 118 kev protons. The following values 
of the phases were obtained (two solutions): 


Ep, =1767 kev 


(at ° ° ro ° 
1/ 0= 8 +5 Tae + 4 
\ 99 = — 15° 7° Oo 17° 4 13° 

EP WS kev: 
tb = 3° 4 3? ica Se 
3p = — 8 + 8° Sy 28 


A characteristic feature of these solutions is 
that the singlet and triplet phases are opposite in 
sign. The second of these agrees with the values 
of the phases obtained by extrapolating the data of 
Frank and Gammel to the domain of small energies 
and with the deductions of reference 2 on the ex- 
istence, in this energy domain, of a resonance 
level with the momentum I = 0. 

Curves for the scattering cross section calcu- 
lated according to reference 1 are also drawn in 
the figures (continuous curve). The triplet S - 
phase, extrapolated to the domain of small ener- 
gies, was taken to be the potential scattering phase, 
while the singlet S-phase was calculated using the 
level parameters deduced in reference 1. The p- 
phase was neglected. The same figure shows also 
curves (dotted) calculated on the assumption of 
pure potential scattering in both spin states. The 
interaction radius was taken tobe a=3x 10% 
cm. Experimental values for the scattering cross 
section, as seen from the figure, are in good agree- 
ment with the assumption of resonance scattering in 
the Ss state and not in agreement with the assumption 
of pure potential scattering in both spin states. 

Thus, the results of the present work indicate 
that the scattering in the domainof low energies is 
described by the phases of reference 1. The scat- 
tering cannot be considered as pure potential, one 
of the s-phases must be positive. According to ref- 
erences 1 and 2 the singlet phase must be positive. 

The authors express their thanks to Professors 
I. M. Frank and F. L. Shapiro for suggesting the 
problem and discussing the results of the work. 


*Deceased. 


1R. M. Frank and J. L. Gammel, Phys. Rev. 
99, 1406 (1955). 


on Nuclear Reactions, 1957), in press. 

> J. Benveniste and B. Cork, Phys. Rev. 89, 422 
(1953); R. M. Eisberg, Phys. Rev. 102, 1104 (1956); 
J.C. Allred, Phys. Rev. 84, 694 (1951). 

4Yu. G. Balashko and I. Ya. Barit, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 1034 (1958); Soviet 
Phys Eves o7 lou158). 
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Tae Cerenkov radiation of a point magnetic di- 
pole in an isotropic medium has been considered — 
by a number of authors.!~* In the present note 
we consider the Cerenkov radiation of a point 
magnetic dipole in anisotropic and gyrotropic 
media. 

Let a transparent medium be characterized 
by the dielectric permativity tensor and the mag- 
netic susceptibility tensor 


Zin =iop, U Pi, — pe, 0 
k= ige, £1, 0 ‘Lik —— ive, 1, 0 * 
0, 0, £3 0, 0, 3 


If the dipole moves along the opticai axis (with 
velocity v) and the magnetic moment My points 
in the direction of motion the energy losses due 
to Cerenkov radiation are given by the expression 


w?dw 


eee 


dz vt { [asyn2B” — sy£32” — a (s, —€s)]” g 
i 


ejatg?34 
— [8,@ — €,6] [2372,abn? — Be, (¢,b + €,a) — 2e,ab 


-+ 2e,ab]} (8°n? — 1) [n? — n3}? 


2 
a ay 
See 
II 


— [ea — €,b] [23°e abn? — $e» (2,0 + 23a) — 2eab 


wrdw 


2202238 


2n2 Q 
{[as\n33 ©, £30 


+- 28,ab]} (32n? — 1) [n3 — m2}, 
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isotropic case coincides with the well known ex- 
pression obtained by Frank! (cf. also reference 4). 
It should be noted that the results which have been 


where 


ni, = {(ag — a”) 


++ (ea — efa + e,839) B + [(C2a — e2a — 81258)" 8 


f 26%, ie = ass + geyes) B° — 8abge,sse38° 
4+. (ge, — 2,0)? a? -+ be, (bc, — 2a%e, + 2ages))' }\/ 2e,agp”, 
Bh, b= po /(u3—wt), = 1/ps- 


The regions of integration are determined by the 
following inequalities (cf. reference 3): 
| Si ad pion i ae imum UG at eat oh oa 
In the case of a non-gyrotropic uniaxial crystal 
(€9 =b =0) we have 


eo nBe 
—dé/dz= 20 


U3(€14132—1)/uy>1 


Fd - 2 (ey448” — 1) wa. 


From the above it is apparent that the radiation 
intensity for an anisotropic dielectric (yu, = y3 = 1) 
differs from an isotropic dielectric only in that 
€—«,. In this case, in general ¢€3 does not ap- 
pear in the final expression. The formula for the 
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‘Tue following numerical relation exists between 


the gravitational constant G = 6.673 x 1078 g"! em? 


sec ef: the electron mass m, the electron charge 
e, and the fine structure constant a@ = e*/fic = 
(137.0377 + 0.0016)! 


1 (e\2 _ (dre \helee? 
GING eee 7 


3} 


This relation is extremely sensitive to the value 
of the fine structure constant; nevertheless, the 
numerical relation holds to an accuracy of 1%. 

It may be assumed that this simple relation is 
no accident. 


Translated by A. M. Bincer 
392 


obtained apply for Cerenkov radiation of a small 
closed current loop. In this case by My we are 
to understand the magnetic moment associated 
with the current loop. 

The author is indebted to N. M. Polievktov- 
Nikoladze for his interest in this work. 


17. M. Frank, C6. Mamaru C. UA. Bapuaosa ( Vavi- 
lov Memorial) U.S.S.R. Acad. Sci. Press, p.172 
9527 

27. L. Ginzburg, ibid., p. 193. 

3B. M. Bolotovskii, Usp. Fiz. Nauk, 62, 201 
(1957). 

4yu. M. Loskutov and A. B. Kukanov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 477 (1958), Soviet 
Phys. JETP 7, 328 (1958). 

‘nN. L. Balasz, Phys. Rev. 104, 1220 (1956). 
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‘The phenomenon of saturation is a characteristic 


property of a system of nucleons. At the present 


time it is believed that saturation is due to certain 


attributes of two-body nucleon forces — namely 
the repulsion at short distances and the exchange 
character of some of the forces. The main fea- 
tures of contemporary phenomenological nucleon- 
nucleon potential are deduced from meson theory. 
Thus repulsion at short distances is related to 
the existence of the function 6(r) in the second- 
order interaction potential of pseudoscalar meson 
theory. The energy of a system of nucleons de- 
pends strongly on the radius of the repulsive core 
and on the admixture of exchange forces. A de- 
crease in the radius of the repulsive core and in 
the amount of exchange forces leads to a consid- 
erable increase in the binding energy of a system 
of nucleons.! 

According to present-day ideas about hyperons 
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the forces between them are of the same order of 
magnitude as nucleon-nucleon forces. However 
the details of the mechanism responsible for 
hyperon-hyperon forces may be different from 
those involved in nucleon-nucleon interactions. 
Thus, for example, second order forces arising 
from the exchange of a single 7 or K meson 
between two A’ particles are forbidden by isotopic 
invariance of strong interactions. In these cases 
the forces may arise in fourth order as a result 
of the exchange of two m or K mesons: 


A+A>U+nr+nr+05A+A, 
A+A>N+K+K+N>A+A, 
A+A>E+4+K+K+5E—-A-+-A. 


The main part of these forces has a non-exchange 
character. The absence of forces due to the ex- 
change of a single particle eliminates the theoret- 
ical basis for the introduction of repulsion at short 
distances as is done in the nucleon-nucleon case. 
This different character of hyperon-hyperon 
forces should affect the behavior of a system of 
many hyperons. In particular it is possible that 
conditions may exist favorable to the formation 
of a hyperon system with a large mass defect 
which would be stable against transformation into 
the proton-neutron state. For a system of A par- 
ticles and nucleons the stability condition against 
transition to the nucleon state has the form 


ect) A Py Tha <0.) (1) 


A 


where A and L are the number of nucleons and 
A particles; my, Tn, ma, Ta are the masses 
and kinetic energies of the nucleons and A par- 
ticles respectively; B is the absolute value of 
the binding energy per nucleon in nuclear matter; 
and U is the potential energy due to the interac- 
tion between the particles. : 

To estimate the conditions necessary for the 
fulfillment of the inequality (1), a calculation of 
binding energy of a system of nucleons and A 
particles was carried out under certain assump- 
tions about the forces. It was assumed that a 
Wigner-type short range force acts between two 
A hyperons and between a A hyperon and a nu- 
cleon which gives rise to zero binding energy for 
the AA and AN systems. In the interaction of 
nucleons with each other only a repulsion at re = 
0.4f was taken into account. The nucleons and 
hyperons were treated as a degenerate Fermi gas. 
Under these assumptions it was found that when 
the A particles are distributed with constant den - 
sity inside a sphere of radius R = ryL/, condi- 
tion (1) is satisfied for rp ¥ 0.9f. Here the mini- 
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mum energy is obtained if the nucleons are distrib- 
uted inside a sphere of the same radius and the 
ratio of nucleons to A particles is A/L ® 1.6f. 

When condition (1) is satisfied the proton-neu- 
tron state will be metastable against a transition 
to the hyperon-nucleon state. 

At present only incomplete information exists 
about the hyperon-nucleon interaction and none 
about the hyperon-hyperon forces. Neither can 
meson theory given an unambiguous answer to this 
question. Therefore it is not possible to draw any 
definite conclusions about the behavior of a system 
of many heavy particles or about the saturation 
properties of such a system; however neither 
should one discount the possibility that a stable 
baryon system other than the proton-neutron state 
might exist. 


1k. A. Brueckner, Revs. Modern Phys. 30, 561 
(1958). 
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le us consider a dynamical model that has been 
discussed repeatedly!~3 in connection with the prob- 
lem of the reciprocal relations of dynamical proc- 
esses and statistical laws: an oscillator with mass 
m and frequency wy, linearly coupled with a set 
of a large number of independent harmonic oscil- 
lators with frequencies wx (k=1, 2,...,N;3 
N > 1). In the present note we give a simple der- 
ivation of some general relations in the theory of 
the Brownian motion on the basis of this model. 
The Hamiltonian of the system in question is 
written in the form 


2 


iif 


2m 


4 9 4 . » ! 9 9 
5 morg? + > S\ (pe + @FGR) + 89 Dy ode, (1) 
k 


k 


where q and p are the coordinate and momentum 
of the oscillator with frequency Ww), gq, and p, 
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are those of the k-th oscillator of the medium, and 
ga), is the coefficient of the coupling with the k-th 
oscillator. 

Solving the system of Hamilton’s equations cor- 
responding to Eq. (1), we get the equation of motion 
for.q: 


t 
mq -+- muzq + \ K (t—+) q (+) de— 9K (0) + goK (t) = F (2), 
where 

Kits? ROR? COS Wel, (3) 

k 
fj=—g aie oe Wpt -- qesin Wpt F (4) 

and Aky and Pk, are the initial values of the 
canonical variables. 

It can be seen from Eq. (2) that the force 
caused by the interaction of the particle with 
the medium falls in a natural way into two parts: 
the random force (4) (the “impulses”), which 
does not depend on the state of the particle, and 
the dissipative force, which is connected with the 
position of the particle by a functional relation of 
the type of a persistent action. 

Let us consider the correlation of the “im- 
pulses,” k(t—7) =f(t)f(7), where the averag- 
ing is over all the microscopic states of the os- 
cillators of the medium. If the medium is a ther- 
mostat, i.e., if these states are canonically dis- 
tributed, we have 


Dio Pro = S cp E (rp; 8), 


Yio ko —= Sip Bi (Wp, 0) ps dio Pro —; 0, 
where 


IE (Wp, 0) == WSXOY: coth (hw, / 29) 


is the average energy of the k-th oscillator at 
temperature ©. In this case it is obvious that 


x(t—1)=g? >) aro, °E (We, @) cos Wz (t —7). (5) 
k 


Assuming the frequency spectrum of the oscillators 
of the medium sufficiently dense and replacing the 
sums by integrals by the rule 


co 


>: fat Me (w) w*da, 


k 0 


we get 


K (t) = Ag?\a? (0) cos wtdo, (3’) 


Lea Ao" \ 2° (0) E(w, A) cos wtdo. 


0 


(5’) 
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Let us find the macroscopic physical meaning of 
the coefficients @(w). We introduce the impedance 
Z(w) of the system by the relation 


® (w) = Z(w) dot (6) 


where @(w) and q(w) are the Fourier compo- 
nents of the dissipative force 


t 
(t)=\K(t—9 4g a 
0 a 
and the velocity q(t), respectively. From the 
definition (6) and Eq. (3’) it at once follows that 


co 

iG yie= =\R (w) coswtdo, a2 (m) = 2R(o)/nAg?, (7) 
0 

where R(w) = Re Z(w). 

Substituting Eq. (7) in Eq. (3’) we get, finally, 
the general formula that connects the correlation 
of the fluctuation force with the dissipative prop- 
erties of the system: 

»(t) = = 


\R (w) E(@, 8) cos wtdo. (8) 


The relation (8) known as the quantum Nyquist 
formula, was first obtained by Callen and Welton4 
by an application of quantum-mechanical perturba- 
tion theory to calculate the energy exchange be- 
tween a linear system with prescribed dissapative 
properties (Z(w)) and a thermostatic oven. 

In conclusion I regard it as my duty to express 
my gratitude to Professor Ya. P. Terletskii for 
his interest in this work. 


i NwNe Bogolyubov, O HeKoTopbIX cTaTUCTMYeECKUX 
MeTOMax B MaTeMaTuyecKou PusuKke (On Some Statis- 
tical Methods in Mathematical Physics), Ukr. S.S.R. 
Acad. Sci. Press, 1945 

2 Yau Pe Terletskil, JmHamuyeckue u cratuctugeckne 
3akOHbI Pusukn (Dynamical and Statistical Laws of 
Physics ), Moscow State University Press, 1949. 

3M. Toda, J. Phys. Soc. Japan 13, 1266 (1958). 

‘H. B. Callen and T. A. Welton, Phys. Rev. 83, 
34 (1951). 
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W: have already described! the polarization of 
Au!®§ nuclei in an Au-Fe alloy. In the present 
communication data are presented on the nuclear 
polarization of Sb!”* and In!4™ in weak solutions 
of antimony and indium in iron. 

The apparatus for cooling the magnetized spe- 
cimens differed from the previous one in that an 
electromagnet was used instead of a constant mag- 
netic field. This magnet was placed inside the 
helium Dewar and enabled us to obtain in the spe- 
cimen position a field of up to 2,000 oersteds 
which was 2 — 2.5 times larger than the field used 
in the experiments with Au!®*, The error due to 
incomplete magnetization of the ferromagnetic 
specimen was thus reduced. Otherwise the method 
of cooling the specimen and measuring the y-ray 
anisotropy were the same as in the experiments 
with Au‘?°. 

A specimen of an Sb-Fe alloy (0.6% Sb by 
weight) was irradiated by thermal neutrons in a 
reactor. The activity of the Sb'** nuclei formed 
in the specimen amounted, at the time of the ex- 
periment, to about 4uc. In the figure results are 
presented of one of the experiments to measure 
the anisotropy of the 566-kev y rays (2* — 0* 
transition) emitted after the B decay of Sb122 
(2° — 2* transition). The experimental points 
show the variation with time after salt demagnet- 
ization, of the y-ray counting rates at detectors 
disposed along (@ = 0°) and across (6 = 90°) the 
direction of the specimen magnetizing field. These 
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rates were normalized to the counting rates after 
the specimen was heated up. In the interval from 
five minutes to fifteen minutes the temperature 
changed from 0.025 to 0.035°K. The specimen 
was heated by increasing the amplitude of the al- 
ternating magnetic field used to measure the mag- 
netic temperature. The moment at which heat was 
applied is shown in the figure by an arrow. As- 
suming that ten minutes after demagnetization the 
specimen had taken up the temperature of the salt 
(0.03°K), we obtained for the value of y-ray 
anisotropy at this temperature ¢ = 2.5% («€ =1- 
N(0°)/N(90°)), where N(@) is the number of 
counts for the detector at angle @. From this 
value of ¢€, using the formulae of Tolhoek and 
Cox,’ we calculated the polarization fof -Sb1%4 
nuclei and the effective magnetic field Hy at the 
antimony nucleus in the lattice of the alloy. It ap- 
peared that f; * 25% and Hp ~* 1.9 x 10° oersted. 
For the calculations we took the magnetic moment 
of the Sb'*2 nucleus as equal to 1.9 nuclear mag- 
netons.° 

A specimen of In-Fe alloy (0.5% In by weight ) 
was produced by alloying metallic indium — pre- 
viously irradiated in a reactor — with iron. Shown 
in the figure are the results of one of the experi- 
ments to measure the anisotropy of the 192-kev 
y rays from In'!4™ (5* — 1+ transition). Five 
minutes after demagnetization the temperature of 
the salt was ~0.035°K; heat was applied at a tem- 
perature of ~0.045°K. From the value of the aniso- 
tropy « ~ 8% at T=0.04°K, it follows that the 
nuclear polarization f, at this temperature is 
~ 30% and the effective magnetic field at the indium 
nuclei Hy © 1.5 x 10° oersteds. For the calcula- 
tions the magnetic moment of the In'44™ nucleus 
was taken to be equal to 4.7 nuclear magnetons.? 

We made an attempt to find the polarization of 
Cr°! nuclei in a Cr-Fe alloy. Measurements in 
the temperature range 0.03 —1°K of the aniso- 
tropy of the 320-kev y rays (_ — ’, transition ) 
emitted by Cr! after K capture (4% —/ tran- 
sition) gave a negative result with an accuracy of 
not less than 0.5%. This result could be simply 
due to the magnetic moment of the Cr*! nucleus — 
which, unfortunately, is unknown — being too small. 

The error in the values obtained for the mag- 
netic field at the Sb and In nuclei in alloys of these 
elements with iron amounts to 135%. 

These errors were determined by the statistics 
of quanta-counting, and by the inaccuracy of de- 
termining the specimen temperature* — also, for 
Sb!22, by the absence of data on the characteristics 
of 6 decay and, for i by incomplete separa- 
tion of the 192-kev y rays from harder scattered 
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y rays. The latter strongly interfered with the 
counts at the detector disposed in the direction of 
the field, since in this case part of the detector 
was screened by the pole of the magnet. Appar- 
ently, one can thus explain the fact that the ratio 

of the change in counts along the field to the change 
in counts across the field was not equal to two (see 
figure). The accuracy of the results presented will 
be increased in further experiments. 

In our previous communication! we thought that 
the presence of an intrinsic magnetic moment at 
the gold atoms was needed to form the strong mag- 
netic field at the Au! nuclei in the Au-Fe alloy. 
However, it now appears highly probable that a 
large (or basic) contribution to this field arises 
in the conduction electrons. This possibility was 
first pointed out to us by E. K. Zavoiskil. Recently 
Marshall’ proposed a mechanism for the creation 
of a “contact” field at the nucleus of a ferromag- 
netic atom. Apparently this mechanism also ap- 
plies in our case, with the difference that the con- 
duction electrons are polarized close to the neigh- 
boring atoms of iron and pass to the impurity atoms 
without change of orientation. Unfortunately, exist- 
ing calculations of the magnetic field created by 
the conduction electrons in a ferromagnet are still 
only estimates. We hope to obtain more definite 
data on the origin of this field in further experi- 
ments (in particular by the study of the magnetic 
field at In and Au nuclei in In-Ni and Au-Ni 
alloys). 

From the results we have obtained it would seem 
that the method of polarizing nuclei of weakly-mag- 
netic atoms by introducing them into ferromagnets 
is of general applicability and allows a relatively 
high degree of polarization to be obtained. 

The authors express their deep gratitude to 
E. K. Zavoiskii for much valuable advice, to L. D. 
Puzikov for assistance in calculating the y-ray 
angular distributions and to L. V. Groshev, V. M. 
Galitskii, and D. P. Grechukhin for discussion of 
results. 


*The errors in temperature determination are associated 
both with the inaccuracy of measuring the thermodynamic tem- 
perature of the salt itself and with the difference in the tem- 
peratures of salt and specimen (due to the short time elapsing 

after the demagnetization of the salt). 
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We have measured the lifetimes of the 150-kev 
level of Rb® and of the 142-kev level of Pr‘*! by 
the method of delayed B-y coincidences. The ap- 
paratus consisted of two scintillation counters with 
diphenyl acetylene crystals and FEU-33 photomul- 
tipliers and of a coincidence circuit with a resolv- 
ing time of 27, =4.5 x 107° sec. It was possible 
to insert calibrated sections of 200-ohm coaxial 
cable as delay lines into either channel. 

As sources we used Kr® and Ce!4!, produced 
by exposure of natural krypton and cerium in a 
reactor. The gaseous radioactive krypton was 
contained at an absolute pressure of 3 atmos in 
a brass cylinder, 15 mm in length and diameter. 
The faces of the cylinder, through which the elec- 
trons and y rays escaped, were covered with a 
1 mg/cm? nylon film. The cerium source was a 
thin layer of cerium oxide powder mounted on 
aluminum foil. 

The number Ngy of B-y coincidences is re- 
lated to the delay t in the channel of the B 


i 7 g ii 13 t10 *sec 


The value of T 
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counter by the formula Ney = No exp (— t/Ty) Lf 
t >> 7). Here 7, is the mean life of the ie 
nuclear state with respect to y emission. The 
data obtained are shown in the figure. Treatment 
of the data by the method of least squares yields 


cy (Rb®) = (1.14+£0.12)-10-? see, 
ty (Pri) = (2.32 £0.17)-10-® sec. 


for Pri4! 
of de Waard and Gerholm.! 
The ratios of the experimentally determined 
lifetime to that calculated for single-particle 
transitions from the formulas of Moszkowski* 
are 210 and 230 for Rb® and Pr'4!, respectively. 


agrees with the result 


1H. de Waard and T. R. Gerholm, Nuclear Phys- 
ics 1, 281 (1956), 

ZINA. Moszkowski, Beta- and Gamma-Ray 
Spectroscopy, p. 391, ed. Kai Siegbahn, North- 
Holland Publ. Co., Amsterdam 1955. 
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ON THE PROBLEM OF THERMAL CONDUC- 
TIVITY AND ABSORPTION OF SOUND IN 
SUPERCONDUCTORS 


V. Z. KRESIN 
Moscow State Pedagogical Institute 
Submitted to JETP editor March 19, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1947-1948 
(June, 1959) 


In the present note we consider the absorption of 
sound in superconductors for the case where wT 
<1 (w is the sound frequency and 7T the relaxa- 
tion time). If such a sound field is present, the 
electron finds itself in a lattice with a slightly al- 
tered lattice constant. The absorption of sound 
energy occurs when we take into account the ir- 
reversibility of the process of deforming the lat- 
tice. 

The solution of the transport equation for the 
distribution function of the electronic excitations 
of the superconductor which interact with the pho- 
nons, and the subsequent evaluation of the dissipa- 
tive function which determines the absorption of 
the sound energy, leads to the following result for 
the coefficient for the absorption of sound: 


ts = An (C8 + 1) 2F (Te) / F(T). (1) 
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Here yp =const*T™ is the coefficient for the ab- 
sorption of sound in the normal metal, evaluated by 
Akhiezer in reference 1; b =A/kT; A is the gap 
in the energy spectrum; 


F (T) = 960 (4) In(1 + e-*) 


fee) 
+- »; s Fes (80b4s4 + 160b%s? + 240b?s? +. 240bs + 120) 


s=1 


1) >} s4e-2s (646353 + 962s? + 96bs +- 48) 


s=1 


— In (e? +- 


(¢(s) is the zeta-function). We have given a 
graph of F(T)/F (Tx) in the figure. 

(I) 

F() 

a8 


ag 


Y) 1 2 3 4 A/aT 


We can consider the problem of the influence 
of the electron-phonon interaction on the electronic 
thermal conductivity of superconductors in a simi- 
lar way. This interaction, as was already noted by 
Geilikman* must be taken into account at tempera- 
tures close to Ty. We get in this case for the co- 
efficient of thermal conductivity 


MOP Vy ets 0 s+1 
Xs = Xp =F ( alles ees 


In(1 +-e-*) — (2) 


2 (2°41) 


Kn = const-T~* is the thermal conductivity in the 
normal state considered by Landau and Pomeran- 
chuk in reference 3. 

We give here some values of kg /Kp: 


AVA =) 0.25 0.0 0.75 4 
Ka f%_ 1 1084 20.72) — 0B OG 
In conclusion I express my sincere thanks to 
B. T. Geflikman for suggesting this subject and 
for valuable advice. 


1a 1. Akhiezer, J. Exptl. Theoret. Phys. 
(US'S.8.)-8, 1331 (1938). 

2B. T. Geilikman, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1042 (1958), Soviet Phys. JETP 7, 
721 (1958). 

31. D. Landau and I. Ya. Pomeranchuk, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 7, 379 (1937). 
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POSSIBLE METHOD OF SEARCH FOR THE 
p’ MESON 


V. G. ZINOV, A. D. KONIN, S. M. KORENCHENKO 
and B. PONTECORVO 


Joint Institute for Nuclear Research 
Submitted to JETP editor March 23, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1948-1950 
(June, 1959) 


Ir has been shown by Wigner, Baz’, and Okun’!>2+3 
that the cross section for a reaction proceeding 
through a given channel has singularities near the 
threshold for an inelastic process proceeding 
through a new channel. In this connection Baz’, 
Okun’, and Smorodinskii suggested to us that a 
study of the energy dependence of the cross section 
for pion-nucleon scattering near the threshold for 
meson production (7 + N— 27 +N) would be of 
interest for the purpose of obtaining information 
on the m-7 interaction. We saw no singularities * 
in the total mp cross section in experiments 
covering the energy range from 150 to 180 Mev; 
but became aware of the fact that a study of the 
energy dependence of the cross section for 7 - 
meson interaction with hydrogen, with high energy 
resolution, is of great interest not only near the 
meson production threshold but also at other en- 
ergies where it may give information about the 
existence of the p® meson. 

The aim of this note is to present the principle 
and outline the possibilities of a method? of search 
for p’ mesons which in our opinion is more real- 
istic than other methods proposed to date.‘ 

We propose to look for a rather narrow singu- 
larity in the energy dependence of the mp inter- 
action cross section, because such a singularity 
would in principle testify to the existence of the 
p° meson. Indeed, it is to be expected that near 
the threshold for the reaction ™+p—p*+n an 
anomaly should appear in the energy dependence 
of the reactions 7 +p—-a7 +p and 7 +p— 

7 +n. From the experimental point of view the 
first step should be a search for singularities in 
the energy dependence of the total mp -interac- 
tion cross section. Subsequent studies of angular 
distributions in the singularity region would be of 
great interest and could yield information on the 
relative parity of the p° and mt mesons. 

The width of the singularity depends on the in- 
teraction radius R and may be obtained from the 
condition kR<«< 1 where k is the wave vector of 
the produced p? meson? in the barycentric sys- 
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tem. Assuming that R~ h/myc then the maxi- 
mum width of the singularity in the energy de- 
pendence of the mp -interaction cross section is 
AE ~ 40 Mev for p® mesons with mass ~ 400 
Mev/c*. Here AE is the energy interval of the 
incident + mesons in the laboratory frame of 
reference outside of which the singularity disap- 
pears. The width of the singularity may be con- 
siderably less than AE which underscores the 
necessity for high energy resolution in the ex- 
periment. 

It was assumed in the above that the lifetime 
of the p® meson is long compared to the nuclear 
time h/m,c*, i.e., that the threshold for p° pro- 
duction is sharp. The relative amplitude of the 
singularity Ao/o is of the order of magnitude of 
o(™p > pn) k-1/R/Ototal(™P), and may there- 
fore be as much as a few percent. 

The method outlined above can be used to de- 
tect any neutral meson with sufficiently small 
natural width. We discuss here only p’ mesons, 
assuming that they differ from 7 mesons only 
in isotopic spin (T=0). In that case the p” 
meson cannot decay fast into either two mesons 
(owing to parity conservation) or three m mesons 
(owing to conservation of the G quantum number*?*) ; 
but will decay through the channel p’ ~y+y or, if 
its mass is sufficiently large, p’ ~17+7+y. Ifthe 
mass of the p’ meson is substantially larger than 
560 Mev/c? then a decay into four mt mesons will 
proceed with a nuclear lifetime and our method 
would not be useful.t 

Independent of the nature of the p° meson one 
may ask whether the maximum observed in the 
energy dependence of the cross section of 7 - 
meson photoproduction on protons® and the peaks 
recently observed** in the energy dependence of 
the m p-interaction cross section at 700 and 1000 
Mev are due to threshold effects. It seems to us 
that the answer to this question is negative: the 
widths of these peaks are apparently too great to 
be due to threshold effects. If one or both peaks 
are connected with the p’ meson then it must be 
through a resonance interaction and the mass of 
the p’ meson must be much less than 600 or 800 
Mev/c?. 

Generally speaking the most outstanding differ- 
ence between a resonance maximum and a thresh- 
old singularity (in the case when the latter is a 
peak and not a valley or step) is in their widths. 

As regards the mass difference of the p’ and 
7? mesons we observe that the experimental data 
accumulated in high energy physics indicates that 
interactions in different isotopic spin states have 
quite different intensities. It is just this circum- 
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stance that leads to the mutual transformations of 
different particles of an isotopic multiplet (the 
phenomenon of charge exchange scattering). In 
particular, as was pointed out to us by Ya. B. Zel’- 
dovich, the very existence of antiproton exchange 
scattering (p +p—f+n) impliesa p!-72" mass 
difference. 


In a subsequent communication we shall describe 


the main features of an experimental setup which 
is being used in the search for p® mesons and 
report preliminary results of completed measure- 
ments. 

We are extremely grateful to L. I. Baz’, V. B. 
Belyaev, B. N. Zakharev, L. B. Okun’, and Ya. A. 
Smorodinskii for numerous discussions. 


*It is easy to see that for a three-particle final state the 
threshold singularity practically disappears. 2 

tWe have recently been informed that V. I. Gol’danski¥ 
and Ya. I. SmorodinskiY proposed and analogous method. 

tBarrier effects, having to do with high orbital angular 


momentum, may appreciably slow down* the decay of the p® 
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Sciences, U.S.S.R.; Joint Institute for Nu- 
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Submitted to JETP editor April 4, 1959 
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(June, 1959) 

“Ee hypothesis that another neutral meson (p° 
meson) exists with zero spin and strangeness has 
been discussed in several papers. All the methods 
proposed for verifying this hypothesis were based 
on the observation of some reaction producing the 
p° meson or on the detection of its decay products. 

We wish to point out here that still another 
method exists, based on an essentially different 
idea, which may turn out to be considerably more 
convenient for actual experiments. It has to do 
with the study of singularities in the energy de- 
pendence of a reaction near the threshold for the 
production of a new particle. This method was 
first studied in a general form by Wigner.! Later 
Baz’* indicated the interesting consequences re- 
sulting from an application of this method to nu- 
clear reactions (see also the work by Breit and 
others,? which was published simultaneously ). 
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meson into four 7 mesons if its mass is only slightly larger 
than the sum of the four 7-meson masses. 
**Private communication from D. Frish to V. I. Gol’danskii. 
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The same idea was used in a study of photo- 
disintegration near threshold for the yn reaction* 
and in a study of K-meson properties.’ This same 
method was used® to detect the dineutron in a study 
of the energy dependence of elastic neutron scatter- 
ing by nuclei near the threshold for the (n, 2n) 
reaction. 

It is natural to apply the consideration of Baz’ 
et al.° toa study of the analogous problem con- 
cerning the existence of the p’ meson. Specif- 
ically let us consider elastic scattering on protons 
of ma mesons with energy in excess of 270 Mev.* 
The scattering cross section for the process may 
exhibit two types of singularities. 

a) Singularities connected with the “isobaric” 
State,.6.8., 1 FD --e 1s00ar a hle— a. L=o45 
A pole in the S matrix in the complex energy 
plane corresponds to this type of singularity; and 
near this pole, for real values of the energy, the 
cross section curve has the well known resonance 
shape. 

b) The threshold for the production of a new 
particle, .2:59 «7 ship —= o +n. A branch point on 
the real axis corresponds to the threshold of such 
a reaction.t At such a point the derivative (in our 
case, the first derivative) of the cross section is 
discontinuous. It is this type of singularity that 
we are interested in. Its existence leads to the 
appearance of breaks in the cross section curve 
in the form of a “step” or “valley” or “peak” type 
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cusps (cf. reference 2), and these should be found 
experimentally. In the first two cases the singu- 
larity can be interpreted unambiguously. If, how- 
ever, the singularity is of the “peak” type then it 
may easily be mistaken for a resonance. In that 
case the fact that the peak should, generally speak- 
ing, be rather narrow (of the order of 10 — 20 Mev) 
may help to identify it. This last circumstance 
makes the possibility unlikely that the observed 
maxima for T=’ for 7 mesons of energies 

680 and 940 Mev (private communication from 

D. Frish) could be due to the production of the 

p° meson (“p* -mass” — 1200 and 1520 electron 
masses). Another method for distinguishing reso- 
nance and threshold singularities may be based on 
a comparison of interactions in systems with the 
same energy but different isotopic spin. Thus, for 
example, if the singularities in mp scattering at 
680 and 940 Mev are threshold singularities then 
corresponding singularities should appear in K™p 
scattering at K-meson energies of 520 and 810 
Mev (in the T=0 state). 

A study of the magnitude of the singularity would 
permit an estimate of the upper limit for the pos- 
sible production cross section of the p’ meson. 
To this end it is convenient to make use of the 
quantity 


do (e) ‘= ( 5 (Eo + ©) — thy 
Geey ie thr 


S thr 


where E is the threshold energy and is the elastic 
cross section. It is easy to show that 


80 (s) /o(s) = (k/4r) 5, (8) /V a (ce). 


Here k is the t-meson wave vector and Jp is 
the p° production cross section at a m-meson 
energy E+ €. 

In conclusion we note that the same idea was 
proposed independently by Pontecorvo et al.' to 
whom we are grateful for useful discussions. 


*If the threshold for p° production were to correspond to a 
m-meson energy of less than 270 Mev then the relatively fast 
decay Kt > 7* + p° (AT = %) would be possible, which how- 
ever, has not been observed. 

tThis is connected with the fact that the scattering phase 
shift 6, becomes complex above threshold (near threshold): 

5, = 50; + ido,, with 5), an even function of k (the p° wave vec- 
tor) and 6,, an odd function. Hence below threshold 5o, is 
imaginary and therefore 6, is real. 


1. Wigner, Phys. Rev. 73, 1002 (1948) 

2A.1. Baz’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 923 (1957), Soviet Phys. JETP 6, 709 (1958). 

3G. Breit, Phys. Rev. 107, 1612 (1957). 

4 Baz’, Smorodinskii, Lazareva et al., Report 


LETTERS TO THE. EDITOR 


at the Geneva Conference on Peaceful Uses of 
Atomic Energy, 1958. 

5.1. Baz’ and L. B. Okun’, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 35, 757 (1958), Soviet Phys. JETP 
8, 526 (1959). 

6A. I, Baz’ and Ya. A. Smorodinskii, Report at 
the Nuclear Conference, Paris, 1958. 

™Zinov, Konin, Korenchenko, and Pontecorvo, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1948 (1959), 
Soviet Phys. JETP this issue, p. 1386. 


Translated by A. M. Bincer 
399 


ANISOTROPY OF THE ABSORPTION CO- 
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Sciences, Ukrainian S.S.R. 
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(June, 1959) 


Ir is known that both the energy gap at T=0 and 
the temperature dependence of the gap width (€ 9) 
can be determined from measurements of ultra- 
sonic attenuation in superconductors.! The agree- 
ment between experiment and theory is satisfactory. 

There have also been determinations of the ef- 
fect of isotopic constitution? and of unidirectional 
lattice deformation? on Tk, and consequently on 
the gap width too. One might expect anisotropy of 
the lattice to have a greater influence than isotopic 
constitution. 

In this note we report the results of an experi- 
mental determination of the attenuation of 70-Mes 
ultrasound in the superconducting and normal 
states. The arrangement was such that at each 
temperature the absorption coefficient could be 
measured along the twofold (C,) and the fourfold 
(C4) axes for a spherical tin specimen. 

The results are shown in the table, and also the : 
values of €) calculated from them according to 
the Bardeen, Cooper, and Schrieffer theory.’ It 
can be seen that the temperature dependence of 
the ratio of absorption coefficients, ag / Qy, is 
different in the two directions. Better agreement 
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kT }. 7 
Temper % 5 /% | s/t k % 5 /% y Eo/kT pp ro) Hs [Xm | EofkT Og [ay E_o(/KkT j 
ature 
Along C, Along C, aa Along C, Along C, 
| 
3.73 1.00 | 0.00 1.00 0.00 3,30 
-00 : 4 : 0.51 | 0.96 0.42 1.18 
Hen 0.97 | 0,06 | 0.94 Ogt2 3.20 0.46 | 1.03 0.37 138 
net 0.91 0.17 0.83 0.33 3.10 0.44 | 1.42 0.34 4.32 
es 0.82 0.35 0.74 0.52 3.00 0.37 | 1.49 0.30 1.39 
ees 0.74 | 0.54 0.65 0.74 2.80 O29") 17384 0.25 1.46 
nen 0.68 | 0.62 | 0.59 0.82 2,00 0.20 | 1.48 0.18 1.54 
‘ 0.64} 0.70} 0,55 0.914 2.410 0:42 | 4.54 0.14 1.60 
3.40 | 0.5710.84] 0:48 | 406 i 


with the isotropic theory of superconductivity is 
obtained for the case of sound propagation along 
the fourfold axis. 


1R. W. Morse and H. V. Bohm, Phys. Rev. 108, 
1094 (1957). 

2 Lock, Pippard, and Shoenberg, Proc. Camb. 
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Tue idea of retaining slow neutrons has been men- 
tioned many times, but the corresponding experi- 
ments have not yet been performed, and the litera- 
ture does not contain even rough estimates pertain- 
ing to this problem. 

It is known that slow neutrons experience total 
internal reflection in glancing incidence on the sur- 
face of most substances. At sufficiently low veloc- 
ities, the neutrons cannot penetrate in such a sub- 
stance even under normal incidence. Thus, for 
carbon with a density ~ 2g/cm? the critical neu- 
tron velocity is close to 5 m/sec, for beryllium 
it is approximately 7 m/sec. Let us place neu- 
trons in a cavity surrounded on all sides by graph- 
ite. The neutrons of speed higher than critical will 
rapidly leave the cavity, but neutrons of less than 
critical speed are blocked in the cavity and vanish 
only as they decay, with a half-life of approximately 
12 minutes. Such slow neutrons will penetrate into 
the wall only a depth on the order of their wave- 
length; taking into account dimensionless factors, 
the depthis ~ 107° em. Therefore if the cavity 
has a considerable volume, the fraction of the 
time that the neutrons stay in the material of the 


3B. G. Lazarev and L. S. Kan, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 14, 463 (1944). 

4 Bardeen, Cooper and Schrieffer, Phys. Rev. 
108, 1175 (1957). 
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shell is quite small; for a one-cubic-meter cavity 
this fraction is ~ 10". 

The capture cross section of carbon (4.5 X 1 
cm? at v = 2.2 x 10° cm/sec) obeys the 1/v law 
and corresponds to a neutron lifetime in carbon of 
~ 0.01 sec regardless of its velocity. For neutrons 
in a cavity we obtain an absorption time of 0.01/10°' 
= 10° sec 1 day. Slow neutrons will also be lost, as 
they acquire energy by collision; obviously, however, 
this process is greatly suppressed, because the neu- 
trons are for the most time in the cavity and not in 
the material of the shell. 

The most difficult feat is to obtain a sufficient 
number of such neutrons. For a Maxwellian dis- 
tribution at room temperature, the fraction of such 
neutrons is on the order of 107°. 

It is advisable first to cool the neutrons in a 
volume filled with liquid helium, and then the frac- 
tion of the necessary neutrons increases to 108: 

As a result of the long life of the slow neutrons 

in the cavity, their concentration after a few sec- 
onds becomes equal to the Maxwellian equilibrium 
concentration. The principal difficulty is connected 
with the need for having a large volume of liquid 
helium, because of the long range of the neutrons 

in helium (50 cm). 

With a fully moderated neutron flux of 10" 
cm sec~! from a reactor, the flux of neutrons 
emitted with a temperature of 3°K can amount 
to 10! em~2 sec~!, which corresponds at an aver- 
age velocity on the order of 2 x 104 cm/sec to a 
density of 5 x 10° em”? of thermal neutrons, in- 
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cluding 50 em~°® slow ones (with velocity less than 
500 cm/sec). Thus, under the most favorable as- 
sumptions, it is possible to accumulate up to 5 Xx 
10’ slow neutrons in a cavity 1 m? in volume. 

By placing a graphite partition over the open- 
ing that joins the cavity with the liquid helium it 
is possible to remove the cavity with slow neu- 
trons from the reactor and make the measure- 
ments at a small background. 

It may prove advantageous to use a palliative 
variant without helium, by cooling the neutron say 
to 70°K and accumulating up to 10° neutrons. We 
note that the index of refraction of the moderator 
should be less than the index of refraction of the 
cavity material, or else the moderator will not 
admit necessary neutrons in from the vacuum, 
and consequently will not let any out. An experi- 
of this type is quite difficult, but it seems that it 
can give the experimentators a valuable method 
of investigating the interaction of slow neutrons 
with substances introduced into the cavity. By 
introducing an (n, y) absorber of neutrons into 
the cavity, it is easy to measure the number of 
neutrons left intact at the instant of observation. 

We note that the neutrons in the cavity can be 
effectively heated to a speed above critical by 
mechanical displacement of the graphite surfaces 
at a speed of several meters per second. 

The theory of the coefficient of refraction and 
the total internal reflection of neutrons is well 
known; we note only that it remains valid also at 
those small energies, at which the absorption 
cross section, following the 1/v law, becomes 
equal to or greater than the scattering cross sec- 
tion. It is easy to verify that the imaginary part 
of the pseudo-potential, the part describing the 
absorption, is small compared with the real part, 
which describes the scattering. Their ratio is 
equal to Vmog/A;, where A, is the wavelength 
of the neutron for which og = og. Consequently, 
in the case of total internal reflection, absorption 
does not change the exponential law of damping of 
the wave function of the neutron in the medium. 


De Hughes, Pile Neutron Research, Addison- 
Wesley, Cambridge, Mass., 1953. Russ. Transl. 
eee Vice L954. 

2N. V. Vlasov, Hefirpousi, (Neutrons), GTTI, 
F955- 
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PIEZOMAGNETISM IN THE ANTIFERRO- 
MAGNETIC FLUORIDES OF COBALT AND 
MANGANESE 


A. S. BOROVIK-ROMANOV 


Institute of Physical Problems, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor April 1, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1954-1955 
(June, 1959) 


Tae magnetic symmetry of some antiferromag- 
netic crystals permits the existence of a piezo- 
magnetic effect,!” i.e., the appearance of a spon- 
taneous moment on applying pressure. Fora 
group of transition element fluorides in which the 
antiferromagnetic vector is directed along the 
four-fold axis (z) of the tetragonal cell,* Dzyalo- 
shinskii® has shown that, on applying a shear stress 
Oxz, a ferromagnetic moment my = Adxz, should 
be observed. No piezomagnetic effect has been 
experimentally observed to date. 

To detect piezomagnetism we used a specially 
constructed magnetic torsion balance, in which a 
press containing the specimen was suspended on 
vertical wires. Following a proposal made by 
P. L. Kapitza, the press was controlled with the 
aid of evacuated sealed bellows. When the pres- 
sure of helium gas in the space surrounding the 
press was reduced, the compressed bellows tried © 
to expand and by way of a lever applied a magni- 
fied pressure to the specimen. For a specimen 
of 1 mm? cross section, the maximum pressure 
was ~ 500 kg/cm?. 

Single crystals of CoF, and MnF, were stud- 
ied, out of which parallelipipeds were sawed—the 
crystallographic axes being disposed as shown in 
the figure. On applying a pressure, p, to sucha 
specimen, shear stresses oxz =p/2 arise in it. 
The specimen was situated in an inhomogeneous 
magnetic field directed along the y axis, and the 
magnetic moment My was measured for several 
values of the field. The measurements were made 
at liquid hydrogen temperature (20.4°K), where 
the antiferromagnetic ordering of the fluorides 
considered is almost at saturation. The relative 
accuracy of the measurements was +0.3%; the 
error in the absolute values of the moment could 
amount to 10%. 

The results of the measurements obtained on 
the CoF, specimen are given in the figure, where 
the dependence of molar magnetic moment on field 
is shown. With no pressure (line 1) we have m= . 


. 
| 
| 
| 
| 
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The dependence of molar magnetic moment on the size of 
the applied field: 1—without pressure, 2— pressure on speci- 
men ~ 500 kg/cm’; O — values obtained while changing the 
field from — 1100 oersteds to +1100 oersteds x—while 
changing the field in the opposite direction. 


X,; thus, in agreement with the data of previous 
studies,°»® the crystal does not possess a sponta- 
neous moment* and is in a purely antiferromag- 
netic state. On applying a pressure of ~ 500 
kg/cm? (curve 2), the paramagnetic moment re- 
mains unchanged, but a spontaneous piezomagnetic 
moment is added to it, the magnitude of which, 

my ~ 10 G/mole, does not depend on field. In weak 
fields (up to 500 oersteds) the direction of the 
piezomagnetic moment remains unchanged. In 
large fields of opposite direction to the spontane- 
ous moment, the magnetization of the specimen 
reverses. The process of magnetization reversal 
is comparatively slow — in a field of 1100 oersteds 
the equilibrium values are attained in 15 — 20 min- 
utes. 

A piezomagnetic effect was also observed in the 
MnF, specimen. However, its magnitude in MnF) 
is approximately 100 times smaller than in CoF). 

A fuller description of the experimental details, 
the results, and their analysis, will be published 
after completing a study of specimens with other 
orientations. 

In conclusion the author expresses his deep 
gratitude to Acad. P. L. Kapitza for constant in- 
terest in the work. The author is very grateful 
to N. N. Mikhailov and O. S. Zaitsev for preparing 
the single crystals of CoF, and MnF). He also 
cordially thanks I. E. Dzyaloshinskii for useful 


discussion. 


*The small downward displacement of the line (approxima- 
tely'1 G/mole) is in all probability associated with plastic de- 
formations of the crystal. 


TBM aY Tavger and V. M. Zaitsev, J. Exptl. 


Theoret. Phys. (U.S.S.R.) 30, 564 (1956), Soviet 
Phys. JETP 8, 430 (1956). 

21. D. Landau and E. M. Lifshitz, 

JNK TPOAMHAaMUKa CHAOWHHIX cpeq (Electrodynamics 
of Continuous Media), Gostekhizdat, 1957. 

AES OF Dzyaloshinskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 807 (1957), Soviet Phys. JETP 6, 
621 (1958). 

*R. A. Erickson, Phys. Rev. 90, 779 (1953). 

°T. W. Stout and L. M. Matarrese, Revs. Mod- 
ern Phys. 25, 338 (1953). 

§ Astrov, Borovik-Romanov, and Orlova, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 812 (1957), 
Soviet Phys. JETP 6, 626 (1958). 
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DETERMINATION OF THE CAPTURE FRE- 
QUENCY OF SLOW MESONS BY LIGHT AND 
HEAVY NUCLEI IN PHOTOEMULSIONS 


Di Ko KOPYLOVA, Yu B. KOROEEVICH Nae 
PETUKHOVA, and M. I. PODGORETSKII 


Joint Institute for Nuclear Research 
Submitted to JETP editor February 28, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1955-1956 
(June, 1959) 


In many uses of photoemulsions it is necessary 
to determine how much of the interaction is with 
the light nuclei (C, N, O) and how much is with 
the heavy ones (Ag, Br). The presently known 
separation methods (see, for example, references 
1 and 2) are based on the use of special emulsions, 
and can therefore not always be used. We describe 
below a simple separation method, free of this 
shortcoming. 

In order to be specific, we discuss only nuclear 
capture of stopped negative pions. If an Auger 
electron was produced when the negative pion was 
stopped, the capture was by the heavy nucleus of 
the emulsion.'»?~> If the o, star produced after 
stopping contains a particle with a range = 50 
(so-called sub-barrier particle) the correspond- 
ing capture must be attributed to a light nucleus. 


1,4, 6* 


1392 


Let Ny be the number of o7 stars of the first 
step, Ny, that of the second, and Ny the number 
of o, stars that remain unseparated. We now 
choose some additional identification, which may 
be common to o, stars of all types, and denote 

by ny, np, and ny the number of o7 stars in 
each of the three groups having this identification. ft 
We can then write 


Nv =My+M,, nw = (ne / Nu) Ma + (ni/ Nz) M1, 


where My and My, is the number of captures by 
heavy and light nuclei among the stars of group N. 
Consequently, the total number of captures by heavy 
nuclei will be 


ay — Op 
hey — Oy 


ny — (n/N) Ny 
nz /Np,—ny/N, 


Ny + Ma = Nu + = Ny +Nn ; 
where ay, Qj, and ay is the frequency of ap- 
pearance of the additional selected identification 

in groups H, L, and N. Analogously, the total 


number of captures by light nuclei will be 
Ni~+ M, = WN, + Nw (ay — &) / (LL — &H).- 


The foregoing method was tested with 349 o7 
stars, taken from reference 3.4 The o7 stars 
were considered to have an additional identifica- 
tion, if they contained more than one black prong 
(Ny = 2). The frequency of capture of pions by 
heavy nuclei was found to be (63 + 2.8)%, which 
is in good agreement with the results obtained by 
other methods.!»*»">8 It was assumed here that 
prongless stars are formed in 27% of all cases 
of capture of m mesons’ and that 13.7% of all 
the o, stars produced in the capture of 7 me- 
sons by light nuclei are prongless.!? By way of 
one possible application, it would be interesting to 
estimate by the same method the frequency of cap- 
ture of slow K mesons by light and heavy emul- 
sion nuclei. 


*Both statements are not true, naturally, in all cases. 
However, the exceptions are very rare and can be disregarded 
in practice. 

tIt is assumed that the indicated third identification is 
statistically independent of the first two. 

+The authors are grateful to S. A. Azimov and U. G. 
Gulyamov for furnishing the material. 


! Menon, Muirhead, and Rochat, Phil. Mag. 41, 
583 (1950). 

2G. Brown and J. S. Hughes, Phil. Mag. 2, 777, 
1957. 

3 Azimov, Gulyamov, Zamchalova, Inzametdinova, 
Podgoretskii, and Yuldashev, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 756 (1956), Soviet Phys. JETP 
4, 632 (1957). 
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A CORRECTION TO V. M. STRUTINSKII’S 
PAPER “EXCITATION OF ROTATIONAL 
STATES IN ALPHA DECAY OF EVEN-EVEN 
NUCLEI” 


V. M. STRUTINSKII 
Submitted to JETP editor May 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1957 
(June, 1959) 


ly the calculation of deformation parameters @ 
of even-even nuclei from the relative intensity of 
a decay into the state 2*(&), inexact experi- 
mental data, quoted by the author from Gol’din’s 
survey,” were employed in reference 1 in a num- 
ber of cases. Cited below are the parameters a 
for these nuclei, obtained on repeated calculation, 
using experimental data on the fine structure of 

@ decay as cited in references 3 and 4. The val- 
ues of @ were also determined as in reference 1 
and with the aid of the same curves (similar to 
those shown in Fig. 2) as were previously plotted 
for all even-even nuclei considered in reference 1. 
The daughter nuclei, fa(exp) and the values of a 
for ry=1.4x 10cm. are successively indi- 
cated. Negative values of @ are given in those 
instances when they too can be reconciled with 

the intensity distribution. 


Rn28 : 0.04 [4], + 0.06, —0.10; Th?%:0.39 [34], + 0.15: 
U8: — 0.33 [4], -+ 0.12; 

U2? 0.45 [8], + 0.15; 0.39 [4], + 0.13; 

256: 0.32 [234], + 0.12; Pu%49:0.30 [4], + 0.11; 
Cm?#* ; 0.20 [3-4], -+ 0.09, —0.16; 

Cm48 0.18 [4], + 0.09, —0.16: 

Cf? : 0.20 [4], +.0.08, —0.19. 


BED RERS TO THE BDITOR 


Values of the deformation parameters for 11 
even-even nuclei were also cited in the paper by 
Gol’din and Ter-Martirosyan® (Table IX) where 
they were obtained as a result of the numerical 
solution of an initial exact equation describing @ 
decay. A comparison of our results with the val- 
ues of a obtained by these authors® shows that 
they practically coincide with each other — the 
deviation does not exceed 10%. 


LN: Strutinskil, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1412 (1957), Soviet Phys. JETP 5, 
1150 (1957). 

2 Gol’din, Novikova, and Peker, Usp. Fiz. Nauk 
59, 459 (1956). 

3 Strominger, Hollander, and Seaborg, Revs. 
Modern Phys. 30, 2, part II (1958). 

41, Perlman and J. O. Rasmussen, Alpha 
Radioactivity, Handbuch der Phys., 17 (1957). 

Pi bis sGol’din, K. A: Ter-Martirosyan et al., 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 184 (1958), 
Soviet Phys. JETP 8, 127 (1959). 
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RESONANCE TRANSITIONS IN PARALLEL 
FIELDS IN CERTAIN Mn** AND Fet**+ SALTS 


N.S. GARIF’ YANOV 


Physico-Technical Institute, Kazan’ Branch, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor April 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1957-1958 
(June, 1959) 


Kurvsam 1 and Kutuzov? have communicated that 
at v~ 101° Cps at room temperature the x”(H) 
absorption curves in certain Mn** and Fe*** 
salts possess a maximum when investigated in 
parallel fields (an oscillating magnetic field Hy 
directed parallel to a constant magnetic field H). 
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This absorption in parallel fields was explained by 
a Spin-spin relaxation and identified with the phe- 
nomenon discovered experimentally by Gorter et 
al.? In addition it was also noted in references 1 
and 2 that the experimental y”(H) curves do not 
fit Shaposhnikov’s theory.* 

As is known, for certain Mn** and Fe*t** salts® 
in perpendicular fields, at v ~ 101° cps and room 
temperature, a peak due to the forbidden transition 
from Am =+2 is observed in addition to the main 
resonance peak corresponding to the allowed tran- 
sition from Am=++1. The intensity of this peak 
is approximately a hundred times smaller than the 
intensity of the main peak. 

Our measurements of y”(H) at 9500 Mes and 
T = 295°K in FeNH,(SO,4),°12H,0 have shown that 
in the course of a smooth change from perpendicu- 
lar to parallel fields (the angle between Hy and 
H changes from 90° to 0°) the intensity of the peak 
for the transition from Am = +2 increases by ap- 
proximately one order of magnitude, while the in- 
tensity for Am =+1 decreases practically to zero. 
At the same time, the resonance value of the inten- 
sity of the constant magnetic field H = 1680 oersteds 
remains unchanged for the transition from Am = +2. 

On the basis of this experiment, we can draw the 
conclusion.that the maximum absorption y”(H) in 
parallel fields observed by Kurushin and Kutuzov 
is not caused by spin-spin relaxation, but by reso- 
nance. There are grounds to believe that the phe- ~ 
nomena discovered by Gorter in parallel fields at 
lower frequencies of H, are also, in a number of 
instances, due to resonance transitions. 


14. I, Kurushin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 938 (1957), Soviet Phys. JETP 5, 766 (1957). 

2a. N. Kutuzov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
85, 1304 (1958), Soviet Phys. JETP 8, 910 (1959). 

3 Smits, Derkson, Verstelle, and Gorter, 
Physica 22, 773 (1956). 

eteGs Shaposhnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 18, 533 (1948). 

5. K. Zavoiskii, Dokl. Akad. Nauk SSSR 47, 
887 (1947). 
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Reads 


R. Gatto and M. A. Ruderman, 
[Nuovo cimento 8, 775, (1958)] 


N = Nexp (p; 6) F (p, 4) 


which are approximately 
13Z ev 


<ijtia| R2A| 5, ty o> 


* = 2.14 x1078 
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Should read 


T. Goto, Nuovo 
cimento 8, 625 (1958) 


N = Nexp (p, 6) 1 + F (p, 6) 


and approximately equal 
to 13Z ev 


LON ty cee |RI1| Ji ty a> 


x =1.04 x 1078 
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of Light. V. S. Mashkevich — 76. IV. Interaction be- 
tween Conduction Electrons and Lattice Vibrations. 
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Line Width of the Chlorine Quadrupole Resonance in 
Chlorates of Barium, Sodium and Potassium. V. S. 
Grechishkin — 438L. 

Magnetic Properties of Gadolinium Oxides. K. 2), 
Belov, M. A. Zaitseva, and A. V. Ped’ko — 1191. 

Magnocaloric Effect in Uranium Hydride and Deuter- 
ide. A. I. Karchevskii — 443L. 

Measurement of the Electrical Resistance of Metals 
in a Magnetic Field as a Method of Investigating the 
Fermi Surface. N. E. Alekseevskii and Yu. P. 
Gaidukov — 311. 

On Some Symmetry Properties of the Eigenfunctions 
of the Schrédinger Equation. D. A. Bochvar, N. P. 
Gambaryan, I. V. Stankevich, and A. L. Chistyakov 
— 435L. 

On the Energy Spectrum of a Mott Exciton in Ionic 
Crystals. S. A. Moskalenko and K. B. Tolpygo — 103. 

On the Theory of Absorption and Dispersion of Light 
in Crystals. S. I. Pekar — 314. 

On the Theory of Relaxation Processes in Ferrodielec- 
trics at Low Temperatures. A. I. Akhiezer, B. G. 
Bar’yakhtar, and S. V. Peletminskii — 146. 

On the Theory of the Electron Spin Resonance of F 
Centers in Crystals with NaCl Structure. L. A. 
Shul’man — 1217. 

Paramagnetic Resonance of F Centers in Static Mag- 
netic Fields of Arbitrary Strength. M. F. Deigen and 
A. B. Roitsin — 120. 

Phenomenological Theory of Kinetic Processes in 
Ferromagnetic Dielectrics. II. Interaction of Spin 
Waves with Phonons. M. I. Kaganov and V. M. 
Tsukernik — 151. 

Piezomagnetism in the Antiferromagnetic Fluorides of 
Cobalt and Manganese. A. S. Borovik-Romanoy — 1390. 

Slipping of Beryllium Single Crystals at Low Tempera- 
tures. III: ®. I. Garber, L Ay Gindin, and) Yur, Ve 
Shubin — 260. 

Statistical Delay of Discharge in NaCl and KBr. M. A. 
Mel’nikov — 425L. 

The Magnetization and Magnetocaloric Effect of Manga- 
nese Phosphide. I. G. Fakidov and V. P. Krasovskii 
— 0% 

The Mean Free Path of an Exciton in Polar Crystals. 
A. V. Tulub — 1325. 

The Motion of an Electron in a Crystal Located in an 
External Field. G. E. Zil’berman — 1040. 
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Measurement of the Electrical Resistance of Metals in 
a Magnetic Field as a Method of Investigating the 
Fermi Surface, N. E. Alekseevskii and Yu. P. Gaidu- 
kov — 311. 

Measurement of the Resistance of High Purity Tin at 
Helium Temperatures. V. B. Zernov and Yu. V. 
Sharvin — 737. 

Stability of an Ideally Conducting Liquid Flowing be- 
tween Cylinders Rotating in a Magnetic Field. E. P. 
Velikhov — 995. 

The Conductivity of Semi-Conductors in an Ultrasonic 
Field. V. A. Zhuravlev and M. I. Kozak — 236L. 

The Electrical Conductivity of Germanium in High 
Electric Fields at Low Temperatures. E. I. Abaulina- 
Zavaritskaya — 953. 

The Energy of Formation and Migration of Vacancies 
in Gold and Platinum. B. G. Lazarev and O. N. 
Ovcharenko — 42. 

Electrical Discharges 

Acceleration of Plasmoids by High-Frequency Electric 
Fields. M. A. Miller — 1358. 

Anomalous Electron Scattering and the Excitation of 
Plasma Oscillations. M. D. Gabovich and L. L. 
Pasechnik — 727. 
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